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A Sketch of a Portrait of MMen T. Landahl 



This issue of Applied Scientific Research has the form of a festschrift in the honor 
of Professor Marten T. Landahl on the occasion of his sixty-fifth birthday. The 
papers making up the festschrift are all written by former graduate students of his. 
Although Mirten’s pioneering scientific achievements in fluid mechanics, some 
of which are classical, are certainly well known, his role as a successful graduate 
supervisor, both in Sweden and the US, is perhaps less known. This part of his 
scientific career has resulted in an unusually large number of tenured professors 
in both countries. The papers in this issue, some of which report on new results 
whereas others are of review character, intend to give credit to an enthusiastic and 
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highly esteemed teacher, whose capacity to see things in unconventional ways, 
never renouncing high scientific standards, impressed and inspired us all. 

Marten Teodor Landahl was bom in 1928 in Norastrom in the rural part of 
Northern Sweden. He received his studentexamen (matriculation) from the Hdgre 
AilrnMnna Oroverket in Ostersund in 1946 and, in 1951, his engineering degree 
from the School of Aeronautics and Naval Architecture at the Royal Institute of 
Technology (KTH) in Stockholm. In 1959, after having worked as a senior research 
engineer at the Swedish Aeronautical Research Institute and in the Department 
of Aeronautics and Astronautics at the Massachusetts Institute of Technology, 
Marten received his doctoral degree at KTH. His thesis, which dealt with unsteady 
transonic flow, was one of outstanding quality and he was awarded a docentship 
in the same year as his dissertation. Between 1960 and 1963, he served as an 
Associate Professor in the aforementioned department at MIT, in which he became 
a tenured Professor in 1963. During the period from 1967 to 1988, Marten also 
held a position as Professor of Mechanics at KTH. 

The early work by Marten Landahl on unsteady transonic flow was one of 
the major break-throughs in that research area and rapidly lead to his international 
recognition. In 1961, shortly after his dissertation, his thesis was published as a book 
by Pergamon Press and has recently been republished by Cambridge University 
Press in the Classic Science Series. For some years after his dissertation, MArten 
extended his research in aeronautics and gave significant contributions to several 
other aspects of the subject, examples are wing-body interactions and lifting surface 
theory. With Holt Ashley, one of his colleagues in the aeronautics department at 
MIT at that time, he wrote the textbook “Aerodynamics of Wings and Bodies’’, 
which was first published by Addison-Wesley in 1965 and by Dover Publications 
in 1985. 

In the late fifties, some experimental evidence regarding the possibility to reduce 
drag on water vehicles, perhaps due to delay of transition, by using flexible sur¬ 
faces appeared in the literature. In view of its potential engineering importance, 
this finding spurred a series of theoretical studies. A significant contribution to 
the understanding of this phenomenon was made by MArten Landahl in a most 
elucidating paper on the hydrodynamic stability of flow over a flexible surface (7. 
Fluid Mech. 13, 609, 1962). In this paper MArten explained, among other things, 
the stabilizing or, in certain regions of parameter space, destabilizing effect of wall 
damping. During this period, the interest in various aspects of hydrodynamic stabil¬ 
ity was growing strongly. Accurate numerical integration of the Orr-Sommerfeld 
equation was still a very difficult problem. Together with R.E. Kaplan, one of his 
graduate students, MArten constructed an ingenious and widely used numerical 
scheme, based on physical rather than mathematical concepts, to obtain accurate 
solutions with limited computer accuracy. The scheme was documented in Kaplan’s 
thesis. 

A considerable part of MArten Landahl’s research efforts has been spent on 
turbulence. In the middle of the sixties, he took the brave step to use methods of 
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linear theory of hydrodynamic stability to describe fluctuations in fully developed 
turbulent shear flows. This was some years after the so-called “spanwise streaks” 
and turbulent bursts ’ were experimentally recorded by S.J. Kline and co-workers 
at Stanford University, who also demonstrated experimentally that most of the 
production of turbulent energy is localized in time and space to the bursts. Marten’s 
idea was, indeed, an appealing one and his model can, very briefly in his own words, 
be described as “linear ringing due to nonlinear banging”. UwSing this concept. 
Marten was able to compute wall pressure correlations in good agreement with 
observations (/ Fluid Mech. 27, 433, 1967). In the late sixties and early seventies, 
M&iten and co-workers used this “wave guide model” of his to explain different 
aspects of turbulent drag reduction due to addition of minute amounts of long chain 
polymers. Albeit in somewhat modified form, MSrten is still using this approach 
to model phenomena in turbulent flows, notably the streaky structure of the wall 
region. Some results from these studies are documented in his book “Turbulence 
and Random Phenomena in Fluids” (Camb. Univ. Press, 1986), written with Erik 
Mollo-Christensen, another former colleague in the MIT aeronautics department. 
This book is in its second edition. 

Marten LandahTs interest in hydrodynamic stability itself has been oscillatory 
in time. Ten years after his work on effects of compliant surfaces appeared, he 
published an exciting, and, to some researchers, provocative theory of transition 
in boundary layer flows (7. Fluid Mech. 56, 775, 1972). As is always the case 
in Marten’s work, the physical concept is simple even though the mathematics 
is perhaps not altogether so. The model essentially proposes that, at transition, a 
nonlinearly distorted Tollmien-Schlichting wave makes the laminar boundary layer 
velocity distribution locally unstable to linear small scale waves. Furthermore, the 
small scale waves are subject to wave focussing in a very small region of space, 
which leads to the spiky structure that has been observed experimentally. MSrten’s 
theory gave results in very good agreement with experiments. Although details of 
the theory were disputed, the basic concept of local secondary instability is still 
used in research on hydrodynamic stability. 

Eight years later, MSrten Landahl published another seminal paper on hydro- 
dynamic stability (7. Fluid Mech. 98, 243, 1980). This time, he stressed properties 
of the linear inviscid stability problem. The perhaps most important result of this 
work is that, even though perturbations may not grow exponentially, there is, for a 
wide class of initial conditions, a linear growth in time of the streamwise compo¬ 
nent of the velocity perturbation. In later papers, Mirten used this result to give a 
very reasonable explanation of the success of the classical mixing length theory of 
Prandtl and, as was mentioned above, other aspects of the structure of the wall layer 
in turbulent shear flows. The results of this paper were later extensively elaborat¬ 
ed upon by several of Marten’s graduates, who, among other things, showed that 
Marten’s somewhat heuristically obtained results for the inviscid case are indeed 
limits of corresponding viscous cases for infinite values of the Reynolds number. 
Again, Mcirten’s ability to simplify a difficult and physically relevant mathematical 
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problem by intuition was verified. It should be pointed out that the 1980 JFM paper 
has inspired numerous recent efforts to analyze the so-called by-pass mechanism 
for transition, which is a new field in transition research. 

Although being a theoretician, who only to some minor extent has participated 
in experimental work, Mirten always stresses the physical aspects of his work. 
The conceptual understanding of results in terms of simple concepts such as con¬ 
vection, amplification by stretching and diffusion of vorticity etc. are always of 
prime importance, the mathematics itself being secondary. Formal justification is 
left to others and has so far, in almost all cases, provided verification. Another 
characteristic quality of Marten’s work is that, whenever possible, he spends great 
efforts to validate his theoretical predictions by comparisons with observations. 
M&rten is also an excellent speaker and, as a member of audiences at seminars 
and lectures, his broad knowledge in the natural sciences and his ability to draw 
striking analogies, in combination with his pleasure of opposition and speed of 
thought, gives life to any discussion. 

Aside from his own scientific achievements, MIrten LandahFs ability to initiate 
and conduct research programs has been of profound importance for the develop¬ 
ment of research, not only in fluid mechanics, particularly in Sweden. During the 
late sixties and the seventies, there was a momentous national program in Sweden 
to develop technology for centrifugal separation of gaseous uranium hexaflouride 
for the production of nuclear reactor fuel. Within this program, together with his 
colleague Professor S.B. Bemdt of KTH, M&rten set up an extensive research pro¬ 
gram on basic phenomena in rotating flows, in particular gases that are rotating at 
hypersonic speeds. Several people, both from Sweden and the US, participated in 
this research. Although this program was terminated not long after the Harrisburg 
incident, it had a definite impact on certain parts of Swedish industry, footprints 
that remain today. MMen has been instrumental in guiding also other national 
research programs in fluid mechanics. During the period from 1984 to 1990, he 
was the Head Secretary of the Research Council at the National Swedish Board for 
Technical Development. 

In general, theoreticians have only a modest interest in experimental studies as 
such but in Mien’s case this is not so. He has been responsible for the build up, 
from scratch, of two well equipped modem laboratories, one at KTH and the other 
one at MIT. 

The authors of the papers in this issue of Applied Scientific Research, as well 
as friends and colleagues around the world, wish M&rten and Christine a good life 
and all the best. 


Fritz H. Bark 
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Gas centrifuges for isotope separation. FFA TN AU-751, part 4, 1971. 
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Abstract. Some theoretical and experimental results for the concentration and velocity fields that 
appear during unsteady electrolysis in small electrochemical cells are given. Two systems are consid¬ 
ered: \C\L\CuSOA{aq)\Cu\ and \FbO 2 y PhSOA\H 2 SOA{aq)\Pb, PbSOA\- For the former system, 
in which the electrodes are solid, both linear and nonlinear electrode kinetics are considered. For 
the more complicated latter system, where the electrodes are porous, attention is restricted to linear 
kinetics. Theoretical results are obtained by using both perturbation methods and numerical analysis. 
Experimental results are obtained by Laser Doppler Vclocimetry and Image Laser Holography. It is 
shown that the evolution of the concentration and velocity fields is controlled by stratification of the 
electrolyte. The boundary layer structure is similar to that appearing during nonlinear spin up of a 
homogeneous fluid. Theoretical and experimental results are in good agreement. 


1. Introduction 

In the late sixties and seventies, the Swedish government initiated a national 
research program for theoretical and experimental studies of the fluid mechan¬ 
ics of centrifugation of gaseous L/F^-isotopes. The aim of the program was to 
establish sufficient technological knowledge within the country in order to build 
an enrichment facility for fuel supply to the Swedish nuclear energy program, pos¬ 
sibly in cooperation with some other European country. M&rten Landahl was one 
of the chief architects of this program and made several important contributions, in 
particular on the gas dynamics and the principal design of gas centrifuges. Much of 
the research was carried out under Marten Landahl’s supervision in the Department 
of Mechanics at the Royal Institute of Technology. During the summers, several 
of his colleagues at M.I.T, Roger Cans, Louis Howard, Willem Malkus and Sher- 
win Maslowe, visited Sweden for participation in the program. During this period, 
M^en Landahl and his colleague Sune Bemdt at KTH started a series of bi¬ 
annual international workshops on uranium enrichment by centrifugation. These 
workshops, with regularly participating researchers from France, Great Britain, 
Italy, Japan, The Netherlands, Sweden, U.S.A., West Germany and later also the 
Peoples Republic of China, remained very active until the middle of the eighties 
when, in most countries, including Sweden, research in this area was closed down. 
There were several reasons for this, the public opinion, the maturity of the tech- 
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nology and the excess of enriched uranium available at low price on the world 
market. However, the most important reason was probably that considerably more 
successful alternative technologies emerged. As for the Swedish program, it was 
characterized by Mirten Landahl as .. one of those technically and scientifically 
very interesting programs that never led anywhere ... 

The first of the present authors had the pleasure of participating in the afore¬ 
mentioned research. It was a period of great enthusiasm. The field was one of both 
scientfic and industrial interest where progress could be and was made by using 
analytic perturbation methods in parallel with large scale numerical computations. 
Also some very interesting experimental work was carried out. 

Several years after the Swedish project on uranium enrichment was aborted, 
the first of the present authors, by mere incidence, entered another field where the 
physical phenomena are quite similar to those that appear in rapidly rotating flows, 
namely free convection in electrochemical systems. This area of research, which is 
a combination of electrochemistry and fluid mechanics, was rather active until the 
late fifties when, in spite of its significant technical importance, it simply started to 
fade away. The main reason for the decreased activity was probably that researchers 
in electrochemistry and fluid mechanics, respectively, tended to be successively 
more encapsulated in their own specialties as the steadily growing complexity of 
the two fields made simultaneous research in the two areas increasingly difficult. 

The literature on the interaction between electrochemical phenomena and fluid 
motion is consequently quite small. The classical treatment of the subject is the 
book by Levich (1962). The standard reference from the electrochemical point of 
view is the book by Newman (1991). Some interesting recent contributions, in 
which fluid mechanical phenomena are of primary importance, are summarized by 
Probstein (1990) in a recent book. 

In this paper, which addresses researchers in fluid mechanics, we give an outline 
of some of the basic mass transfer phenomena that are encountered in electrochem¬ 
istry. Some published and some yet unpublished results, which have been obtained 
in collaboration with researchers in the Department of Technical Electrochemistry 
and Corrosion Science at the Royal Institute of Technology, are presented. The 
analogy with similar phenomena in the theory of rotating flows is discussed in 
some detail. 

Some technical applications where interaction between fluid motion and elec¬ 
trochemical reactions are of primary importance should be mentioned. In materials 
science, combinations of electrochemical and fluid mechanical phenomena appear 
in electroplating, electrorefining and electrowinning of metals. Similar phenome¬ 
na are of importance in various parts of energy technology such as charging and 
discharging of batteries and the operation of fuel cells. In electrolytic production 
of chemicals, effects of fluid motion are, in many cases, of primary importance. 
Another field of application is electrolytic purification of waste water and desali¬ 
nation of sea water. From a scientific point of view, an interesting application was 
pointed out by Ward III and LeBlanc (1984), who noted that experimental stud- 
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ies of thermal Benard convection in geophysical applications are, in certain cases, 
more readily carried out in electrochemical model systems than in thermally driven 
model systems. 

In the present paper, attention is focussed on effects of stratification on laminar 
flows in electrochemical systems. In a lead acid battery, stratification of the elec¬ 
trolyte, with a larger concentration of sulphuric acid at the bottom of the battery 
than at the top, is known to significantly decrease the life time of the battery. The 
reason is that the loading of the electrodes, due to stratification, is nonuniform. 
The larger conductivity in the lower parts of the battery causes a larger part of the 
electric current to flow in this region compared to the upper parts. This means that 
the electrodes are more rapidly worn out than would be the case with a uniform 
distribution of the electric current density. Also in commercial refining of copper, 
which is carried out in large cells where the motion of the electrolyte is turbulent, 
effects of stratification are most likely of importance although the consequences are 
in this case less clear Effects of stratification in small cells for refining of copper 
are in this paper taken up in order to elucidate some of the basic mechanisms that 
are present in the considerably more complicated lead acid batteries. 

This paper is organised as follows: Section 2 gives a discussion of different 
transport mechanisms in a liquid electrolyte and the basic physical laws are stated. 
During electrolysis of a liquid electrolyte, chemical reactions take place at the 
electrolyte-electrode interfaces. These reactions lead to a nonhomogeneous com¬ 
position of th-: electrolyte, which, m many cases, sets up a convective motion. 
The kinetics of the interface reactions are outlined in Section 3 and some general 
properties of the ensuing fluid motion are taken up in Section 4. Some results for 
electrolysis of a copper sulphate in a small electrochemical cell are given in Section 
4. In Section 5, some phenomena encountered in charging of lead acid batteries are 
discussed. Section 6 is a summary of relevant problems to be investigated in the 
future. Throughout the paper, mathematical and experimental details are omitted. 

2 . IVansport in liquid electrolytes 

In metallic conductors, e.g. in a copper electrode, electric charge is carried by mov¬ 
ing electrons. In liquid electrolytes, on the other hand, such as aqueous solutions 
of CuS 04 , AgNO^ or H 2 SO 4 , electric current is due to moving ions. There are 
three mechanisms for such transport; 

1. Diffusion, 

2. Migration in the electric field, 

3. Advection by the motion of the electrolyte. 

For a dilute electrolyte that contains M ionic species, these transport mechanisms 
are quantified by the following formula for the mass flux vector 7^^, whose dimen¬ 
sion is moles js • of species j{j = 1,..., M) 

Jf, = -P,Vc, - + c,v. 


(1) 
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Here Cj is the concentration of species 0 is the electric potential and v is the 
local velocity of the electrolyte. As attention is restricted to dilute electrolytes, 
the velocity field v may be taken as the velocity of the solvent. The constants Zj 
and Vj are the charge number and diffusion coefficient, respectively, for species 
j. In this paper, the diffusivities Vj are assumed to be constants. The quantities 
F, R and T are Faraday’s constant, the gas constant and the absolute temperature. 
The temperature is henceforth assumed to be constant. Formula (1) is sometimes 
in the literature referred to as the Planck-Nemst law. The diffusive and adveclive 
modes of transport are well known but the migrative transport may be worth 
a comment. The second term in formula (I) may be split into three factors of 
different physical meaning: i. ZjV4>, which is proportional to the electrostatic force 
on the ionic species j, ii. The concentration Cj of that species and Hi. A mobility 
factor FVj/RT that determines the velocity relative to that of the electrolyte of 
the individual ions per unit electrostatic force on the ions. This mobility factor was 
originally computed by Nemst (1988). 

Conservation of each ionic species in the electrolyte gives that 

Pip __ 

= = ( 2 ) 

which defines a set of M coupled partial differential equations to be solved. It should 
be noted that these equations are, of course, not sufficient for the computation of 
the concentation fields Cj since the velocity field v and the electric potential (p have 
to be determined as well. 

An equation for the electric potential (f> can be derived by making use of the 
fact that electrolytes can usually, as a very accurate approximation, be regarded 
as electrically neutral. Thus, there is no net accumulation or depletion of charge 
anywhere, which implies that 

M 

'^ZjCj=0. (3) 

Using formula (1) and equations (2-3), it is easy to show that 

^ ^ ■■ 0. (4) 

J=\ J=1 

This equation has a simple physical interpretation. Let us for the moment 
neglect advective transport, which will not affect the following discussion. Since, 
in general, the diffusivities Vj are different, diffusion would, in the absence of 
migration, set up concentration fields that are incompatible with the constraint of 
electroneutrality. The role of the electric potential is thus to balance, by migration, 
the diffusive transport so that electroneutrality is maintained. This balance is quan¬ 
tified by equation (4). It should be noted that the advective transport has no effect 
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on tills process as, in the limit case of a dilute electrolyte, all ions are advected 
by the same velocity field. From a mathematical point of view, one is here faced 
with the problem of solving the nonlinear elliptic equation (4) simultaneously with 
the other field equations, i.e. with the conservation equations (2) and the hydrb- 
dynamic equations. The situation is thus more complicated than in the case of a 
solid conductor, where the electric potential 0 is to be computed from the linear 
Laplace equation. As expected, equation (4) reduces to Lapalce equation if the 
concentration fields are uniform. 

An important special case, in which significant simplication appears, is that of 
a binary electrolyte, an electrolyte that contains just two ionic species. In this case, 
according to equation (3), the two concentration fields are proportional to each 
other, which implies that only one concentration variable is needed. For cases such 
that zi = -Z 2 > 0, it turns out to be convenient to take 


C = ZiCi = -Z2r2. 


Since the mass flux vectors are linear in the gradient of the electric field, V(/), 
one can eliminate the electric field from the (two) equations (2), whereby one 
obtains the following equation for r: 

^ + F • Vc = VV c. (5) 

dt 

The diffusion coefficient P, which appears in this equation, is in the literature 
called the salt diffusivity and is defined by the expression 


(Z[ - 22)^1 ^ 2 

( 2 |)P| - Z2P2) 


> 0 . 


Thus, in the special case of a binary electrolyte, species appear to be transported 
by diffusion and advection only. This happens to be so because, as is readily shown 
from equations (2-3), the transport due to migration is proportional to that due to 
diffusion. The form of equation (5) indicates that the electric potential (f) has been 
eliminated from the problem. However, as we will see later on, cp usually reappears 
in the boundary conditions. 

A quantity of primary interest in electrochemistry is the electric current density 
i(A/m^), which is given by Faraday's law 


M 

i = ( 6 ) 

It follows from formula (1) and equation (3) for electroneutrality that the electric 
current does not seem to depend explicitly on the velocity field v. However, as will 
be seen later, i depends indirectly on the velocity field, which is related to the 
concentration fields due to buoyancy. 
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3. Interface kinetics 

In this section, the mass fluxes into the electrolyte from the electrode-electrolyte 
interfaces will be quantified in terms of the local values of the concentration fields 
Cj and the electric potential (j). Such formulae are needed as boundary conditions 
for the solutions of equations (2) and (4) in the previous section. The reader is 
once again reminded of the fact that these equations, in general, must be solved 
simultaneously with the hydrodynamic equations for the velocity field v. However, 
in order to simplify the discussion, v is, for the moment, assumed to be known. A 
brief outline of the hydrodynamic problem is given in the next section. 

Consider electrolysis of a solution of a metallic salt such as an aqueous solution 
of CUSO 4 , which is a binary electrolyte. The positive ions of the salt are henceforth 
labelled as species 1. In many cases, e.g. in industrial refining of copper, the 
electrodes are made of a metallic material Me, say, and the positive ions of the 
dissolved salt are Attention will in what follows be restricted to such 

electrochemical systems. 

At the interface between the positive electrode, i.e. the anode, and the electrolyte, 
the passage of electric current through the cell implies that there is a transfer of 
(positive) charge from the anode to the elctrolyte. This transfer of charge drives 
the following reaction at the interface 

Me + (7) 

which says that metal atoms from the solid anode are dissolved as ions into the elec¬ 
trolyte. It should be noted that the reaction specified by this formula is irreversible 
and requires power. Thus, the interface between the anode and the electrolyte has 
a finite surface resistivity, whose magnitude is a priori unknown and has to be 
computed as part of the mathematical problem. Since the normal component of the 
electric current is continuous across the interface, there will be a jump, of unknown 
magnitude, in the electric potential across the interface, see Fig. 1. The magnitude 
of this discontinuity is called the charge transfer potential. 

At the negative electrode, i.e. the cathode, where metal ions enter the crystal 
lattice of the solid metal Me, a reaction in the opposite direction to that specified 
by formula (7) will take place. Also this reaction is irreversible and requires power, 
which, in general, is different from that consumed at the positive electrode. For 
high electric current densities, bubbles, made up by gaseous hydrogen, may be 
released at the cathode. In the present work, it is assumed that conditions are such 
that no release of hydrogen bubbles takes place. 

To be specific, let us consider a two-dimensional, closed rectangular electro¬ 
chemical cell of width 2h and height 2H and use a Cartesian coordinate (system) 
(x, z) as shown in Fig. 2. The anode (cathode) is at x = —h, \z\<H{x = h,\z\< 
H) and the boundaries z ± H,\x\ < ft, are taken to be insulated. 

Kinetic estimates of the rate of the reaction given by formula (7) can be used 
to derive a semi-empirical relation between the normal component of the electric 
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potential 



electrolyte 


Fig. 1. Sketch of the horizontal variation of the electric potential in an electrochemical cell 
with vertical electrodes. 



Fig. 2, Geometry of the electrochemical cell considered in the text and definition of coordinate 
system. 

current at the anode, i.e. ■ z, the local values of c(= ziCi = -Z 2 C 2 ), 0 and the 
prescribed constant electric potential of the anode, see e.g. Newman (1991). For 
binary electrolytes and metallic electrodes, such relations are often of the form 
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X = —h, \z\ < H{anode)j (8) 

where the quantities iq, the exchange current density, and /?, the symmetry factor, 
are experimentally determined constants, cq is a reference concentration, which, in 
the present case, is taken as the homogeneous initial concentration that is assumed 
to prevail before the electrolysis starts."^ P is often very close to Expressions of 
this kind are called Butler-Volmer laws. The first (positive) term on the r.h.s. of 
this formula is called the anodic current and the second (negative) term is called 
the cathodic current. We note that, at equilibrium, i.e. c = co and 14 = 0 = 0, 
the anodic and cathodic currents are non-zero but of equal magnitude zq and there 
is consequently no net current from the anode. It should be pointed out that the 
(unknown) charge transfer potential, i.e. 14 — 0, in general depends on space and 
time in cases of nonequilibrium. 

From formulas (1) and (6) in the previous section, we find that expression 
(8) gives one boundary condition at the anode for the two unknowns c and (f). 
The remaining boundary condition is obtained from the fact that, in the case under 
consideration, the nonmetallic (negative) ions of the dissolved salt do not participate 
in the reactions at the interfaces. If the negative ions are labelled species 2, we 
must thus require that 

1^2 ■ Cj: = 0, X’ = —/?, I^l < H{anode). (9) 

At the cathode, one has the similar boundary conditions 

^(1-/3)2iF( 0-\4)/KT _ ^/3z,F(Vc-<^)//2Ti 

coJ 

X = h, \z\ < H{cathode), (10) 

1^2 • Cx = 0, X = /i, \z\ < H{cathode), (11) 

where I 4 is the prescribed electric potential of the cathode. 

At the insulated horizontal boundaries z = , the absence of transfer of mass 

and charge implies that 

ez • Vc = O^Cz ■ = 0, 2 = |x| < ft. (12) 

* The magnitude of the exchange current density depends on the local concentration In formula 
(8), lo IS the exchange current density at the reference concentration co. 
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Finally, because equation (2) contains a first derivative of c with respect to time 
t, an initial condition for c has to be specified. If the electrolysis starts from an 
initially uniform electrolyte, the initial condition is 


c = co,t = 0,\x\ < h,\z\ < H (13) 

For a known velocity field v, the electrochemical part of the mathematical problem 
for electrolysis of a binary electrolyte thus amounts to the solution of two non- 
linearly coupled partial differential equations, the parabolic equation (2) and the 
elliptic equation (4) subject to the boundary and initial conditions that are specified 
above. 

The nonlinear boundary conditions (8) and (10) are quite difficult to deal with 
from a numerical point of view and even more so when analytic methods are used. 
Fortunately, some simplication results if the nondimensional difference in voltage 
between anode and cathode, i.e. F{Va — Vc)/RT, is small. For such cases, it can be 
shown analytically, and demonstrated experimentally, that the normal component 
of the electric current density on the electrodes is approximately constant. Thus, 
expressions (8) and (10) can be replaced by the simpler expressions 

fj. • i — J = consi.,x = ±hy \ z\ < H. (14) 

In cases where these simplified boundary conditions are applicable and the current 
density J on the surfaces of the electrodes is known, the electric potential (p does 
not have to be considered in the computation of the concentration field c. <f) and the 
charge transfer potentials can be computed afterwards in terms of the concentration 
field. The simplified model of the electrode kinetics that is given by formula (14) 
will henceforth be referred to as linear kinetics. For large current densities, where 
the kinetics is described by the more elaborate formulas (8) and (10), the electrode 
reactions are said to be controlled by nonlinear kinetics. 

In the problem formulation that has been outlined above, the electric potentials 
Va and Vc of the anode and cathode, respectively, have been prescribed. This case 
is called potentiostatic electrolysis. In many applications, however, the net electric 
current I, say, passing through the cell rather than c is prescribed. Such cases 
are referred to as galvanostatic electrolysis. In general, cases of the latter kind are 
more difficult to deal with mathematically and numerically. 


4. Fluid motion and nondimensional parameters 

This section gives the mathematical statement of the problem for the motion of 
the electrolyte, the nondimensional parameters entering the complete problem 
of electrolysis and a brief qualitative discussion of free convection in a closed 
electrochemical system. 
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The equations for the velocity field v and pressure field p in a dilute electrolyte 
are the Navier-Stokes equations in the Boussinesq approximation, which, in a 
general case with M species, read 

^ -Vp + /rV^u + poXj“j(7 -%)P (15) 

and the equation of continuity 

Vv = 0. (16) 


Here po is a reference density, which is preferrably taken as the density in the 
state of equilibrium, p the dynamic viscosity and % reference concentrations of 
species j. g the acceleration of gravity. The quantities cqj are usually chosen 
as the equilibrium concentrations. The constant quantities are the densification 
coefficients, which measure the change in volume of the electrolyte for a unit 
change in concentration of species j relative to the reference concentration, i.e. 
Cj - cqj. In general, aj can be either positive or negative. A local surplus of e.g. 
light JI~^ ions will tend to decrease the density of an aqueous solution whereas 
a surplus of heavy or SO^~ ions will have the opposite effect. It should 

be noted that the condition of electroneutrality, see equation (3) in Section 2, 
implies that, in the case of a binary electrolyte, the buoyancy term in equation (15) 
can be expressed in terms of one concentration variable only, which means that 
only one densification coefficient is needed. Unless otherwise explicitly stated, 
we will in what follows only discuss the case of a binary electrolyte, whose 
densification coefficient will be called a. Also, in order to avoid unnecessary 
notational complexity, we will henceforth choose the values 2 = ±2 for the 
charge numbers. These are the values for e.g. an aqueous solution of CaSO^, a 
system for which some experimental results will be quoted later. 

When the equations (15) and (16) for the velocity and pressure fields are sup¬ 
plemented with appropriate boundary and initial conditions, which need not be 
stated here, the mathematical problem for electrolysis is complete. Whether solu¬ 
tions exist or not appears to be an open question even though several analytic and 
numerical solutions have been reported in the literature. 

In the case of galvanostatic electrolysis of a binary electrolyte at low current 
densities, the following nondimensional parameters will appear: 


Ra = 


Qpogjh^ 

IFpD 


Rayleigh number. 


5c = —, Schmidt number, 


2{Di -f Di) Jh H 

D 1 -D 2 ’"■ IcoFDi' h 
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In aF applications, the Rayleigh number is a large quantity, typical values are in 
the range 10^ - 10*. It should be noted that the Rayleigh number is here based 
on the half-width of the cell rather than on its height. This is in contrast to the 
standard procedure in e.g. heat transfer problems where the length over which the 
forcing is applied is chosen as the reference length. The present, somewhat unusual, 
definition, which is perhaps not a priori obvious, will be commented upon later. 
As is always the case in mass transfer problems, the Schmidt number is a large 
quantity, typically of order 10^. The number F is a measure of the ratio of the 
contributions from migration and diffusion to the electric current density, /c is a 
measure of the strength of the concentration field and H is the aspect ratio of the 
electrochemical cell. In the present work, large values of Ti will be considered 
whereas F and n are assumed to be of order unity. For high current densities, 
where the elaborate boundary conditions (8) and (10) have to be used, the Rayleigh 
number must be defined in a different and somewhat more complicated way. For 
lead acid cells, additional nondimensional parameters are needed to specify, among 
other things, the effective coefficients of diffusion in the electrodes and geometries 
and porosities of the electrodes, respectively. 

Next, we consider the general nature of electrolysis of a binary electrolyte, 
starting from a state of equilibrium with a constant concentration. In this paper, 
only closed electrochemical cells will be considered. As the current is switched on, 
the electrode reaction (7) starts at the anode. This means that, due to dissolution 
of metal ions at the interface between anode and electrolyte, the concentration 
field c will locally increase in the neighbourhood of the interface. In this region, 
the electrolyte will thus be heavier than that in the bulk and will start to sink 
downwards. At the cathode, where the reverse reaction takes place, the electrolyte 
will locally be lighter than in the bulk and will thus start to flow upwards. 

We may now, depending on the time scale and cell geometry under considera¬ 
tion, distinguish different kinds of motion. The heavy electrolyte moving down and 
the light electrolyte moving up will eventually set up a density stratification in the 
cell. If the cell is small, this stratification appears quite rapidly and will soon exert 
significant control of the motion. For large cells, on the other hand, the build up 
time for the stratification will be very long and the motion near the electrodes will, 
during a significant period of time, have the same general character as the boundary 
layer flow near a cooled (heated) vertical plate immersed in a homogeneous fluid. 
It can be shown that, if a significant stratification prevails, the motion is practically 
inertialess whereas this is in general not so if there is no stratification. In the present 
paper, attention will be restricted to the former kind of motion, which, as will be 
discussed later, is akin to the motion of a rapidly rotating fluid. 

5. Electrolysis driven by linear kinetics in small cells 

Measurements of the concentration field by Eklund et al. (1991) and the velocity 
field by Karlsson et al. (1990) in an aqueous solution of copper sulphate during 
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Fig. 3. The vertical velocity component in a horizontal section at midheighl in a small copper 
sulphate cell under conditions of linear kinetics, co = O.imoles/litre, II = Ihmrn, h = 
Imm.Ra = 3.08 • lO’,5c = 1.28 ■ lO’.T = -10.3, k = 1.10 ■ 10"^r = 0.09. The length 
of the cell is 20 mm. Hexagons: Measurements from Karlsson et al. (1990). Solid curve: 
Asymptotic theory from Bark et al. (1992). 


electrolysis at low current densities in a small (2 x 32mm) cell show conclusively 
that, after initial transients have decayed, a strong stratification appears and that 
the motion has boundary layer character. Some of these experimental results are 
shown in Figs 3 and 4. 

Relying on a theoretical model, formulated by Prandtl (1952), for steady moun¬ 
tain winds in a stratified atmosphere, Bark et al. (1992) deduced the asymptotic 
structure of the concentration and velocity fields in a stratified electrolyte as the 
Rayleigh number Ra approaches infinity. Those authors showed that, in the steady 
state, the strength of the stratification outside the boundary layers is given by the 
estimate 


dc 




FD, 


(17) 


where I is the prescribed current density on the electrodes. The resulting boundary 
layer structure is shown in Fig. 5. It was shown by Bark et al. (1992) that, even 
though the evolution of the interior stratification is governed by nonlinear phe¬ 
nomena, the buoyancy layers are inertialess. The similarity between the boundary 
layer structure in Fig. 5 and that in a rotating fluid at small Ekman number E is 
striking. For E ~ , the thicknesses of the vertical buoyancy layers and the 

horizontal boundary layers in the electrochemical cell are the same as those of the 
Ekman and Stewartson E^!'^ and E^!^ layers in a rotating fluid that is contained in 
a vessel of height 2h. Outside the boundary layers shown in Fig. 5, the electrolyte 
is. in the steady state, stagnant but vertical diffusion of mass is significant due to the 
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Fig. 4 The vertical variation of the concentration field in the midsection of a small copper cell 
under conditions of linear kinetics. The parameter values are the same as for the case shown 
in Fig. 3. Squares: Experimental results from Eklund et al. (1991). Solid curve: Asymptotic 
theory from Bark ct al (1992). 


presence of the stratification. The estimate (17) was deduced under the assumption 
that the vertical diffusive transport of mass in the interior is approximately balanced 
by the advective transport of mass in the vertical buoyancy layers. 

The evolution time scale T. say, for the interior concentration field can be 
deduced under the assumption that there is a stratification of the order of magnitude 
given by the estimate (17) and that the major mechanisms for vertical transport of 
mass are those mentioned above, i.e. diffusion in the interior and advection in the 
buoyancy layers. Equating the local rate of change of the interior concentration to 
the divergence of the difference between the two aforementioned fluxes, one finds 
that 


T ~ (18) 

For the deviation of the concentration field outside the boundary layers from the 
equilibrium value, nondimensionalized with and denoted by —5, one can 
derive the following evolution equation for S 


^ _ [1 5\/2 d^S 

ar ~ 16 vacy dC^ 


(19) 


where the independent variables are defined as r = t/T and C = Ra ^^^z/h. In 
this equation, vertical mass transport due to diffusion in the interior is quantified 
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Fig. 5. Boundary layer structure of the concentration and velocity fields during electrolysis 
in a small copper sulphate cell. 


by the first term in the r.h.s. whereas the second term signifies advective transport 
of mass in the vertical buoyancy layers. 

It is well known that, for the kind of transient motion that is considered here, 
the physical role of stratification is often analogous to that of rotation in rapidly 
rotating flows, see e.g. Veronis (1969). The stiffening of isopycnic surfaces by 
stratification in the former case is akin to the stiffening of vertical vortex lines 
due to conservation of vorticity in the latter case. However, the parabolic equation 
(19) for 5 is significantly different from the hyperbolic equation for nonlinear 
spin up of a homogeneous fluid due to a suddenly increased rate of rotation of 
the container, see e.g. Greenspan (1990). In physical terms, this difference reflects 
the fact that, in the present case, diffusion (of mass) in the interior is significant 
whereas (viscous) diffusion in the interior is negligible during spin up at small 
Ekman numbers. Interior diffusion in the electrochemical case is of importance to 
lowest order because the control of the motion in the interior by the buoyancy layers 
is weaker than that of the Ekman layers in the case of spin up. This is so because 
the motion is driven by a given flux of mass rather than a given concentration 
at the vertical boundaries. If the latter kind of forcing was at hand, the physical 
mechanisms for the evolution of the stratification in the electrochemical case and 
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evolution of the interior swirl velocity in the case of spin up would be in complete 
analogy and the equations, in the linear limit, would be the same. 

It may be of some interest to briefly digress on what kind of spin up mechanism 
would be analogous to the present problem. In case of spin up due to an increased 
rotation rate of the container from to -f Afi, the nondimensional order of 
magnitude of the forcing and of the swirl velocity is given by the Rossby number 
€ = AJl/f2. The order of magnitude of the inviscid interior meridional velocity 
field, which is driven by the Ekman suction, is Viscous corrections of the 

interior motion are of order eE. Thus, transport in the Ekman layers is stronger 
(relative to diffusive transport in the interior) than the transport in the buoyancy 
layers in the electrochemical case. Orders of magnitude that correspond to those 
in the present problem would result for spin up in a (ficticious) container where 
the motion is driven by the shear stress rather than the velocity at the walls. For a 
shear stress of order e, the order of magnitude of the Ekman suction velocity would 
be reduced to eE, which means that viscous effects would be of importance in the 
interior. The dimensional spin up lime scale would change from the usual E~ ^ * 

to It should be pointed out, however, that the analogy between rotation 

and stratification in such a case carries over only as far as orders of magnitudes of 
physical mechanisms are concerned. 

The close analogy with the case of a rotating fluid makes the choice of length 
scale clear. The linearity of the buoyancy layers means that the length scale H, 
over which the forcing takes place, is irrelevant. Instead, the nature of the motion 
IS determined by the thickness of the buoyancy layers compared with the distance 
2h between the electrodes. 

The boundary conditions for equation (19) can be derived by assuming that 
there is no net transport of mass from the interior and the vertical buoyancy layers 
into the horizontal boundary layers. One then finds that 

^ = 2-2/3, C = ±A (20) 

where£ = istakentobeoforderunity for consistency of the perturbation 

scheme. Thus, attention is restricted to slender cells. We find immediately that the 
steady solution of equation (19) is a straight line with a slope that is given by the 
boundary conditions (20). In the steady state, the buoyancy layers are nondivergent 
and there is consequently no motion in the interior. The net diffusive flux of 
mass upwards in the interior is balanced by the net advective transport of mass 
downwards in the buoyancy layers. In this respect, it should be noted that, near the 
cathode, the fluid that is moving upwards carries a deficit in concentration, which 
means that there is a downward flux of mass as there is near the anode. 

The formulation of an initial condition for equation (19) on the basis of perturba- 
:ion theory is an extremely difficult task and has not yet been carried out. However, 
:here is a very fortunate circumstance at hand here. The effective diffusivity in the 
equation, i.e. the coefficient of is large for small values of S(^. Such values 
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are expected for small values of r, i.e. before a significant stratification has been 
built up. But the solution of a parabolic partial differential equation with a large 
diffusivity will rapidly “forget” the details of its initial condition. Thus, one may 
start the integration of equation (19) for a small but arbitrary value of r = tq, say, 
and prescribing practically any reasonable initial distribution of S with 5^ being 
small and positive. The results obtained by using this ad hoc procedure compare 
very well with experiments, see Figs 3 and 4, as well as results from numerical 
computations of the complete set of partial differential equations, even for quite 
small values of r > tq. The perturbation parameter in the present problem is, as is 
obvious from expressions (17-18), which is about 0.25 in Figs 3 and 4. It 

should be noted that, even though the vertical variation of the interior concentration 
field has been shown to be weak (~ the motion of the electrolyte is still 

completely controlled by stratification. In fact, it can be shown that the motion 
outside the end regions will be essentially confined to buoyancy layers for much 
weaker stratifications than that in the present case. 

The presence of an initially large diffusivity in equation (19) has a simple phys¬ 
ical interpretation. As has already been pointed out, the term ~ quantifies 

vertical advective transport of mass in the buyoancy layers. When S( is small for 
small values of r, the motion in the buoyancy layers is strong as the blocking 
effect of the stratification then is weak. This means that the transport of mass in 
the vertical buoyancy layers is large compared to the diffusive transport in the 
interior. As the stratification builds up, the advective transport in the buoyancy 
layers decreases and the diffusive transport in the interior increases until there is a 
balance between these two modes of transport for large values of r. It should be 
pointed out that, for r ~ 1, the buoyancy layers are divergent, i.e. there is a weak 
advective horizontal transport of mass due to inviscid motion in the interior, akin 
to the Ekman suction during spin up. 

As soon as a dynamically significant stratification has been established, which, 
according to the previous discussion, is a rapid process,* the electric current outside 
the end regions is mainly carried by migration in the horizontal direction. The 
electric current lines are slightly deflected from the horizontal due to weak vertical 
diffusion. Thus, even though the resistivity of the electrolyte, which depends on the 
concentration, varies significantly in the vertical direction, the uniform distribution 
of the electric current density on the electrodes forces the electric current lines 
outside the end regions to be essentially horizontal. It deserves to be pointed 
out that, in the case under consideration, the mechanisms for transport of charge 
and mass are different. Transport of charge is essentially horizontal and due to 
migration. Transport of mass, on the other hand, takes place due to convection in 
the vertical and horizontal boundary layers and due to weak vertical diffusion in 
the interior. 


* Rapid as measured on the diffusive time scale h^fD. 
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The convective motion that is considered in this section is, in some sense, similar 
to that taking place at large Rayleigh numbers in a vertical slot with thermally 
conducting vertical walls, one of which is hotter than the other, see e.g. Gill (1966). 
In the steady state of that configuration, there are also boundary layers on the 
walls and a stratified interior. However, there are significant differences compared 
to the present case. The most important ones are that, in the thermal case, the 
steady stratification is strongly nonlinear and inertia is of primary importance for 
the motion in the vertical boundary layers. However, if the boundary condition 
for the temperature at the vertical walls of the slot are replaced by prescribing 
constant fluxes of heat, a problem investigated by Kimura 8l Bejan (1984), results 
are in complete analogy with those discussed in the present section. In the study 
by Kimura & Bejan (1984), though, only the steady state was investigated. 

6. Electrolysis driven by nonlinear kinetics in small cells 

At high current densities, the charge transfer potentials at the electrodes have to 
be accounted for and the analysis becomes considerably more complicated than in 
the linear case discussed in the previous section, both from a physical and from a 
mathematical point of view. However, it turns out that some analytic progress can 
be made for steady electrolysis with nonlinear kinetics. But before an asymptotic 
solution is given, some general properties of the physical process will be discussed. 

For the same reasons as in the previous case, it is very reasonable to expect that 
a stratification will be set up in the cell. It also appears sensible to suppose that 
the general boundary layer structure of the concentration, electric potential and 
velocity fields will be the same as in the case of linear kinetics. There is no reason 
whatsoever, though, to expect that the stratification in the steady state will be linear. 
The presence of a stratification means that the resistivity of the electrolyte will be 
lowest near the bottom of the cell and increase vertically upwards. In the case of 
nonlinear electrolysis, the distribution of electric current density on the electrodes 
is determined by the electrolysis itself. Therefore, it seems natural to expect that 
the density of electric current lines would be highest where the resistivity of the 
electrolyte is lowest, i.e. near the bottom of the cell. But a locally large electric 
current density near the bottom would enhance the mass transfer there, which, 
in turn, would imply an additional local increase in concentration. The physical 
mechanism that limits the growth of concentration near the bottom is the fact that 
the cathodic current at the anode is proportional to the concentration, see formula 
(8). There is a similar limiting mechanism at the cathode, where the anodic current 
is proportional to the concentration. 

It is in principle a straightforward but technically a somewhat tedious task to 
derive the analogue of equation (19) in the case of nonlinear kinetics. Details of 
the derivation and the approximations involved will be published elsewhere (Bark 
& Alavyoon, 1993). For steady electrolysis, an asymptotic solution of reasonably 
simple form can be derived for large values of the nondimensional difference in 
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electric potential between anode and cathode, i.e. V = F{Va - Vc)/2Rr, where 
the factor 1/2 has been inserted for algebraic convenience. In practical cases, one 
has typically that V ^ 10 or somewhat smaller. It turns out to be expedient to 
introduce the notations 

and the stretched coordinate 

4 = /3C, 1^1 < -C = I3n. (22) 

For the special case of £ = 9 ■ 10’/^/2 one finds the following approximate 
expression for S 


1 2 10^®/^ 1 9 

= 1 - - «) + + 2'"'“ - 20I ■ 

aTcsmk{aV[ ^ ^ - 0^ + - - - (23) 

9 J-c 9 

This expression agrees very well with results from numerical integration of the 
full system of partial differential equations, which is, indeed, a very time con¬ 
suming computation even on very fast computers. For details of the numerical 
computations, see Alavyoon & Bark (1993). 

Formula (23) shows that, apart from a correction that is of order y/naV, the 
interior concentration field is zero at the top of the cell and that its variation is given 
by a ninth order polynomial with zero slope at the top. Thus, the stratification is 
much stronger than in the case of linear electrode kinetics, which quantifies the 
arguments given in the beginning of this section. 

Figure 6 shows measurements by Kim et al. (1992) of the steady distribution of 
the interior concentration field of an aqueous solution of CuSO^ during electrolysis 
with solid copper electrodes at high current densities. It can be seen from this 
graph that almost all of the copper sulphate is collected near the bottom of the cell. 
However, the shape of the distribution is only in qualitative agreement with formula 
(23). The reason for the discrepancy is that the correction term in formula (23) is 
not small due to the fact that the exchange current density iq is very small for the 
system considered, which gives a very large value of the constant a, A more suitable 
system for experimental validation of formula (23) is \Ag{s)\AgN02{aq)\Ag{s)\. 
Such experiments will be carried out in the near future. 

7. Charging lead acid batteries 

During charging of a lead acid cell, e.g. a car battery, the concentration of sulphuric 
acid in the electrolyte, which is an aqueous solution of sulphuric acid, is increased 
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Fig. 6. Measurements of the vertical variation of the concentration field in the midsection of a 
small copper cell under conditions of nonlinear electrode kinetics. The size of the cell and the 
values of To, 5c and Fare the same as that in Fig. 3. i?a = 2.90-10‘^ k; = 1.04 10“\t = 4.0. 
From Kim e( al. (1992). 


by the electrode reactions. The chemical energy of the system is then increased. 
The additional energy is converted to electric energy by connecting the electrodes 
of the charged battery via an external circuit. 

In contrast to the electrodes considered in the previous sections, the electrodes 
in a lead acid battery are not solid metal but porous, see Fig. 7. The reason for 
using porous electrodes is that one can thereby increase the effective area of 
the electrodes, and hence the energy stored in the battery, by several orders of 
magnitude. Lead acid battery electrodes are made from small grains of lead or 
lead dioxide. A typical grain size is 10 //m, which means that the pores in the 
electrodes are very narrow. The permeability of the electrodes is thus very low. As 
the pressure differences in the free electrolyte, which are associated with the mass 
transfer driven convective motion during charge or discharge, are rather small, the 
electrolyte in the electrodes is practically stagnant. This means that, within the 
electrodes, transport of mass takes place due to diffusion and migration only. In 
the free electrolyte, on the other hand, there is, of course, also advective transport. 

As the pH of the electrolyte is neither small nor large, one may assume that 
the sulphuric acid dissociates into the two ionic species and HSO^ only. This 
approximation is quite accurate and the electrolyte can therefore be regarded as 
binary. Thus, as discussed at the end of Section 2, migration is proportional to 
diffusion and the electric potential (f) can be eliminated from the field equations. 
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The only material constant that is needed in order to model transport within the 
electrodes is thus the effective salt diffusivity, which is a measurable quantity. 

Because the grains that make up the electrodes in a lead acid battery are very 
small, one can use continuum theory to describe the transport in the electrodes. 
The transfer of charge from the electrodes to the electrolyte can thus, from a 
macroscopic point of view, be considered as due to volume sources in contrast 
to the surface sources considered in the previous sections. For reasons that space 
does not allow us to touch upon here, it turns out that, in the case of charging, 
one may assume that the strength of the volume source of charge is constant. The 
mathematics will then be similar to the case of linear kinetics that was discussed in 
Section 5. For the case of discharge, however, one is forced to use more elaborate 
models that account for effects of the charge transfer potential. No theoretical work 
on free convection in lead acid batteries during discharge has so far appeared in 
the literature. 

The formulae for the electrode reactions during charge are 
PbSO^ -h 2 H 2 O —► Pb02 -h HSO^ + -f 2e~[anode), (24) 

PbSO^ -f //“*" -h 2e~ —► Pb + HSO^(cathode), (25) 

which gives the following overall reaction in the cell 
2P6504 -f 2 H 2 O Pb02 + 2H2S0^ + Pb. 
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In comparison with electrolysis of a metal salt, a simple example of which was 
dealt with in Sections 5 and 6, these formulae show that the reactions in a lead 
acid battery are different in two important respects. Firstly, there is production of 
sulphuric acid in both electrodes, which means that there is a net increase of mass 
during the reaction. Secondly, there is a lack of symmetry in the reactions as the rate 
of production of sulphuric acid in anode and cathode are different. Nevertheless, it 
turns out that the nature of the ensuing free convection is similar to the case that was 
discussed in Section 5. Before the discussion of some theoretical and experimental 
results, we give a brief qualitative discussion terms of the mass transfer and free 
convection. 

After the current has been switched on, a spatially homogeneous production of 
sulphuric acid is set up in the porous electrodes. The strength of the production 
in anode and cathode are, however, different as can be seen from formulas (24) 
and (25). The sulphuric acid starts to diffuse from the electrodes into the free 
electrolyte. This process will, as in the cases considered in the previous sections, 
make the electrolyte heavier near the surfaces of the electrodes than in the bulk and 
a convective motion ensue. In the present case, however, there will be a downward 
motion of heavy electrolyte near both anode and cathode. However, a stratification 
will still result and buoyancy layers will be formed on the surfaces of the electrodes. 

As the motion in both buoyancy layers is directed downwards, there will, due to 
continuity of volume, be a weak inviscid motion in the opposite direction between 
the buoyancy layers. In contrast to the case of electrolysis of a metallic salt, though, 
a steady state does not exist as there is a net production in both electrodes. However, 
for large times, the system approaches an asymptotic state, which is reminiscent of 
the steady case that was discussed in Section 5. One finds that, outside the vertical 
and horizontal boundary layers, the (dimensional) concentration field is given by 
an approximate expression of the following simple form 

c = + At - Bz, 

where the positive constants A and B are somewhat complicated expressions that 
involve the physical parameters of the electrolysis, see Alavyoon et al. (1991). 

Measurements of the evolution of the velocity and concentration fields in a 
small lead acid cell were made by Alavyoon et al. (1991). These experiments’^ 
were carried out with sulphuric acid of concentration cq = 2 moles/litre at a current 
density of 94.3 A/m?. The values of H and h were the same as in the experiments 
with copper cells that were described in the previous sections. The length of the 
cell was 20 mm. Experimental results for the velocity field are compared with 
theoretical results in Fig. 8. It can be seen from this graph that the motion in the 
buoyancy layer on the anode, which is located to the left, is significantly stronger 
than the motion in the layer on the cathode. This is a consequence of the fact that the 

* The nondimensionalization of the lead acid cell case is a bit tedious. Therefore, only the most 
important data are given in this paper. For details, the reader is referred to the original paper. 
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Fig. 8. The vertical velocity component in a horizontal section at midheight in a small lead 
acid cell after 30 minutes under conditions of linar kinetics (charging) at Ra = 5 64 ■ 10"^ The 
square symbols are experimental results and the solid curve is the prediction from numerical 
solution of the complete hydrodynamical problem. From Alavyoon et al. (1991). 


production of sulphuric acid is more intense in the anode than in the cathode. In this 
case, the Rayleigh number is not sufficiently large for the boundary layers and the 
interior region of inviscid flow to be asymptotically distinct. The theoretical results 
that are shown in Fig. 8 were obtained by numerical integration of the full system 
of partial differential equations under the assumption that the kinetics is linear. 
In view of the unusually large number of physical assumptions and parameters 
that enter the problem, the agreement between theory and experiment must be 
regarded as satisfactory. In Fig. 9, comparisons between computed and measured 
concentration fields are shown. The agreement is satisfactory though not for large 
times. The discrepancy for large times can be attributed to the gradual expansion 
of the pores in the electrodes, which causes a change of the effective value of the 
coefficient of diffusion. This effect is not accounted for in the mathematical model 
but will be included as proposed by Simonsson (1973) in future studies. 

It turns out to be possible to develop an asymptotic theory, of the kind that was 
outlined in Section 5 for electrolysis in a small copper sulphate cell, also for a 
lead acid battery. However, the algebraic expressions that enter the equation that 
corresponds to equation (19) are quite complicated and the equation is therefore not 
given here. The predictions are something like 10-15% less accurate than those for 
the copper sulphate cell, which, however, may well be sufficient for engineering 
applications, where costly numerical computations are not always feasible. 

8. Outlook 

The phenomena that have been discussed in the previous sections do all take place 
in binary electrolytes in closed elecrochemical cells of small dimensions. There are 
a number of technically very relevant and scientifically interesting extensions of 
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Fig. 9. The vertical variation, at different times, of the concentration field in the midsection 
of a small lead acid cell The cell data are the same as for the case shown in Fig. 8. The square 
symbols are experimental results and the solid curve is the prediction from numerical solution 
of the complete hydrodynamical problem. Ffom Alavyoon et al. (1991). 


these studies that have so far not been touched upon. It may here be worth pointing 
out that the main purpose of the studies made so far and those that are planned is 
not only to examine the fluid motion as such in electrochemical cells but rather 
to understand and to be able to predict the overall pcrformunce of the cell from 
an electrochemical point of view. As should be obvious from the examples given, 
this involves nonlinear interaction between electrochemical and fluid mechanical 
phenomena. 

Tho'most obvious continuation of the work carried out hitherto is free convection 
in a small lead acid cell with nonlinear kinetics, e.g. a car battery during discharge. 
The numerical solution of the full mathematical problem in this case turns out to be 
extremely time consuming. This calls for new perturbation schemes and physical 
modeling. Results from such studies would provide battery manufacturers with a 
working design tool, which has so far been lacking. 

Another natural extension of the studies discussed in this paper is to nonbinary 
electrolytes, i.e. electrolytes that contain more than two ions. Effects of additional 
ions are of importance in industrial refining of copper, where one adds sulphuric 
acid to the electrolyte, which is an aqueous solution of copper sulphate, in order 
to increase its conductivity and thereby reduce ohmic losses. Some results for 
nonbinary electrolytes are at hand (Bark, 1989, Alavyoon, 1992a, and Eklund et 
al. 1992). 

A problem of canonical nature is free convection in a large electrochemical cell 
with nonlinear electrode kinetics, where effects of stratification are unimportant. 
Somewhat surprisingly, it turns out that this problem is more difficult than the case 
with stratification, both from an analytic and from a numerical point of view. 

Thermal effects due to ohmic heating are of primary importance in many elec¬ 
trochemical systems, e.g. in lead acid batteries that are made up of very large stacks 
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of electrodes. A simplified model of such phenomena has led to unexpected and 
very interesting results (Alavyoon, 1992b). 

In many electrochemical systems, gas bubbles are formed at the electrodes. In 
some applications, e.g. production of gaseous chlorine, this is a desirable effect. In 
others, however, the presence of gas bubbles is often disadvantageous. An example 
of the latter case is industrial refining of copper. The large variety of effects of gas 
bubbles on the operation of electrochemical systems has so far been investigated 
only by very crude empirical models. 

There are several other important phenomena in electrochemical cells that have 
so far not been mentioned, the most prominent one being turbulence, which occurs 
in a very large number of applications. Only a small number of studies, all of which 
using empirical correlations, of effects of turbulence on the operation of electro¬ 
chemical systems can be found in the literature. Another intriguing phenomenon of 
great practical importance is the morphological instability of the interface between 
electrodes and electrolyte that occurs for large values of the electric current density. 
This instability, about which very little is known, may lead to formation of den¬ 
drites on the surfaces of the electrodes. Both turbulence and formation of dendrites 
are first order effects in e.g. commercial electrolytic refining of raw copper. 
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Abstract. A disc stack centrifuge is an industrial example of a fluid machine in which all the internal 
flow takes place in a rapidly rotating frame. The present report gives a survey of the experimental 
and theoretical work performed at Alfa-Laval in order to estimate the pressure drops in the different 
internal passages in the centrifuge, including both laminar and turbulent flow. 

For the laminar flow between the discs, a theory has been developed using the concept of a 
rotating Hele Shaw cell and conformal mapping. The theory is valid in the limit of very small Rossby 
numbers. For moderately large Rossby numbers, this model overestimates the pressure drop. The 
linear theory was extended by introducing advecting vortices in a computer model. The vortices 
cause vertical fluid transport between the Ekman and geostrophic layers by Ekman pumping, an 
effect which decreases the pressure drop in the disc stack. The linear model and the enhanced model 
have both been confirmed by experiments. 

The flow is turbulent in most parts of the centrifuge, except in the disc stack. The theoretical or 
numerical modelling for rotating turbulent flows is very difficult and no reliable models exist so far. 
We therefore have to rely on measurements, which show that the pressure is significantly influenced 
by rotation for Rossby numbers below unity. 


1. Introduction 

Industrial fluid dynamics is mainly concerned about integral parameters such as 
pressure drop or efficiency numbers, and detailed information on the flow field 
is often given a lower priority. For simple flow systems estimates of the pressure 
drops are readily assessed from tables or from actual measurements. Although, it 
may be noted that data on pressure drops given in tables usually have an empirical 
background. 

The situation for a rotating flow system is more complicated as there is a lack of 
reliable data, and measurements on pressure drops in rotating systems are few. Also, 
numerical simulations of rotating flows are scarce, especially for turbulent flow. 
Studies of rotating flows have mostly been dealing with our most common rotating 
system which is the earth. The mathematics used in the study of geophysical flows 
may be used when studying the flow in rotating machines. But, the number of 
experimental data that can be used in the design of rotating machines are limited. 
However, to be able to design rotating flow machines, estimates of the pressure 
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drop in different internal channels have to be produced. Examples of industrial 
rotating systems are centrifugal pumps and centrifugal separators. 

Alfa-Laval has been producing centrifugal separators (centrifuges) for about 
100 years, The centrifuge is considered to have attained a state of maturity and 
operates fairly well in its main applications. However, knowledge of the flow 
inside the centrifuge has been limited which has hindered further development of 
the machine. To remedy this, Alfa-Laval has set up a long term research program 
in order to study the flow inside the centrifuge. The present report gives a survey of 
the experimental and theoretical work performed at Alfa-Laval in order to estimate 
the pressure drop in the internal flow passages in a centrifuge. 

2. Description of a centrifuge 

High speed centrifugal separation is used to enhance the separation efficiency when 
separating phases of different densities. "The centrifuge" was invented in 1878 for 
the separation of cream from milk. Today the centrifuge has many applications, 
a major one of which is the cleaning of lube oil and fuel oil on ships. Other 
applications are found in, for instance, breweries, wineries and chemical industries. 

The rotating system comprises the fast rotating bowl shown in Fig. 1 in which 
the separation takes place. The speed of rotation is about lOOreu/.s. The incoming 
liquid (feed) enters the centrifuge via the inlet (a) where it is spun up to the speed 
of the centrifuge. The feed is thereafter led radially outward in the distributor (b) 
and is distributed via the distribution holes (c) to the disc stack (d). The disc stack 
consists of closely spaced conical discs made of stainless steel. In order to have 
an efficient centrifuge a large surface area is needed and about two hundred discs 
are used in the disc stack. The spacing between the discs is about 0.5 ynrvi and the 
diameter of a disc is typically 300 mm. 

The actual process of separation takes place between the discs and the purpose 
of the centrifuge is to utilize the high G forces combined with the short separation 
distance between the discs to obtain an efficient separation of particles or liquid 
drops from a fluid. The drops may be heavy such as water drops in oil and migrate 
outward towards the disc surface. In other applications the drops may be light such 
as fat globules in milk and migrate inward towards the disc surface. 

Figure 1 shows a centrifuge intended for the separation of heavy particles from 
a light liquid phase. The heavy particles after being separated accumulates in the 
sludge space in the periphery and the clarified fluid is led to a paring disc device 
(e) where it exits the centrifuge. The efficiency of the machine is high and a 
medium sized machine may replace a sedimentation basin having a surface area 
of lOOOOm.^. For a general reference on centrifugal separation consult Sokolov 
(1971), Alfa-Laval (1983). 
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Fig. 1. Cross-section of a centrifuge, (a) inlet, (b) distributor, (c) distribution holes, (d) disc 
stack, (e) outlet. 


3. General features of rotating flows 

Characteristic for rotating flows are the strong Coriolis forces. If the advective 
terms are small, geostrophic regions are formed outside the boundary layers near 
the walls. The main force balance in these regions is between the Coriolis force 
and the reduced pressure gradient. The flow direction is parallel to the isobars. This 
is the cause of the wind circulation around zones of high or low pressure, as seen 
on weather maps. 

The following non-dimensional parameters are commonly used to characterize 
flows in rotating systems: 

Ekman number, 



Rossby number, 


( 1 ) 



(2) 
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where is the angular velocity of the rotating system, L is a typical length, U a 
typical velocity and ly is the kinematic viscosity of the fluid. The typical features 
of rotating flows occur when E and Ro are small. 

Close to solid walls, Ekman boundary layers arise. The viscous force is added 
to the pressure balance and this gives rise to a velocity component in the direction 
of the negative pressure gradient. Ekman layers have a thickness proportional to 
The boundary layers near vertical walls (i. e. with normals perpendicular to 
the axis of rotation) have a different structure. These vertical layers are denoted 
Stewartson layers. Their mathematical description is quite intricate and it can be 
shown that they consist of two overlapped layers of the thicknesses E^^^ and E^^^. 
The former of these transports fluid between Ekman layers and the interior, and the 
latter smooths out discontinuities in the tangential velocity. 

A comprehensive discussion of rotating flows can be found in Greenspan (1968). 

The concepts of geostrophic regions and Ekman and Stewartson layers have 
their origin in the areas of meteorology and oceanography. In the centrifuge, these 
types of flows are encountered in the disc stack, where Ro is particularly small and 
the flow is laminar. 

4. Inlet 

By inlet we here mean the open chamber (a) shown in figure 1, corotating with the 
centrifuge, in which non-rotating liquid is received, set into rotation and passed 
on to the distributor channels. Usually some kind of wings bring the liquid into 
rotation, although a set of concentric discs is sometimes used and even empty inlets 
exist. 

In most inlets, the liquid forms a cylindrical interface parallel and concentric 
with the axis of rotation. The pressure set up by the difference between this level 
and the outlet level forces the liquid through the centrifuge. The inlet level adjusts 
itself so that the solid body rotation pressure between the inlet level and the fixed 
outlet level exactly equals the pressure drop in the liquid filled part of the centrifuge. 

An important parameter which has influenced our definition of pressure drop 
in rotating systems, such as the centrifuge, is the increase in internal energy as the 
liquid flows through the centrifuge. The reason for our interest in internal energy is 
that it is caused by the work of viscous forces which may disrupt dispersed drops or 
particles rendering them impossible to separate. If the static pressure at the outlet 
and inlet is the same it can be shown that work on the liquid is divided equally 
between internal and kinetic energy of the liquid leaving the rotating system. The 
increase in internal energy is thus given solely by the outlet level and will eventually 
manifest itself as an increased temperature. 

By defining the pressure drop between any two points in the centrifuge as the 
deviation from the corresponding solid body rotation pressure between the same 
points, the increase in internal energy will everywhere be given by the work of 
the pressure drop. The pressure drop from the centre and out to the inlet liquid 
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level equals the solid body rotation pressure at that level. The further out the inlet 
level is, the larger the work on the liquid becomes. As the non-rotating liquid hits 
the liquid level this work is transformed into intense local turbulence which may 
damage the feed. 

Since the total increase in internal energy as the liquid passes the whole cen¬ 
trifuge is given by the outlet level, the total pressure drop is independent of the 
flow rate. At an increased flow rate, the liquid level is pushed inwards to meet the 
increased pressure drop in the liquid filled sections of the machine. This decreases 
the turbulence created by the incoming liquid and may be interpreted as a reduction 
of the pressure drop in the unfilled section of the inlet. 

The purpose of the disc inlet is to minimise drop splitting. This is done by 
decreasing the pressure drop in the unfilled section to zero by bringing the inlet 
level all the way in to the centre by increasing the pressure drop in the liquid 
filled part of the separator. The dissipation is spread out into a larger volume, the 
turbulence is less intense and the feed becomes less damaged. A set of concentric 
discs, see Fig. 2, is used to bring the liquid into rotation. If the flow rate is low only 
a few discs will be active. When the flow rate increases and the pressure drop in 
the rest of the centrifuge increases, the pressure drop in the inlet will automatically 
decrease by the use of more discs, see Fig. 2. When the presently active discs are 
not enough, there will be an overflow to previously not active discs. 

The flow rate between two discs is usually small and the flow close to linear. A 
weakly non-linear theory for the flow between two rotating di.scs, (Peube & Kreith, 

1966), is used to calculate the pressure drop in a disc inlet. 

The flow in wing inlets is highly non-linear and turbulent, and the pressure drop 
has to be estimated empirically. Experiments with different wings and vanes and 
even empty inlets have shown a universal dependence of the pressure drop in the 
liquid filled part of the inlet on the ratio of the flow rate and the angular velocity. 
This suggests a Rossby number dependence. The pressure drop in the liquid filled 
part of the inlet normalised with the solid body rotation pressure was found to be 
proportional to the Rossby number raised to 1/3. The constant of proportionality 
depends on the type of wings. 

5. Distributor channels 

The distributor channels lead the fluid from the inlet to the distribution holes in 
the stack. The channels are either straight channels of constant cross section or pie 
shaped sections divided by radial wings. The flow rate in the distributor channels 
is high and the flow therefore non-linear and turbulent. 

The Coriolis force in a rotating channel is directed towards one side wall, the 
so called pressure side, of the channel and deflects the velocity profile against this 
wall, see Khesgi (1985). The flow close to the pressure side has been shown to be 
stabilized by the rotation, while the flow on the other side is destabilized, Johnston 
et al. (1972). 
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Fig. 2 Disc inlet at low and high flow rate. Flow direction and interface between liquid and 
air are shown. 


The distribution hole is much smaller than the distance between the wings 
and centred between two wings in the pie shaped channels. Visual observations 
in model rigs have shown a strong flow on the pressure side of the wings. The 
flow follows the wing until it ends and if the wings extend beyond the hole, the 
flow has a considerable angular momentum relative to the hole as it leaves the 
wing. Since the flow is non-linear the transport to the hole has to take place in the 
inviscid interior, which results in a potential vortex with a considerable pressure 
drop. Measurements show that the pressure drop as function of the extension of 
the wing has a minimum when the wing extends just to the hole. Then the flow 
follows the wing radially outwards until it ends and then proceeds azimuthally to 
the hole without the formation of a vortex. 

The pressure drop in a pie shaped channel with the wings extending out to the 
holes is rather small, although it is usually even smaller in a straight channel. It 
has been shown experimentally for both channels of circular and rectangular cross 
section as well as for pie shaped channels, that the pressure drop is essentially 
unaffected by rotation if the Rossby number is high and proportional to the inverse 
Rossby number when it is low. 

Figure 3 shows measurements with three different square channels. The length 
scale of the Rossby number is the width of the channel. This can make the pressure 
drop in a rotating system rather insensitive to the width of the channel since a narrow 
channel has a high pressure drop when not in rotation and is not very much affected 
by rotation, while a wide channel has a low pressure drop which is considerably 
increased by rotation. This agrees with the hypothesis of a concentration of the 
flow to the pressure side of the channel. 

6. Distribution holes 

The holes in the disc stack form vertical channels from which fluid is withdrawn 
into the disc stack. The upward flow in this channel is complicated and affected 
by several mechanisms. It is also very hard to measure and study experimentally. 
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lor a quadratic channel 


The flow is turbulent, vortical and solSrfirij9STKl0KtSf^nary. Another phenomenon 
that probably affects the How is vortex bTSafcCin^vn, i.e. a sudden expansion of a 
swirling axial flow. 

The parameters are often such that vortex breakdown should have occurred in a 
corresponding channel without withdrawal of fluid and the radial flow, caused by 
the withdrawal, most certainly increases the probability of vortex breakdown. The 
unpredictability is unfortunate since a pressure variation along the channel may 
give an uneven distribution of flow between the discs, resulting in poor separation. 

If the channel did not rotate one would expect two competing effects to deter¬ 
mine the pressure. The pressure would increase along the channel since the axial 
velocity decreases due to the withdrawal of fluid into the disc stack. On the other 
hand it would decrease due to the effect of boundary layer suction. If the latter is 
similar to the boundary layer suction along a flat plate, both effects will be of the 
same order of magnitude. 

When rotation is considered the situation becomes more complicated. First 
the rotation of the liquid in the column will affect the pressure in the periphery. 
Since the flow is directed outward from the centre of the channel, the rotation will 
decrease with the height in the channel. This makes the pressure at the periphery 
of the holes decrease along the channel. 
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Fig 4 Schematic ot two discs in the disc stack 


7. Disc stack 

7.1. AXISYMMETRIC FLOW 

Centrifuge discs have a conical form, with the half cone angle a defined according 
to Fig. 4. The axis of rotation is vertical. For model purposes, when one-phase flow 
is studied, plane geometries with a = 90 are often used. 

Consider the flow between two plane, rotating discs with a small gap in between. 
The geometry has axial symmetry and the flow is driven by a radial pressure 
gradient. For low Ekman numbers, Ekman layers are formed close to the upper and 
the lower discs. Between the Ekman layers, a geostrophic layer is located. 

Calculated velocity profiles for this situation is shown in Fig. 5. The u velocity 
is in the direction of the pressure gradient, and v is perpendicular to u and to the 
normal of the discs. When axial symmetry prevails, u is the radial flow and v is 
the tangential flow. The thickness of the Ekman layers are proportional to . In 
this case, £ = 1/100. 

A striking feature of this flow is that the flow direction is a function of the 
distance from the lower disc. The only net transport of fluid takes place in the 
Ekman layers, and the geostrophic flow goes in circles around the centre. 

For small i?o, the advective terms can be neglected in the Navier-Stokes equa¬ 
tions. Analytical solutions for the flow and pressure fields can be found for simple 
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Fig 5 Tangential and radial velocity profiles for the flow between discs in the disc stack, y 
IS the coordinate normal to the disc suitace 


geometries. The pressure drop between two radii, and r/^ for plane axisymmet- 
rical discs is given by 


= P^tb) - p{rA) = </>(A) 




where Q is the volume flow rate, p the density and 


0(A) = 


cosh A + cos A 
sinh A — sin A 


(3) 

(4) 


with A = 1 For small E. 0(A) 1. 


This expression for the pressure drop has been confirmed to be valid at low flow 
rates by measurements in a model test rig shown in Fig. 6. The test rig is further 
described in Lagerstedt and Nabo (1986). At high flow rates, the measured pressure 
drop is below that given in the equation above. A theoretical study Gusev & Bark 
(1980) shows that the stability depends on the Ekman number and a Reynolds 
number defined as 


Re = 


Q 

InRu 


(5) 


For E below 2 10“^, the theoretical stability limit is 55 for plane discs. The value 
is somewhat lower for larger E or conical discs, with a minimum of about 30, 
Moberg (1989). Experiments by Pater et al. (1974) show that instabilities occur 
at Re above 110, and turbulence above Re « 240. Measurements in the test rig 
show that at higher i?e, the pressure drop goes asymptotically to about 70 % of the 
theoretical value for inward flow. 
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Fig 6 Test ng used in visualization and pressure drop measurements in the flow between 
discs in a disc stack 



barriers 
inlet holes 


7 2 Flow with barriers and change in depth 

The analysis of the axisymmetncal flow can be extended to several classes of 
non-axisymmetncal flows by classical methods utilizing complex functions and 
conformal mapping A typical example of a disc geometry is shown in Fig 7 
The flow enters the gap between the discs through the inlet holes The flow is 
transported radially inwards between the discs This transport mainly takes place in 
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Fig. 8 Calculalcd and visualized streamlines for the flow between discs with barriers. 


the Ekman layers. The presence of the long barriers shown in the figure also causes 
some net transport of fluid in the geostrophic layer. 

The flow between the discs can be described by an analytical mathematical 
source-sink model. The small Rossby number and the small gap between the discs 
allows for the use of a linear two-dimensional model. A complex valued velocity 
potential can be used in the same way as for non-rotating Hde Shaw cells. The 
boundary conditions are, however, more complicated due to the system rotation 
and the interaction between the flow in the main region and the Stewartson layers, 
see Bark & Sundstrom (1981). 

For very low Rossby numbers, the measured pressure drop with barriers is 
well in accordance with the theory. The calculated and visualised streamlines do 
also compare well, see Fig. 8. However, even moderately small Rossby numbers 
give rise to discrepancies between the theory and the experimental values. These 
discrepancies have their origins in the boundary layer separation at the barrier ends. 
Vortices and wakes are formed, which contribute to the transport of fluid between 
the Ekman layers and the geostrophic layer. When the wakes dominate the flow 
field, the pressure drop is considerably reduced. 

An extension of the mathematical model takes these wake effects into account. 
The wakes are represented by discrete vortices, bom near the barrier ends and 
advected with the flow. The vertical fluid transport in the vortices cause them to 
spin down. The spin down time scale is see Greenspan (1968). Figure 

9 shows a comparison between the experimentally measured pressure drop, the 
linear theory and the enhanced theory. 

The model rig (Fig. 6) has also been used to study the effects of a varying 
disc distance. The phenomenon has been studied mathematically as well, with a 
vortex sheet representing the edge of a shallow sector. The distance between the 
discs was reduced by 5% in this sector and this affects the flow field significantly. 
Comparisons between experimental and computed streamlines are seen in Fig. 10. 
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Ap 
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Fig 9 Example of computed and measured pressure drop versus flow rate between two 
radii for flow between disc with barriers Upper solid line Linear theory Lower solid line 
Numerical calculations with vortices Circles Expenments 


[Pa] 




Fig 10 Computed and visualized streamlines for flow between axisymmetric discs with a 
shallow sector 


Experimentally, it has been found that any deviation from perfect axial symmetry 
with a constant distance between the discs causes a lower pressure drop 

7 3 Rough surface 

The fluid transport through the axisymmetnc disc stack is confined to thin boundary 
layers The velocity in these layers is high The fnction drag on separated particles 
or on a thin film of a second liquid phase may drag this second phase the wrong 
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3.10 0.20 0.30 1.00 2.00 f Jj^y/s] 

Fig. 11. Pressure drop as a function of rotational speed. Solid line: Theory. Squares: 
Measurements with two smooth surfaces. Circles: Measurements of one smooth and one 
rough surface. Crosses; Numerical calculations, one smooth and one rough surface. 


way even though it has separated to the disc surface. One way to reduce this effect 
is to manipulate the surface. The side where the second phase is collecting is kept 
smooth while the other is made rough, with a roughness height equal or bigger 
than the Ekman layer thickness. The flow is distributed so that a minor part is 
transported by the Ekman layer of the smooth surface and the main part is flowing 
between the roughness elements in a widened boundary layer of the rough side. 
The drag at the smooth side is reduced. This does also cause a reduction of the 
pressure drop, N4bo and Borgstrom (1989). Figure 11 shows measurements and 
calculations of pressure drop in the slowly rotating rig with one smooth and one 
radially rifled surface. 

A number of numerical calculations has been used to calculate dpjdr as a 
function of Rossby and Ekman numbers. Later this has been used to integrate the 
pressure drop. 

8. Level ring, flow over a weir 

The level ring is a small disc used to control the radial level of the free surface (see 
Fig. 12). The actual level over the level ring depends of the flow rale, the level ring 
radius and the speed of rotation. The problem to decide the level is analogous to the 
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Fig. 12 Schematic of the flow over a weir in a rotating system. 


classical weir flow problems encountered in hydraulics. However, factors like the 
conservation of the liquid’s angular momentum complicate the situation compared 
to the classical case. 

The flow passes axially. At radii greater than the level ring radius R, the liquid 
is assumed to have solid body rotation due to the presence of wings. 

The problem has been studied theoretically and experimentally. A theoretical 
analysis depends upon to what extent the angular momentum is conserved when a 
liquid element changes radius. Two simple models are 

- solid body rotation even inside J? 

- conservation of the angular momentum at radii smaller than R. 

The difference between the models in predicted pressure contribution from the 
level ring is small for the full scale case. The former model gives a liquid level 
over the level ring. 



( 6 ) 


From this, the following expression for the pressure contribution of the level ring 
can be derived: 


Ap = 


2 



(7) 


9. Concluding remarks 

In this paper we have presented a survey of the pressure drop in different parts 
of an industrial centrifuge. For obvious reasons we are concerned with pressure 
drops in order to be able to properly design the centrifuge. Thus, we have tried to 
view and express the flow in a pressure drop frame of mind. However, the pressure 
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drop impacts the efficiency of the centrifuge differently in different parts of the 
centrifuge. 

For the inlet, Section 4, the pressure drop or the increase in internal energy 
may cause particle disruption and thus a lowered separation efficiency. In order to 
obtain an improvement it is important to understand the destruction process and 
the forces causing disruption. 

Section 5, 6, and 7 are concerned with the pressure drop and flow pattern in 
different internal channels in the centrifuge. Section 5 presents measurements of 
the pressure drop in the distribution channels. The experimental work will continue 
with more complicated geometries. Also, comparisons with numerical results will 
be made. For the distribution holes. Section 6, a detailed estimate of the pressure 
drop gives an uneven distribution of the flow in the disc stack. In the section we 
present a general description of the factors affecting the pressure in the distribution 
holes. At present this is pursued further both theoretically and experimentally. 
Section 7 describes the flow in the disc stack in which the actual process of 
separation takes place. Thus an explicit knowledge of the flow is needed not only 
in order to calculate the pressure drop but also to be able to make calculations on 
the actual process of separation. The length of Section 7 also reflects the amount 
of work done in order to understand the flow between the discs. 

Section 8 deals with the flow over a weir. The flow over a weir is a common 
problem that is solved in textbooks in which the liquid level is calculated as a 
function of flow rate showing that the flow rate can be measured by measuring the 
liquid level. Here we have extended the problem to a rotating system and the level 
has both been calculated and measured. 
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Abstract The development of localized disturbances in parallel shear flows is reviewed. The inviscid 
case is considered, first for a general velocity profile and then in the special case of plane Couette 
flow so as to bring out the key asymptotic results in an explicit form. In this context, the distinctive 
differences between the wave-packet associated with the asymptotic behavior of eigenmodes and the 
non-dispersive (inviscid) continuous spectrum is highlighted, The largest growth is found for three- 
dimensional disturbances and occurs in the normal vorticity component. It is due to an algebraic 
instability associated with the lift-up effect. Comparison is also made between the analytical results 
and some numerical calculations. 

Next the viscous case is treated, where the complete solution to the initial value problem is 
presented for bounded flows using eigenfunction expansions. The asymptotic, wave-packet type 
behaviour is analyzed using the method of steepest descent and kinematic wave theory. For short 
times, on the other hand, transient growth can be large, particularly for three-dimensional disturbances. 
This growth is associated with cancelation of non-orthogonal modes and is the viscous equivalent of 
the algebraic instability. The maximum transient growth possible to obtain from this mechanism is 
also presented, the so called optimal growth. 

Lastly the application of the dynamics of three dimensional disturbances in modeling of coherent 
structures in turbulent flows is discussed. 


1. Introduction 

Parallel and near-parallel shear flows form a group of technologically very impor¬ 
tant flows found in e.g. pipes, channels and in boundary layers. Their properties are 
readily calculated if the flows are laminar but if they become turbulent, as is usually 
the case, empirical data is required to estimate quantities such as pressure losses, 
drag and heat transfer. To complicate matters, laminar and turbulent flows often 
appear together in the same flow configuration with the former generally preceding 
the latter. Therefore, it is of primary concern to be able to predict the location of 
the transition between the two types of flows so as to obtain the overall perfor¬ 
mance of a given flow. Methods to delay, prevent or force the transition have also 
become of great practical interest and have in many cases been quite successful. 
However, for further progress to be made in this area it has been recognized that 
more fundamental insights are required about the underlying flow mechanisms. 

After the classical contributions of Rayleigh (1880), Orr (1907) and Sommer- 
feld (1908) the question of the stability of laminar flows became focused on the 
exponential growth of disturbances. The study of exponential growth is motivated 
by the time derivative that appears in the governing equations. This suggests an 
exp(—?a;f) factor in the solutions for the perturbation quantities and depending on 
the sign of the imaginary part of cj. a perturbation may become unstable, stable or 
neutral. As the stability calculations generally have offered analytical difficulties, 
results that could limit the scope of the studies were naturally welcome. One such 
result is Squire’s theorem, which states that the stability of a plane wave moving 
oblique to the mean flow (in planar flows) is equivalent to a wave moving in the 
mean flow direction, but at a lower Reynolds number. Thus, the lowest Reynolds 
number at which a perturbation can become unstable is obtained by considering 
only two-dimensional waves. 

However, as data have accumulated, it has become evident that the ability of 
the linear theory to account for observed transitional Reynolds numbers in parallel 
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shear flows is quite limited. Only in the case of Blasius flow is the agreement reason¬ 
able between theory and experiments, whereas other flows show various degrees of 
discord. The discrepancy is particularly serious for pipe and Couette flows which 
are stable according to the theory but still may become turbulent. Various schemes 
have therefore been devised to account for the disagreement and an obvious first 
candidate to consider is non-linear effects, not accounted for in the linear theory 
but certainly of importance at transition to turbulence. The most developed non¬ 
linear scenario is the one where the stability of a large amplitude two-dimensional 
wave (moving in the mean flow direction) to small three-dimensional disturbances 
is considered. This secondary instability mechanism has been quite successful in 
explaining many details of well-controlled vibrating ribbon experiments, in partic¬ 
ular the generation on intense shear layers (spikes) and so-called A-structures (see 
Herbert 1988 for a summary of the main results). It is today considered the main 
road to the laminar-turbulent transition, in fact, to the extent that transition which 
does not exhibit the presence of large scale 2-D waves is denoted by-pass transition 
(Morkovin 1969). 

Bypass mechanisms are inherently three-dimensional and would operate in 
many naturally occurring situations such as when surface roughness is present 
or when the background field contains 3-D disturbance. They are also generally 
thought to involve non-linear processes. 

Within linear stability theory studies of three-dimensional disturbances have 
played but a minor role, mostly because of Squire’s theorem. It was however also 
noted by Squire (1933) that there are three-dimensional disturbances in the flow 
with no motion normal to the wall. These are described by the so called Squire 
modes, which were found to be damped and thus further discouraged studies of 
three-dimensional disturbances with linear theory. 

When the three-dimensional problem is treated, two equations must be solved 
where the solution to one (the Orr-Sommerfeld equation in viscous flows and the 
Rayleigh equation in inviscid) appears as an inhomogeneous term in the other (the 
Squire equation). A characteristic of the three-dimensional forcing was derived 
by Landahl (1975) who showed that for inviscid disturbances the forcing will 
eventually lead to a permanent scar in the stream wise velocity. In the special 
case when disturbances have no streamwise variation, Ellingsen & Palm (1975) 
showed that there is an algebraic growth of the streamwise velocity component, 
provided there is a spanwise structure. This mechanism was further studied by 
Landahl (1980) who showed that if the net normal momentum is non-zero, algebraic 
growth occurs in a localized disturbance. Further results pertaining to the inviscid 
case were obtained by Gustavsson (1978) and Henningson (1988) who worked out 
the solutions to the initial value problem in piecewise approximations to boundary 
layer and channel flow, respectively. 

When viscosity is included, the algebraic growth can be deduced from the 
solution of the initial value problem for the normal vorticity (Henningson 1991) and 
will occur even if the participating eigenmodes are damped. Despite the damping, 
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large energy amplification is possible before the eventual decay sets in (Gustavsson 
1991). Together with the results obtained for inviscid flows, these recent findings 
for viscous flow show that the development of three-dimensional disturbances may 
be quite subtle even in the linear case. 

Since the results obtained thus far have appeared in various contexts it is the 
purpose of the present article to summarize the main findings into a more coherent 
picture. The approach taken is basically analytical since we consider it particularly 
important today, when so much interest is focused on numerical simulations, to 
maintain and develop the analytical foundation of the subject. 

The paper is organized in the following manner: In Section 2 the equations 
governing the development of small three-dimensional disturbances are presented 
from the perspective of the initial value problem. In Section 3 the inviscid case is 
considered, first for a general velocity profile and then in the special case of plane 
Couette flow so as to bring out the key asymptotic results in an explicit form. In 
this context, the distinctive differences between the asymptotic behavior of waves 
and the (inviscid) continuous spectrum is presented. Also, comparison is made 
between the analytical results and some numerical calculations. The viscous case 
is treated in Section 4, where the complete solution to the initial value problem is 
presented for bounded flows. Since the eigenmode structure is intimately related 
to this solution, the eigenvalue spectrum is also considered in detail and their 
asymptotic behavior for large Reynolds number is summarized. Also the viscous 
continuous spectrum is discussed. The asymptotic behavior of wave disturbances 
is then also treated and compared to the kinematic wave theory. This section is 
concluded with a presentation of the more general vector eigenfunction approach 
and the idea of optimal disturbances. In Section 5 the application of the dynamics of 
three dimensional disturbances in turbulence modeling is briefly reviewed. Finally 
a brief discussion of the results as well as the main conclusions are given in Section 
6 . 


2. Governing equations 


The non-dimensional equations of motion for an incompressible fluid are given by 
the Navier-Stokes equations. 


dui dUi dp 1 


dx. 


dx^ R 


( 1 ) 


and the equation of continuity. 



( 2 ) 


where denotes the velocity field, p the pressure and R the Reynolds number 
based on some appropriate length and velocity scale. In the present work, we 
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consider a Cartesian geometry with coordinates {x^y^z) denoting the stream wise, 
wall-normal and spanwise directions, respectively. The steady mean flow is in the 
2 ;-direction, varies with j/, and is denoted by U{y). 

The equations for small perturbations (u, v, w) and p on this mean flow are 
given by the linearized Navier-Stokes equations: 


du ^du dp 1 

(3a) 

dv ^dv dp 1 

(3b) 

dt dx dz R 

(3c) 


and continuity, 


du dv dw 
dx dy dz 


(3d) 


Here, a prime (') denotes a ?/-derivative. Taking the divergence of the linearized 
momentum equations (3a-c), and using continuity (3d) yields an equation for the 
perturbation pressure: 


= -2U'^. (4) 

av 

This may be used together with equation (3b) to eliminate p, resulting in an equation 
for the normal velocity, v: 




V = 0 . 


( 5 ) 


In order to describe the complete flow field, a second equation is also needed. This 
is most conveniently the equation for the normal vorticity. 


du dw 
dz dx 


( 6 ) 


where rj satisfies 




,dv 


( 7 ) 


This pair of equations, together with the boundary conditions: 
V = v' = T] = 0\ at a solid wall, 


(8a) 
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V, v', 7 ] bounded in the far field 

(8b) 

and the initial conditions 


v\t=o = m(x, y, z) 

(9a) 

IT 

0 

II 

0 

(9b) 


form a complete description of the evolution of an arbitrary disturbance in both 
space and time. 

Since the coordinates x and 2 in this problem are homogeneous and the system 
is linear, it is possible to work in wave number space and consider the behavior 
of single Fourier-modes. Taking the Fourier transform in the horizontal directions 
results in the following pair of equations for v and fj 


(I- + iaU){D^ - k^) - iaU" - - k^ 

of R 


1) = 0, 

7 ; = —ifiU'v. 


( 10 ) 

( 11 ) 


Here a caret" represents a Fourier-transformed variable D = denotes a ^-derivative, 
OL and f} are the components of the wave number v ector in the streamwise and span- 
wise directions, respectively, and k = \/a? + is its modulus. Once v and 7) are 
known, the horizontal velocities, u and w may be obtained from 


u = 


i 


{aDv — Prj) 


( 12 a) 


w = —{PDv -I- afj). 


( 12 b) 


The natural measure of the size of a perturbation is its kinetic energy. Using the 
Fourier transformed variables this can be written in a particularly simple form. 
Using Parseval’s theorem, (12a) and (12b), the kinetic energy density, integrated 
over the normal direction can be written (Gustavsson 1986) 




(13) 


From the structure of equations (10) and (11), it follows that there is a fundamental 
difference between the normal velocity and the normal vorticity. The evolution 
of V is described by the homogeneous equation ( 10 ) with homogeneous boundary 
conditions, and can thus be determined if the initial data are given. In contrast, the 
equation for r] is inhomogeneous, where the spanwise variation of v and the mean 
shear combine in the forcing term. Since (11) is the linearized form of the vorticity 
equation for normal vorticity, and the forcing term emanate from the linearized 
vortex tilting term, it may be appropriate to denote the forcing mechanism by 
vortex tilting. It will be given another kinematic interpretation in the next chapter, 
in connection with the treatment of the inviscid problem. 
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3. The inviscid analysis 

3.1. General RESULTS 

We first consider the inviscid analysis which reveals several key features of the 
problem. When the viscous terms are dropped, (10) becomes the time-dependent 
Rayleigh equation, giving the normal velocity. For a two-dimensional disturbance 
(/3 = 0) the solution for v governs the complete problem since the streamwise 
velocity is given by two-dimensional continuity, see equation (12a). 

When /3 ^ 0 the disturbance is three-dimensional, and we must also consider 
the normal vorticity. Equation (11) can, in the inviscid case, be integrated to yield 

fi = /%(!/, (14) 

Jo 

The first term represents the advection of the initial normal vorticity field by the 
mean field, while the second term represents the integrated effect of the normal 
velocity, the so-called lift-up effect (Landahl 1975). This term represents the gen¬ 
eration of horizontal velocity perturbations by the lifting-up of fluid elements in 
the presence of the mean shear. If a single Fourier component is considered this 
process can be illustrated as follows. Make a coordinate transformation such that 
one axis, xi, is aligned with the wavenumber vector k, sec Fig. la. The other axis, 
Cl, will then be perpendicular to the wavenumber vector. The mean flow along the 
new coordinate axis will be denoted IJ\ and W\, respectively, and is easily found 
to be 


U,-jU 

k 

(15a) 

1 

II 

(15b) 


Using equations (12a) and (12b) the disturbance velocities along the same axis 
become 

'i 

u\ = —Dv (16a) 

k 

i 

W\ = - t ) (16b) 

It is interesting to note that the velocity along the wavenumber vector is given 
by two-dimensional continuity in that direction, while the velocity perpendicular 
to the wavenumber vector is determined by the normal vorticity component. The 
lift-up process can now be easily visualized by considering the change in the w\ 
velocity during a short time Ai. Equations (14), (15b) and (16b) give 

Aw] = —W[vAt 


(17) 
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z,w y 



Fig. 1. Illustration of the lift-up effect, (a) Definition of the coordinate system aligned with 
the wavenumber vector, (b) Creation of a horizontal velocity defect in the zi-direction by the 
lift-up of a fluid element that conserves its horizontal momentum in that direction. 


where terms of 0{Ai?) have been neglected and it is assumed that the observer 
is moving with the wave. The derived expression for Aw\ is readily identified 
as the induced horizontal velocity disturbance resulting from the lift-up of a fluid 
particle by the normal velocity such that the horizontal momentum in the direction 
perpendicular to the wavenumber vector is conserved. This is illustrated in Fig. lb. 
Even if the normal velocity decays this process can give rise to large amplitude 
perturbations in the horizontal velocity components. 

For Fourier components with a = 0 the growth may be calculated explicitly. 
For that case the Rayleigh equation implies that v is not a function of time, while 
(14) gives 

ff = f]Q - i/SU'vot (18) 

We will refer to this growth as an algebraic instability (see also Ellingsen & Palm 
1975). 


3.2. Solution of the normal velocity 

Insight into the mathematical properties of the solutions of the Rayleigh equation 
can be found using the method of Laplace transforms. We Laplace transform the 
inviscid part of equation (10) and obtain 


(Z?" - k^)v 


f/M 

U-c 


<I>Q 

ia{U — c) 


(19) 


where the Laplace transform variable s = —ac have been used and where = 
[D^ — k^)vo. The solution to this inhomogeneous problem can be found by the 
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method of variation of parameters and written in terms of a Green’s function, we 
have 


v = j ^G{y,y')i>ody' 

The Green’s function is defined 


( 20 ) 


Giy,y') 


V2{y)h{y') 

ia[Uiy') - c]W{c) 

v\{y)hiy') 

ia[U{y') - (^W{c) 


y' <y 
y' > y 


( 21 ) 


where?;] and ?';2 are solutions to the homogeneous part of(19)satisfyingi)|(-l) = 0 
and 1 ) 2 ( 1 ) = 0. and W{c) = v\Dv 2 - vi^vi is the associated Wronskian. When 
the Laplace transformation solution is inverted each pole in the Green’s function 
will give a contribution to the full solution. The first type of poles are zeros of 
the Wronskian. These correspond to discrete eigenvalues of the Rayleigh equation 
since 6>| and vi will not be linearly independent if c is an eigenvalue of the 
homogeneous part of (19), thus producing a zero in the Wronskian. The second 
type of pole consists of values of c such that U{y') = c, i.e. a continuous spectrum 
for which the phase velocity is equal to the local mean velocity. 


The discrete spectrum 

First we will consider the discrete eigenvalues of the Rayleigh equation. For a 
general velocity profile the eigenvalue problem constituted by the homogeneous 
part of (19) is not tractable analytically. However, some general results for the 
eigenvalues can be obtained. By taking the complex conjugate of the equation one 
can easily prove that if c is an eigenvalue, so is its complex conjugate. Another 
powerful result derived by Rayleigh (1880) is found by multiplying the Rayleigh 
equation by the complex conjugate of the solution and integrating over the interval. 
The imaginary part of the resulting expression becomes 

from which it follows that a necessary condition for instability (ci > 0) is that the 
mean velocity has an inflection point ([/" = 0) somewhere in the y-domain. 

The dispersive effects of the normal modes can be found by looking at the group 
velocity. The group velocity is found from derivatives of the dispersion relation 
which for the Rayleigh equation takes the form u = ac{k). The concept of group 
velocity is further discussed in Section 4.2. 
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Since c is in general a complicated function of fc, a perturbation described by 
the discrete eigenmodes will gradually change its shape due to dispersive effects. 
These effects can be determined by applying the method of stationary phase to the 
solution of the initial value problem. For a homogeneous media the wavenumbers 
are found to be constant along group velocity rays, given by 


X 

duj 

, o?- , 

— 

— 

= c H— r~d 

t 

da 

k 

z 

du 

aP , 

1 


k ^ 


(23a) 

(23b) 


where d = dcjdk and cj = ac[k). By eliminating the explicit appearance of a and 
13, Gustavsson (1978) derived the relationship 



Equation (24) is the expression for a circle with center at (c 4- kc'/2, 0) and with 
radius kd jl. By varying k, all such circles will be generated and the area covered 
by them is the region where the dispersive waves may be found. For the simplified 
boundary layer profile of 


( y 0 < y < \ 

11 1 < 


(25) 


the eigenvalue becomes c{k) = 1 — esinh k/k and the stationary wave area 
resulting from this relation can be seen in Fig. 2. An interesting feature of the 
wave-area is its opening angle at the origin. Since k 0 in this region, half this 
angle becomes 


lim sin 

fc—►o 


Jcc^\ 
r -i- kd/2 J 


sin 


cr -h 2 


(26) 


if c ~ for small values of k. In the particular example, a = 1 and the angle 
becomes 19.47°. 


The continuous spectrum 

When the Rayleigh equation is solved for the velocity profile of plane Couette flow 
(U = y) no dispersive solution is obtained. Thus, only the continuous spectrum 
exists for that case, as first found by Case (1960). Taking the inverse Laplace 
transform of (19) we obtain the following simple expression for Couette flow 

{D^ - k^)v = 


(27) 
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Fig. 2 Area where waves are found from the dispersive effects of an inviscid piecewise 
linear boundary layer The circles arc found by use of equation (24). 


or 


= (Po(t - ayt, y, z, t) (28) 

which shows that the continuous spectrum corresponds to a solution advecting 
with the local mean velocity. It may therefore also be termed a convective solution 
(Gustavsson 1978). Thus the continuous spectrum does not propagagte with a 
phase coherence in the (/-direction, nor does it spread out in the spanwise direction, 
as the dispersive waves, instead it spreads only in the streamwise direction with 
velocities dependent on the y-position. For a velocity profile with curvature, the 
solution for u will contain both the dispersive and the convective parts. 


Limitations of Rayleigh's theorem 

On first sight, Rayleigh’s inflection point criterion seems to exclude purely damped 
solutions for profiles without inflection points, since the eigenvalues to the Reyleigh 
equation come in complex conjugate pairs. This would prohibit a dispersive solu¬ 
tion in inviscid Poiseuille and boundary layer flows, for example. The fact that such 
solutions exist has in the past generated some controversy, making it worthwhile 
to consider that question here. 

Using the Frobenius method it is straightforward to show that the homogeneous 
solutions v\ and V 2 in (20) are linear combinations of the Tollmien solutions (see 
Drazin & Reid (1981) eqs. 22.25, 22.26). The most important feature of these 
functions is the logarithm that appears in one of them. The solutions are otherwise 
analytical functions of y. The logarithm has a branch point at U{y) = c and the 
branch can be specified by considering the inviscid solutions as a limit of the 
viscous ones (Lin 1955). When the initial value problem is considered one need 
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not resort to viscosity, however, to be able to find the correct branch. Applying the 
inverse Laplace transform to (20) a typical term has the form 




00=27 


00-1-17 


fiy^y) 


(y^ - yc)ln{y' - yr)e 
[U{y') - c]W{c) 


-dcdy 


(29) 


where f{y^y') represents the remaining part of the Green’s function. When the 
integral in the c-plane is evaluated the contour has to be closed in the lower half 
plane in order for the solution to remain bounded for t > 0. Thus when the argument 
of the logarithm is considered as a function of c the branch cut has to be made in 
the lower part of the c-plane so that the solution is analytic in the upper half Now, 
consider the implication of this to the location of the branch cut in the ^-plane. If 
Cl 0 the behavior around the real ?/-axis can be found by Taylor expanding the 
mean flow around ycr and we find 


U{yc) = U{ycT) + U'iycr) + U'{ycr)tycx + • • • = + ic, (30) 


Thus, close to the real axis the argument of the logarithm can be written 


ln(i/ - j/c) « In 


Vr + lyx Vcr 


(31) 


The analyticity of the solution in the upper half of the c-plane implies that the 
logarithm has to be defined for positive values of Thus when (29) is integrated 
over 1 / we have to choose a path around the singularity such that (/^ has the same 
sign as when Cl ]> 0. This implies that the branch cut in the complex y-plane has 
the following location, 


^ ( 2 /cr) > 0 yt < 0 analytic ^ branch cut above singularity 
U\ycr) < 0 yi > 0 analytic => branch cut be/ow singularity 


Away from the real i^-axis we choose the direction of the branch cut in the same 
manner in order to ensure that all solutions use the same branch of the logarithm. 
The argument presented here essentially follows that of Dikii (1960). 

As an example consider a parabolic mean profile ([/= 1 - y'^) for which 
Rayleigh’s inflection point criterion prohibits exponential growth. Figure 3 shows 
the location of the singularities and branch cuts for that case. Note that the branch 
cuts cross the real f/-axis, resulting in a detour into the complex plane of the paths 
along which the solution is defined. Henningson (1988) has shown that it is possible 
to find two dispersive solutions for the parabolic mean flow using the indicated 
integration paths. This does not violate point criterion since the relation (22) no 
longer holds when y is allowed to take on complex values. 




Fig 3. Singularities and bianch cuts tor inviscid Poiseullc flow. The singularities arc located 

iil (ycr, —cJllJcr), WhcrC = I “ C, d" [( 1 — Crd" l\nd L\ < 0 . 


3.3. Three-dimensional disturbances in plane Colette flow 

In order to illustrate the non-dispersive aspects of the inviscid solution we will 
consider inviscid Couette flow. The solution to (27) for C — y is readily obtained 
and can conveniently be written (Case 1960) as 

^{y) - j ^ dt/ (32) 


where 


G{y,y') 


sinhfc(l — //)sinhA’(l y)' , 

—< V 


k sinh k 

— sinh/c(l y) sinh k{] — y') 
k s'lnh k 


\y >y 


(33) 


The above Green’s function can also be found from the general expression (21) by 
applying the inverse Laplace transform in the special case of plane Couette flow 
and introducing the explicit expression for the homogeneous solutions valid for 
that case. 

With V determined, the solution for y is readily obtained from the inviscid 
version of (11). The solution for fj becomes 


V = yoe 


— laty 




^-layt _ p-iay't 

Giy,y')$o —- j: — dy' 


ia{y - y') 


(34) 
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m 



Fig. 4. Schematic of the initial velocity field for a localized disturbances consisting of two 
pairs of counter rotating vortex pairs. From Breucr & Haritonidis (1990). 


where is the initial value of r;. 

Of particular interest for these solutions is their small and large time behavior. 
To leading order in a/, (32) is found to recover vq whereas for large at partial 
integrations shows that the leading order term in v is 0(l/(at)^). Thus, v is 
expected to decay in time. For ?/, however, the temporal behavior is different. 

For small times, a Taylor expansion shows that 


g-iQty' _ g-iQty 

ia(i/ - y') 




which reduces (34) to 


(35) 


r/oe 




vMy) + j ^ 


(36) 


This shows that f/, aside from the convected initial value, contains an induced term 
growing linearly for short times and which is due to the spanwise variation of 
uo. This is the previously mentioned lift-up effect present for three-dimensional 
disturbances. 

The algebraic growth is moderated for large times as can be recognized by 
evaluating the integrals in (34) when at —► cxd. It is then noticed that the main 
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contribution to the integral in (34) comes from the region around = y. An 
expansion around this point gives the following result to leading order 


7} ~ T]oe 


—lOcyt 


/3 sinh/c(l -h y) sinh fc(l — y) - 

ITT- . 

a k sinh k 


locty 


(37) 


which shows that the forcing by the normal velocity leads to a permanent scar 
convecting downstream with the local mean velocity. This result is originally due 
to Landahl (1975), derived for a more general case. It was also derived for the 
piecewise linear boundary layer profile by Gustavsson (1978). 

Note that the expression (37) is infinite for a = 0. This is in agreement with the 
explicit expression for the normal vorticity obtained earlier. Equation (18) shows 
that t) -4 oo as f ► oo. Thus a disturbance that has wavenumber components with 
a — 0 excited will have a different asymptotic behavior than those without any 
such excitation. Landahl (1980) showed that a localized disturbance with energy 
along the span wise wavenumber axis will experience a growth of the energy that 
is at least proportional to t. He further showed that this will manifest itself as an 
elongation of the disturbance in the streamwise direction. 


3.4. Numerical SOLUTIONS 

The distinction between the dispersive and advective components that emerge in 
the solution of the inviscid problem may best be seen in the numerical results of 
Henningson (1988), who considered the evolution of an initial disturbance in a 
plane Poiseuille flow in which the mean profile was approximated by a three-part 
piecewise linear profile, and by Breuer & Haritonidis (1990) who used the Blasius 
boundary layer profile for their base flow. In both cases, the initial disturbance had 
the form of two pairs of counter-rotating eddies, schematically shown in Fig. 4. 
Note that the initial streamwise velocity perturbation is here zero. 

Figures 5a,b are taken from Breuer & Haritonidis’s boundary layer calculations 
and show contours of v and u, plotted in the x - ly-plane. The normal velocity 
resembles the initial conditions, although the amplitude has decayed by about 
50%, and the entire structure has moved downstream with an approximate velocity 
equal to OAUoo, which corresponds to a typical wave-speed in the boundary layer. 
In sharp contrast to this, the streamwise velocity is dominated by the lift-up effect 
which creates a perturbation in the form of an inclined shear layer. This shear 
layer intensifies with time due to the convective nature of the disturbance and the 
absence of viscosity to moderate the sharp velocity gradients that develop. 

The cross-stream structure of the disturbance, and the distinction between the 
convective and dispersive aspects of the inviscid disturbance are illustrated in Figs 
6a,b which show v and u at time ^ = 10 plotted in the x — z-plane (taken from 
Henningson’s 1988, piecewise linear results). The normal-component reflects the 
dispersive nature of the Rayleigh equation, and shows a wave-packet emerging with 
wave-crests swept back at 45®. The amplitude of v decreases as the disturbance 
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Fig 5 Inviscid boundary-layer results at t = 25,50, 75 (a) Contours of normal velocity 
at z = 0 (b) Contours of strcamwise velocity at z = 0 The quantities are scaled with the 
free-slream velocity and the displacement thickness From Breuer & Hantomdis (1990) 
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Fig. 6. Inviscid picccwisc linear Poiscuillc results at i = 10. (a) Contours of normal velocity 
at 2 / = 0.44. (bj Contours of slrcamwisc velocity at y = 0.44. The quantities arc scaled with 
the centerline velocity and the channel half-height. From Henningson (1988). 


spreads in the horizontal plane such that its amplitude at t = 10 is only one-half its 
initial amplitude. The streamwise component, however, has attained an amplitude 
over 12 times that of v and is dominated, not by the wavepacket, but by the shear 
leayer, seen here as a strong peak and depression at the center of the structure. 

We should note that, despite the obvious differences between the plane Poiseuille 
flow and the Blasius boundary layer, the numerical results are essentially inter- 
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changeable and that the formation of the shear layer and the wavepacket are not 
sensitive to the particular details of the mean flow * The success of the piecewise 
linear approximation should also be noted. Both the dispersive and convective 
aspects of the evolving disturbance are captured, a result which is particularly grat¬ 
ifying since the solution is in closed-form, whereas the use of a continuous mean 
velocity profile requires a numerical integration of the Rayleigh equation. 

4. The viscous problem 

4.1 . The eigenvalue spectra 

The key ingredients in the solution to equation (10) and (11) are the eigenmodes 
of their respective homogeneous operators. The operator governing the normal 
velocity is the Orr-Sommerfeld (OS) operator and the operator governing the 
normal vorticity will be referred to as the Squire (SQ) operator. The respective 
eigenvalue problems are then, for the OS eigenvalues 

[(-A + iaRU){-D^ + k^) + laRU" + {-D^ + v = 0 (38) 

with boundary conditions v = Dv = 0 on solid walls and v —► 0 in the free stream, 

and for the SQ eigenvalues 

j^-a -h laRU -h -f A:^)j fj = 0 (39) 

with boundary conditions y = 0 on solid walls and 7^ —► 0 in the free stream. 

The eigenvalue A is related to the more frequently used phase speed, c, and the 
frequency, cj, through 


A = iujR = iacR. (40) 

and for a similar relations hold. From the above equations it is seen that the 
eigenvalues will depend on the two parameters (fc,ai?). However, it is noticed 
that the explicit A:-dependence can be removed from the Squire equation by the 
transformation cr' = cr — The eigenvalues (and eigenfunctions) are today most 
easily obtained through numerical methods, but some general properties can be 
obtained by analytical treatment of the equations. Since the eigenvalue spectra 
for bounded and unbounded flows show distinct differences, they will be treated 
separately. Also, since we are concerned with the initial value problem, for which 
the temporal stability is most appropriate, the wave numbers are assumed to be 
real, and the eigenfunction and the eigenvalues are complex. 

* An exception to this is plane Couette flow which docs not admit any dispersive solutions. 
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Bounded flows 

Bounds on the eigenvalues for the OS and the SQ operators can be obtained by 
multiplying the equations with the complex conjugate of their respective eigen¬ 
functions, integrating over the ?/-interval, identifying real and imagineuy parts, and 
using variational inequalities. For the Squire modes Davey & Reid (1977) obtained 

f^min < C7- < UniaT (^1^) 

< c^ - (7r^/4 + k^)/aR (41b) 

These modes are thus always damped, as also noted by Squire (1933). For the OS 
eigenvalues the following bounds were obtained by Joseph (1968) 

Uniin + 2 ( 71 - 2 ^ < Cr < ^max ^max (42a) 

r, < - (TT^ + k^)/aR (42b) 


For the other possibilities of the reader is referred to the original paper. These 
estimates were sharpened in Joseph (1969). The propagation speeds of small dis¬ 
turbances are thus essentially restricted to the range set by the mean flow, whereas 
the growth rate is always bounded from above. 

It is interesting to note that these bounds do not only bound the eigenvalues 
but also the numerical range of the OS and SQ operators. For the SQ operator the 
numerical range is the set of all complex values in the c-plane such that 

C = y I ^ ♦ [C/+(43) 

under the conditions that /Ij ^ * fjdy = 1 and ^(±1) = 0. Note that fj does 
not need to be an eigenfunction and that the bounds (41a) and (41b) are readily 
derived from (43). For the OS operator a similar relation holds. It can be shown 
that the eigenvalues of an operator is found within the numerical range and that the 
numerical range can be used to give a precise condition for no transient growth. The 
energy of all initial disturbances decay monotonically if and only if the numerical 
range of the governing operator is confined to the lower half of the c-plane. 
Thus (41b) shows that solutions governed by the SQ operator alone not only 
decay asymptotically as ^ ► oo but decay monotonically. This is a much stronger 

condition, which has often been overlooked. For further discussion of the numerical 
range of the OS and SQ operators see Reddy, Schmid & Henningson (1993). 

As an example of the spectra. Fig. 7 shows the location in the complex c-plane of 
the SQ and the OS eigenvalues in plane Poiseuille flow (fc = 1.481, aii = 3141.6). 
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cr 


cr 


Fig. 7. a) Orr-Somrncrfcid and b) Squire eigenvalues for plane Poiseuille flow with a = P = 

1 0472 and R = 3000 

The eigenvalues are seen to be located on three main branches which for the OS 
eigenvalues were denoted as A{cj —^ ()),P(rv —^ 1) and S{cr ~ 2/3) by Mack 
(1976). It is appropriate to adopt this notation also for the SQ modes since they 
have the same overall feature. The number of eigenvalues along the respective 
branches depends on the parameter aR. 

The asymptotic behavior of the eigenvalues on the A-branch is governed by 
and the eigenvalues are related to the zeroes of the (generalized) Airy 
function. The eigenfunctions will have large amplitudes close to the wall and are 
therefore generally called wall-modes. On the P-branch the asymptotics of the 
eigenvalues is governed by and the real and imaginary parts of c are, to 

leading order, connected by 

Cr-c^ = \+ 0{aR)-'^^. (44) 

The eigenfunctions are related to the parabolic cylinder function (Abramowitz & 
Stegun 1965) and have large amplitudes close to the centerline and are therefore 
called center modes. In contrast to the other branches the number of eigenvalues on 
the 5-branch is infinite and has been shown to be governed by (aP)”^ asymptoti¬ 
cally. These are the main asymptotic behaviors for the eigenvalues of the OS and the 
SQ modes in plane Poiseuille flow. For plane Couette flow the structure is changed 
such that only the A and the 5 branches are present and for the Blasius boundary 
layer only the A branch exists (see the discussion about unbounded flows). For 
the techniques used to obtain the asymptotic expressions for the eigenvalues see 
Drazin & Reid (1981). 

For bounded flows it has been shown that the modes of the OS operator form a 
complete set (DiPrima & Habetler 1969 and Schensted 1961). This also applies to 
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the SQ modes. Thus, a general three-dimensional disturbance can be expressed in 
terms of these discrete modes. 

In calculations of OS eigenvalues for plane Poiseuille and plane Couette flows 
located in the region where the branches merge it is found that the eigenvalues are 
sensitive to perturbations, such as round-off errors in numerical computations or 
small variations of the parameters k and a/?. Reddy, Schmid & Henningson (1993) 
showed that the sensitivity of these eigenvalues increased exponentially with the 
Reynolds number and that it is related to the near linear dependence of the eigen¬ 
functions corresponding to eigenvalues close to the junction of the branches. In 
addition to making accurate numerical computations of these eigenvalues difficult 
it implies that expansions using the sensitive eigenfunctions will be numerically ill- 
conditioned. An 0(1) disturbance may need orders of magnitude larger expansion 
coefficients due to cancellation effects when the non-orthogonal eigenfunctions are 
summed. The inner product used to define orthogonality is here the one associated 
with the energy norm, i.e. equation (13). Recall that orthogonality is dependent of 
the inner product used. In addition to these results Reddy et al. (1993) showed that 
the non-orthogonality of the eigenfunctions, which is related to the non-normality 
of the OS-operator, implies that there is a potential for transient growth. This 
growth can in some cases be large and is related to the algebraic instability found 
in the inviscid case. This is further discussed in the section dealing with optimal 
disturbances. 

Unbounded flows 

For the Blasius boundary layer Mack (1976) has shown that the number of eigen- 
modes is finite and only corresponding to the A-branch for plane Poiseuille flow. 
This means that the discrete modes cannot describe an arbitrary disturbance and 
hence the spectrum must be complemented. On basis of numerical experimen¬ 
tation, Mack suggested the complement to be a continuous spectrum located at 
Cr — 1 and c-i < -c\/R. Such a spectrum was derived by Grosch & Salwen (1978) 
from the assumption that the amplitude of the eigenfunctions of the OS equation is 
hounded as y — > cx) as opposed to decaying which is assumed when determining 
the discrete modes. In particular, this allows the eigenfunctions to be oscillatory as 
y ^ oo. Solving the OS equation in the far field where U w 1 and U" ^ 0, leads 
to (p = -h -h where iaR{\ - c). Thus, if /x = ia 

with a real, the oscillatory behavior is obtained. The condition for an imaginary /x 
thus gives the location of the continuous spectrum at 

c = 1 — i{a^ -f k^)/aR. (45) 

A similar analysis for the Squire equation shows that also this equation has a 
continuous spectrum. Gustavsson (1979) considered the initial value problem using 
Laplace transform techniques and showed that the continuous spectrum appears 
as a branch cut in the Laplace transform plane in that formulation. A given initial 
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disturbance may then be described in terms of both the discrete modes and the 
continuous spectrum. It is important to realize that the continuous spectrum for 
viscous unbounded flows is completely different from the inviscid continuous 
spectrum previously discussed. When viscosity is present the governing stability 
equations are regular and the continuous spectrum is due to the unbounded domain. 
This is mathematically similar to the need for continuously varying frequencies 
when a Fourier transform is used. In the inviscid case the governing stability 
equation is singular resulting in a continuous spectrum even for bounded flows. 

The continuous spectrum has some noteworthy features relevant to the theme of 
the present paper. In the limit as aR —► 0, no discrete modes exist and the contin¬ 
uous spectrum is the only component that can describe a disturbance. Hultgren & 
Gustavsson (1981) showed that the eigenfunctions of the continuous spectrum for 
a = 0 have substantial amplitude within the boundary layer and, since the phase 
velocity is unity, that it represents fast moving disturbances. They further found 
that large transient growth in the normal vorticity component is possible due to 
the forcing of the continuous SQ modes by the continuous OS modes. This is the 
viscous version of the algebraic instability in the boundary layer geometry. Due to 
the added complexity resulting from the continuous eigenmodes we have chosen 
to discuss the details of the transient growth for viscous flows only in bounded 
domains. The majority of the remaining paper will be devoted to that topic. 

4.2. Squire’s transformation 

The three-dimensional effects emphasized in this paper may have to a large extent 
been overlooked due to what is known as Squire’s theorem. Squire (1933) noted 
that, by employing the following substitution of variables: 

aii?i = aR (46a) 

ai = A: (46b) 

the three-dimensional Orr-Sommerfeld equation (38) may be reduced to an equiv¬ 
alent two-dimensional equation: 

[(-A + iaiRiU){-D^ + a?) + iaiRiU" + (-D^ + a?)^] v = 0. (47) 

One result which is obtained from this transformation is that the first wave to 

become exponentially unstable (as the Reynolds number increases from zero) is 
two-dimensional. On the basis of this, together with the fact that he proved that the 
additional eigenmodes representing purely horizontal modes are always damped, 
Squire concluded that “For the study of the stability of flow between parallel walls 
it is sufficient to confine attention to disturbances of two-dimensional type.” This 
is certainly correct if only exponential growth is of interest but if one considers 
growth in general it puts a severe limitation on the cases worthy of study. If one is 
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concerned with the development of an intrinsically three-dimensional disturbance, 
as in this paper, one needs to consider other possibilities of growth which are 
present because of the additional mechanisms operating for such disturbances. 
While these other mechanisms will asymptotically be overtaken by exponential 
decay, no matter how slight, we emphasize that the transient effects will in many 
cases dominate for finite times. In fact the behavior suggested by the eigenvalues 
can often be misleading. 

4.3. Asymptotic RESULTS 

As in the inviscid case analyzed above the discrete eigenmodes will represent dis¬ 
persion. It can most easily be analyzed by using the method of steepest descent. 
This method can also be used for inviscid flows and can be used to justify the 
introduction of the group velocity in relations (23a,b). In addition, some approxi¬ 
mations and extensions of the steepest descent solutions will be discussed in this 
section. 


The method of steepest descent 

For large times, one can assume that all higher eigenmodes of the Orr-Sommerfeld 
equation are exponentially small in comparison to the least-stable mode, in which 
case, the form of v (in physical space) is given by the Fourier inversion integral: 

v{x,y,z,t) =-^ j J^v{y,a,0)e'^^dadl3 (48) 

where the phase is defined 

= (49) 


V is the least-stable eigenmode of the OS equation for each value of (a, /?) and 
uf = Lj{a^ /3) is the dispersion relation. The first asymptotic evaluation of this 
integral in a hydrodynamic stability context was done by Benjamin (1961) for 
wave packets on a free-surface, although here we will instead follow the later work 
by Caster (1968). 

We can evaluate this integral using the method of steepest descents in which we 
expand the integrand about the stationary point of ^, defined by the two conditions 


duj^ X 
1 ' 

_ _ - 


(50a) 


(50b) 
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Here, Cgx and Cgz are the components of the group velocity in the x and z directions 
respectively and a superscript ^ denotes evaluation at the stationary point {a^ ,(3^). 
Note that and may be complex valued and are defined by the above relations 
such that the group velocity is real. The interpretation of this result is that an 
observer moving along the rays defined by the group velocity will follow waves 
with a wavenumber vector which is the real part of 

Expanding ^ about the stationary point and evaluating the integral (48) along 
the path of steepest descent gives the following result (see Caster 1968): 


V = 




11 6‘^uj^ 6‘^uf^ 


y 1 IP" 

\6a6p) \ 


where 


= i(a^ 






(51) 


(52) 


This result is valid along the corresponding group velocity ray and describes a 
three-dimensional wave packet that propagate in both the streamwise and spanwise 
directions. The exponential growth of the disturbance is given by the imaginary 
part of the phase, and has the form 

= u>ft - afx - pfz = (wf - afcgx - pfcgz)t (53) 


which may be interpreted as a combination of both spatial and temporal growth. The 
qualitative behavior of this solution is that already seen for the inviscid solutions 
in figure 6, although that figure was obtained by direct summation using FFTs. 

Another general result pertaining to the spanwise spreading of the waves can be 
derived from (50b) by using the fact that the phase speed of the OS modes depends 
only on k and aR. Then the spanwise group velocity Cgz becomes 


c 


9 ^ 


= ^[«c(fc,aii)] = 


dcdk 

dkdp 


aP dc sin 26 dc 
^ 2 ^ 


(54) 


where the polar representation, a = k cos 0,P = k sin 6, has been introduced. For 
a given k and under the assumption that dcfdk varies only moderately with aR, 
it follows that the largest value of Cgz is obtained for 0 = irf4 (Landahl, private 
communication). In fact, waves with this orientation do exist on the outer edges 
of laminar wavepackets in boundary layers (Caster & Crant 1975) and they have 
also been found behind turbulent spots in that geometry (Wygnanski, Haritonidis 
& Kaplan 1979). In Poiseuille flow, Henningson (1991) has also found that the 
waves at the wingtip of localized disturbances are inclined at 45°. Note that in 
inviscid flow c = c(fc), implying that the prediction that the waves with the largest 
spanwise group velocity are inclined 45° becomes exact. 
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Real-axis approximation 

If the stationary opint has small imaginary parts one may approximate 

the steepest descent solution by expanding the phase around a nearby point with a 
real wavenumber vector, (a^, /?^) say. This will make the group velocity as it is 
defined in (50a,b) complex valued. In the real axis approximation one neglects the 
imaginary part of the group velocity, instead using the definition 


du!^ X 


(55a) 


^ 9 ^ ~ 


~w 


z 

/■ 


(55b) 


where ujr is the real part of the dispersion relation. Using this definition the phase 
at the new stationary point is denoted 




(56) 


where the superscript ^ denotes evaluation at One may proceed to 

evaluate the integral (48) by the method of stationary phase. The result is similar to 
(51) except for the fact that all quantities are evaluated at the approximate stationary 
point 

To find the error which is made in the real axis approximation we let f be a 
small parameter and assume that the following holds 

a’^ - = 0(() - 0^ - Oif) (57) 


which implies that the stationary point is close to the real axis. If we further assume 
that the group velocity is the same for the two cases it is straigh forward to show 
that error in the pase using the real axis approximation is 0{e^), i.e. 

Thus if f = ^(1/^) or smaller the error in the above approximation is negligible 
and the real axis approximation may be used. One has to be careful, however, since 
the solution (51) is an asymptotic result and formally valid only ast^oo. The 
quantitative usefulness of the approximate solution for finite values of t and e must 
thus be experimentally verified, as is the case with all asymptotic results. Caster 
(1982) showed that the errors may indeed be large in the real axis approximation 
whtn t exceeds 0(l/e). 
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Relation to kinematic wave theory 

The asymptotic expansion resulting in the wave packet can be formally associated 
with results provided by kinematic wave theory (e.g. Whitham 1974). Kinematic 
wave theory describes the evolution of a wave train of the form 

6 = = ax + Pz - ut (59) 


Note that the time variable is now included in the definition of 6. This is done in 
order to be able to define the wavenumbers and frequency in the following, more 
general manner: 


a = 


dx' 




(60) 


This anticipates the application of the theory to inhomogeneous media where the 
wave properties are allowed to vary slowly in space and time. Equations relating 
the wavenumbers and the frequency can be found by taking cross derivatives of 
the definitions (60). These equations can be put in characteristic form using the 
total time derivative along rays defined by the group velocity, i.e. 


_ _a 


(61) 


Here the components of the group velocity are equivalent to the ones defined by 
equations (50a,b). For a homogeneous media, the final equations can be put into 
the form (see Whitham 1974) 




along the rays 


dx dz 


(62) 


(63) 


These equations readily give the same results as found in the steepest descent case, 
namely that the wave numbers are constant along the group velocity rays. 

In addition to the wavenumbers we need an equation for the amplitude. For 
dissipative media, where the phase 9 is allowed to be complex, an equation for the 
amplitude squared was derived independently by Jimenez & Whitham (1976) and 
Chin (1976). Here we will use a slightly modified form (Landahl 1982) 


da? 

dt 



gx 



— 2a^0i 


(64) 


This equation is valid along the group velocity rays and 6i denotes the imaginary 
value of 9. Note that the group velocity is real since we have used the definition 



LOCALIZED DISTURBANCES IN PARALLEL SHEAR FLOWS 


77 


originating from the steepest descent solution, and that this in general implies that 
the wavenumbers will take on complex values. 

It is straight forward to show that the steepest descent solution derived earlier 
satisfies the kinematic wave equations exactly. The solution to (64) gives the same 
exponential growth term as well as the 1 jt dependence. The latter originates from 
the divergence of the group velocity rays, all of which start at the origin. The 
kinematic wave equations allow more general solutions, however, such as ones 
with initial conditions located outside of the origin. For such initial conditions the 
rays may also converge giving rise to wave energy focusing and growing solutions. 

In many cases an approximation of the kinematic wave equations, correspond¬ 
ing to the real axis approximation, have been used. One simply assumes that the 
wavenumbers are real and neglects the resulting imaginary part of the group veloc¬ 
ity. In analogy with the real axis approximation, this is associated with 0{\) errors 
if one is interested in solutions for times that are larger then 0(l/f). The approx¬ 
imation has often been applied in the case of an inhomogeneous background. To 
take the inhomogeneity into account, spatial derivatives of the dispersion relation, 
u;, need to be added to the right hand sides of equations (62). If the background 
variations are on a scale which is C7(l/f) compared to the wavelength of a typical 
wave, Chin (1976) has shown that the extended theory has the same region of 
validity as the real axis approximation. This extended theory has been used among 
others by Landahl (1972) in a study of the breakdown of Tollmien-Schlichting 
waves, and by Henningson (1989) to study the propagation of the wave packet 
outside the wingtip of a turbulent spot in plane Poiseuille flow. In both of these 
studies the wave train was already formed when the equations were applied, thus 
limiting the time of interest to the region of validity of the approximate theory. 
Viewed in this light the criticism of Landahl’s work by Stewartson (1974), who 
essentially attacked the real-axis approximation, seems somewhat misdirected. 

4.4. The forced problem and transient growth 

In addition to the dispersive effects discussed in the previous section, the viscous 
initial value problem allows for the possibility for initial transient growth which, 
in many cases, overshadow the asymptotic behavior predicted by the eigenmodes. 
The most striking example is the viscous counterpart of the inviscid algebraic 
instability. For simplicity we assume that only the /:th OS-mode is excited initially. 
Thus we have the following solution for the normal velocity: 

V = (65) 

Having the solution to the normal velocity we solve the equation for the normal vor- 
ticity (11) using (65) in the right hand side. The solution consists of a homogeneous 
and a particular solution, which we can write in the following form: 


( 66 ) 



78 


D.S. HENNINGSON ET AL. 


where the time dependence of the particular solution has been extracted. In order 
to solve for fjham and fjf we assume that both can be expanded in the eigenmodes 
of the homogeneous part of the normal vorticity equation, i.e. in Squire modes. For 
the homogeneous part we have the expansion 


= (67) 

j=\ 

where Bj are the expansion coefficients and fjj are the Squire modes corresponding 
to the eigenvalues of the Squire equation, aj. For the particular part we assume 
a similar expansion without the time dependence. When these expansions are 
substituted into equation (11) the following expression for the normal vorticity 
results 


-Xit/R _ f,-crt/R 

f, = 53 ^ - - 

j=\ j=[ J 

where the expansion coefficients are 


Ci = j ^ VoVjdy 

Dji = i^R J U'vifijdy 


( 68 ) 


(69) 

(70) 


This expression was originally derived by Henningson (1991) and a related version 
was used by Gustavsson (1991) in his calculation of transient growth. Gustavsson 
also showed that this form of the solution is equivalent to the solution he derived 
using the Laplace transform technique. 

In order to see the nature of the transient growth possible in the normal vorticity 
solution we will proceed to Taylor expand (68) assuming the quantity t/R \s small. 
The first term in the expansion becomes 


j=\ 

j~\ 


, < ^ M 


^-(Ai+ay)^ + 0 



(71) 


where the growth can be expected to be largest for the second term since the 
coefficient Dji is proportional to R. 

To see the equivalence with the inviscid case we can consider finite times and 
assume that the Reynolds number approaches infinity. When this limit is taken in 
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the above expansion one has to be carefiii since the definition of the eigenvalues 
includes a factor R, which together with the factor of R in the coefficient Dji 
makes all of the terms in the series of the same order. For a —► 0, however, it is 
possible to show that the eigenvalues are not proportional to R. We find instead 
that 


Xi ^ = 0{\) (72a) 

(Tj = iujj^R = Oi]) (72b) 

along the spanwise wavenumber axis. This implies that the angular frequencies 
for these waves are inversely proportional to the Reynolds number and that they 
coalesce as the Reynolds number approaches infinity. This can be interpreted as a 
near degeneracy between the viscous modes for large R. The 0{\) terms in the 
series (71) can now be summed, we find 

T) = f]o-i[ill'vot + 0{^) (73) 

which shows that the limit of the viscous solution for a = 0 is identical to what 
was found in the inviscid analysis. Thus the inviscid algebraic instability is in the 
viscous case related to a near-degeneracy between the viscous modes along the 
spanwise wavenumber axis. 

Gustavsson (1991) calculated the growth obtained from an initial condition for 
the normal velocity consisting of the least stable OS-mode, normalized to unit 
energy. He assumed that the initial normal vorticity was zero and solved for its 
subsequent time dependence using equation (68). Figure 8 shows the energy density 
of the normal vorticity and it can be seen that, even at this rather low Reynolds 
number, large transient growth is still possible. 


4.5. Generalized eigenfunction expansion 


A more general method for solving the complete problem is to utilize a formal 
eigenfunction expansion in the linear eigenmodes. We assume that the normal 
velocity and the normal velocity can be written 



e-AV« 


(74) 


and introduce that into equations (10) and (11) to find the system of equations 


-A 


k^-D^ 

0 



-I- 


10RU' 


0 



( 75 ) 
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Fig. 8. Contour curves in the (a,/?)-plane for growth of energy density at t/R = 0.08 
and R = 1000. (a) Using one OS modes as an initial condition. (From Gustavsson 1991). (b) 
Using the optimal combination of OS Modes. Contour spacing is 20. 


here written in matrix form. Recall that with this definition of the eigenvalue the 
homogeneous operators above are only dependent on the two parameters {k, aR). 
Since the off-diagonal term in the second matrix operator contains the factor /ii?, 
however, the particular solution to that equation will depend on that third parameter, 
unless the normal vorticity itself is re-scaled. 

The solution to the system (75), together with the boundary conditions v = 
Dv = 7/ = 0 at solid walls, gives the eigenmodes of the system. These can be 
divided into the two families previously discussed. The first are the OS-modes 
which consist of eigensolutions to the normal velocity equation, the first compo¬ 
nent of (75), together with its associated normal vorticity, solutions of the second 
component of (75). The second are the SQ-modes which are eigensolutions to 
the system when the normal velocity is zero. Although both the OS and the SQ 
eigenvalues are modes of the same system we will for clarity, and to conform 
with the previous notation, denote them A; and aj, respectively. The corresponding 
eigenmodes will be represented as 



OS-modes; 


SQ-modes 


(76) 


We use the symbol T/f for the normal dependence of the normal vorticity component 
of the OS-mode to emphasize that it is equivalent to the particular normal vorticity 
used in the previous section. Since the OS and SQ eigenmodes for a bounded 
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flow form a complete system and can be used to express a formal solution for the 
three-dimensional initial value problem. The solutions to the system (75) can be 
written 



Henninson & Schmid (1992) showed that the normal vorticity part of (77) is 
equivalent to the expression (68). This can be seen if the particular adjoint normal 
velocity and the particular normal vorticity are expanded in eigenmodes of their 
respective homogeneous operators. 

The expansion coefficients Ki and Bj can be calculated at f = 0, using the initial 
values and the solutions of the system adjoint to (75). Henningson & Schmid (1992) 
derived the following adjoint system 


, k^-D^ 0 



-iaHU{k^-D^)+iaRU' D+{k^~D^)^ iPRU' 

0 -laRU+k^-D^ 



(78) 


The adjoint system is subject to the same boundary conditions as the previous one, 
and the eigenvalues can also be shown to be complex conjugates. It is interesting to 
note that the off diagonal term has moved to the adjoint normal velocity equation 
implying that the adjoint modes have the form 


0 


Adj. OS-modes, 




Adj. SQ-modes. 


(79) 


The adjoint modes satisfy bi-orghogonality conditions with the regular OS and SQ 
modes. These can be used to derive the expressions for the expansion coefficients 
in the solution to the initial value problem, we And 


Ki = j'^v+*{-D^ + k^)vody 

Bj = I' [iif + k^)vo + V^*Vo] dy 


(80) 

(81) 


Note that the coefficient for the SQ modes are dependent on the initial normal 
velocity. This is a consequence of the forcing term in equation (11) and represents 
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Fig. 9. Time evolution of the integrated rms values for (a) the normal velocity and (b) 
the normal vorticity for a localized disturbance at R = 300. Solid curves represent an exact 
solution obtained from numerical simulations, while the dashed, dotted, chain-dashed and 
chain-dotted curves represent the eigenfunction expansions using L = J = 1,4, 10 and 15 
respectively. The curves for L = J = 20 are also included but cannot be distinguished from 
the numerical simulation results. From Henningson, Lundbladh & Johansson (1993). 


the lift-up effect in terms of the modal decomposition. The potential for growth can 
be seen directly from equation (77). Suppose that we expand an initial condition 
with zero normal vorticity. This will excite a number of OS modes, in order to 
represent the normal velocity. Each OS mode has an associated particular normal 
vorticity , which now needs to be canceled out by an appropriate combination of 
SQ modes. Thus both OS and SQ modes are excited by an initial condition of zero 
normal vorticity. As the disturbance evolves downstream each mode propagates 
with the characteristics given by its eigenvalue. Since the phase speeds and decay 
rates are different the modes will propagate apart and the cancellation that occurred 
initially will not persist. Thus the disturbance will experience transient growth in the 
normal vorticity component. It should be noted that the particular normal vorticity 
in an OS mode is typically orders of magnitude larger than the normal velocity, as 
can be seen from the large off-diagonal term (proportional to PR) in the second 
component of the system (75), thus giving rise to the cancellation effects even if 
the disturbance has a moderate initial normal vorticity. 
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The cancellation effects described are only possible because of the non¬ 
orthogonality of the eigenmodes and are mathematically a result of the non- 
normality of the operators governing the above systems (an operator is normal 
if it commutes with its adjoint). Solutions to problems governed by non-normal 
operators may only show the behavior predicted by the associated eigenvalues 
ELS t —► oo. Initially they are not necessarily mode-like and have the possibility 
of large transient growth although all eigenvalues predict decay. This behavior 
has been seen in a number of different applications, including the analysis of the 
stability of numerical discretization schemes, the analysis of iterative methods in 
linear algebra as well as in the area of hydrodynamic stability. Most of the work 
is recent and is further discussed in Reddy (1991) and Trefethen (1992). Hydrody¬ 
namic stability results can also be found in Farrell (1988), Butler & Farrell (1992), 
Reddy, Schmid & Henningson (1993), Reddy & Henningson (1993) and Trefethen, 
Trefethen, Reddy & Driscoll (1993). 

As an example of the properties of the eigenfunction expansion discussed we 
will consider an application to the development of a localized disturbance. Hen¬ 
ningson, Lundlbadh & Johansson (1993) used the expansion (77) with an initial 
condition similar to that given in Fig. 4. Note that a number of streamwise and 
spanwise Fourier components have to be included to capture the streamwise and 
span wise variation of the localized disturbance. For each such wavenumber a num¬ 
ber of normal modes have to be used. Figure 9 shows the time evolution of the 
rms values of the normal velocity and the normal vorticity (for the complete devel¬ 
opment of the localized disturbance see Section 4.7). One, four, ten, fifteen and 
twenty of the least stable modes are used in the eigenfunction approximations. Four 
modes capture the behavior of the normal velocity after t = 20 whereas one mode 
is sufficient after t = 30. The cases with a larger number of modes fall on top 
of the exact solution found from a numerical simulation. The convergence of the 
expansion for the normal vorticity is not as regular. We have to increase the number 
of modes to a total of 40 (20 OS and 20 SQ modes) to be able to capture the initial 
transient growth phase. The 15 least stable eigenvalues of each type from the peak 
of the initial energy spectrum is shown in Fig. 7. There is large initial cancellation 
between non-orthogonal modes causing the transient growth. After the peak there 
is a mode like behavior as the least stable eigenvalues governs the decay. The fact 
that the expansions with insufficient number of modes overshoots initially for the 
normal vorticity component is again a result of the non-orthogonality of the modes. 
If the modes were orthogonal all partial sums would have a smaller energy than 
the exact solution. This gives an example of typical behavior of an initial value 
problem governed by a non-normal operator. 

4.6. Optimal DISTURBANCES 

In the sections above we have found that large transient growth is possible for 
certain initial conditions. The question of optimizing this growth with respect 
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to the initial condition naturally arises. This can easily be answered using the 
eigenfunction expansion presented in Section 4.5. For this purpose it is instructive 
to write the solution (77) in the following more compact form 

i = E (82) 

n=l 

where 

Qn ^ (83) 

Vn 

now denotes both the OS and the SQ-modes, depending on the index n, their 
respective eigenvalues and the expansion coefficients for the initial condition. 
Here we have restricted the solution to the space spanned by the first N eigen- 
modes with maximal real parts. A natural set of basis vectors for this space is the 
eigenfunctions, implying that the solution is expressed in terms of an A^-vector of 
expansion coefficients. Let ^co = ..., vector expressing the initial 

condition. Equation (82) this implies that the solution for subsequent times can be 
written 


3 —Alt/ R 

kq = 

.->^NtlR 


(84) 


where k is the vector of expansion coefficients of the disturbance at time / and A 
is a matrix with the eigenvalues on the diagonal. We have here used the matrix 
exponential to simplify the notation, which for a diagonal matrix take the simple 
form shown above.^ 

We will measure the optimum in terms of the largest energy growth, given 
unit initial energy. To find the energy of disturbance we use equation (13). If the 
expansion (82), together with the definition of k is used in (13) we can write the 
energy as the following quadratic form: 

E = k^Ak (85) 

where the superscript denotes the complex conjugate transpose operation and a 
component of the matrix A takes the form 

1 /■• - 

^nm = ^ J ^{Dv DVn + k V *m V„ + fj *m rin)dy (86) 

For a definition of the matrix exponential of a general matrix see Golub & van Loan (1983). 
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Note that A is not diagonal since the modes are not orthogonal. If the Hermitian 
matrix A is decomposed into A = F^F, we find that the energy can be written 

E = k^F^Fk = IIF^Ili = Ml (87) 

The energy of the perturbation is here written as a weighted 2-norm of the expansion 
coefficients. This energy norm is denoted by || ■ H^. 

To find the optimal growth possible one need only take the energy norm of the 
matrix exponential, using the ususal definition of a matrix norm (Golub & van 
Loan 1983). We find 


ElILil) = sup||,,„||^o 

SUP||FK„||/0 


MWe 

||Fe-A'/"F-'FKo||2 


||Fe-A«/ii^-i||2 


( 88 ) 


where we have transformed to a weighted 2-norm to simplify the calculation. 
Emax{t) is the envelope of maximum growth, implying that there is a particular 
disturbance w hich will attain that growth at a given time. The maximum of the curve 
thus gives the global maximum for the particular Fourier component considered. 
The initial condition giving the maximum growth as well as the calculation of the 
weighted 2-norm can easily be done using singular value decomposition. 

A similar method to the one presented here has been used by Farrell (1988) to 
calculate optimal growth for two-dimensional disburbances. He found that even 
in that case growth of almost two orders of magnitude in energy was possible. 
Similar results were found by Reddy, Schmid & Henningson (1993). In the three- 
dimensional case, however, the growth can be much larger as seen from the results 
in the sections above. Recent results, adapted from Reddy & Henningson (1993), 
are seen in Fig. 8 where it can be noted that the energy growth can be increased 
compared to that obtained from choosing a single OS-mode as the initial condition, 
particularly away from the spanwise wavenumber axis. Optimal disturbances and 
growth for the three-dimensional case has also been calculated by Buter & Farrell 
(1992). They considered Couette, Poiseuille and Blasius boundary layer flows, 
where similar results were found. The paper by Trefethen, Trefethen, Reddy & 
Driscoll (1993) also considers optimal growth of initial perturbations in shear flow, 
in addition to other forms of optimal excitation. 


4.7. Numerical SOLUTIONS 

The transient growth analyzed for specific wavenumber combinations may also 
result in growth of localized disturbances if they have initial energy in the regions of 
wavenumber space associated with the growth. In this section we give an example 
of such a disturbance. Henningson, Lundlbadh & Johansson (1993) calculated 
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Fig. 10. Contours of velocity at i/ = —0.56 for a ^ = 20° disturbance, (a) Normal velocity 
at f = 10. (b) Normal velocity at t = 40. (c) Streamwise velocity at t = 10. (d) Streamwise 
velocity at < = 40. The contour spacing of the streamwise velocity is 20 times that of the 
normal velocity. From Henningson. Lundbladh & Johansson (1993). 


the development of the localized disturbances seen in Fig. 4. Figure 10 shows 
the streamwise and normal velocity for times ^ = 10 and t = 40. The normal 
velocity shows the typical decaying wavepacket while the streamwise velocity 
shows relatively large amplitude streaky structures. Note that although the initial 
streamwise and normal velocity were of the same order the amplitude of the 
streamwise velocity is about 30 times that of the normal velocity at i = 40. This is 
due to the lift-up effect and mostly associated with the normal vorticity component. 

When the initial disturbance seen in Fig. 4 is turned around the normal symmetry 
axis the distribution of energy in wavenumber space also changes. For 6 = 0 there 
is no energy along the spanwise wavenumber axis while increasing the angle up 
to 0 = 45° centers a large amount of the initial energy around that axis. Thus one 
would expect to increase the amount of transient growth by increasing 6. Figure 
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11 shows that this is the case and that the total energy of a subcritical localized 
disturbance can indeed grow substantially from linear effects alone. 


5. Modeling of coherent structures in turbulent flows 

Much of the ideas developed in the preceding sections have some counterpart in the 
modeling of coherent structures in fully developed turbulent shear flows. It is now 
well established (see, for example. Kim, Kline & Reynolds 1971; Blackwelder & 
Kaplan 1976; Johansson Alfredsson & Kim 1991) that the near-wall region of a 
turbulent boundary layer is characterized by well-defined flow structures which, 
once formed, retain their coherence over considerable distances and for times much 
longer than the statistical correlation time for a typical turbulent flow. These struc¬ 
tures are typically characterized by elongated “streaks” of high- and low-speed 
fluid, spaced at approximately 100 wall units.* In the wall-normal direction, the 
coherent structures are characterized by three-dimensional, localized shear layers, 
inclined at an angle to the wall propagating at an average velocity of about 1 li^*. 
In the flow visualization experiments of Kim et al. (1971) the shear layers appear 
to break down rather rapidly, in a process which has been called bursting. Using a 
conditional sampling technique to isolate the bursts Blackwelder & Kaplah (1976) 
found that they were associated with inflectional velocity profiles and that a major¬ 
ity of the turbulence production occurred with these structures. Johansson et al. 
(1991) studied the three-dimensional nature of the coherent structures using numer¬ 
ically simulated velocity fields. They did not find the violent breakup described 
in the flow visualization experiments, but rather slowly meandering low and high 
velocity streaks. Again the shear layers associated with the streaks were found to 
be associated with most of the turbulence production, although the events only 
occupied a small portion of the near wall region. 

The qualitative resemblance between these shear-layer structures in turbulent 
flows and those found to result from localized disturbances in laminar flows (e.g. 
Fig. 5) suggests that the dynamics of near-wall turbulence may be modeled by 
localized disturbance theory. The idea that near-wall turbulence structure might 
be described using linear theory was first proposed by Landahl (1968) and subse¬ 
quently elaborated upon by Bark (1975). In this approach, the velocity field is first 
decomposed in the standard Reynolds-averaged manner into a mean and fluctuat¬ 
ing component, U{y)6u + where U is the ensemble-averaged mean turublent 
velocity profile. The fluctuating component is further divided into a conditionally 
averaged velocity field and a random reminder, Ui = u, -h u'. If this decomposi- 


* “Wall” variables, are quantities non-dimensionalized using the kinematic viscosity v and the 
friction velocity u., where u* = is the shear stress al the wall and p is the fluid density. 
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Fig. II. Energy for the small amplitude disturbances. Solid: 0 = dash: 9 = 10°, dot: 
0 = 20°, chain-dash; 9 = 45°, normalized by initial energy. From Henningson, Lundbladh & 
Johansson (1993). 


tion is substituted into the Navier-Stokes equations (1) and the ensemble averaged 
equations are subtracted from the conditionally averaged equations we obtain 


+ C/cJh) = 


dp 1 r-.2- 

C/Xi it 


where 


D 

Dt 




(89) 


(90a) 


Tij = UiUj - u\u'- (90b) 

The overbar in the definition of the Reynolds stress signifies the ensemble average 
operation. 

The above equations is the starting point for most of Landahl’s models of 
coherent structures and bursting. He has developed the model in a series of papers 
(Landahl 1967, 197.5, 1978, 1983, 1990) during the last 25 years. We will not 
attempt to present a comprehensive review of this work, but rather try to extract 
some of the basic features of the models. 

There are three key assumptions that form the basis for much of Landahl’s work 
in this area. The first is that the Reynold stresses at bursting act instantaneously to 
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create a modified flow field. The second is that the flow features of the evolving 
disturbance are representative of the coherent structures seen in turbulence. The 
third is that the evolution of the coherent structure is associated with some type 
of instability or breakdown to create a new burst. This closes the circle and would 
explain how the flow is able to maintain the bursting process. Landahl uses both 
linear and non-linear theory to investigate the development of the initial condition 
set up by the burst. 


5.1. Lagrangian solution to the initial value problem 


Although a number of the ideas of Landahl parallels what has already been present¬ 
ed in this paper we will still discuss the methods he uses to solve and approximate 
the initial value problem posed in equation (89), since he uses a different solution 
technique. Assuming that the viscous terms are negligible the equations for the 
streamwise and spanwise momentum can be integrated following along a fluid 
particle 


u + U = t-Lo{^,V,(:)+Uir)) + 1^- 


(91a) 

.r = ^ + vot + U{r])1 

fa-t,) 

Jo 

Op Ofi, 
dx dx ^ 

(91b) 

id = wot{^,V,() + f 

Jo 

dp df^j ' 

dz dxj ^ 

)n, 

(92a) 

z = ^ + Wot ( 

dp driij 

dz dXj 

Dt\ 

(92b) 


The Lagrangian coordinates 77 , C) of a fulid particle are here defined to equal their 
position in Eulerian coordinates at f = 0. The relation between the Lagrangian and 
Eulerian coordinates at later times are found from the Jacobian of their coordinate 
transformation, 


^ d{x,y,z) 


(93) 


where we have used the fact that the Jacobian equals unity in an incompressible 
flow. If the Jacobian is evaluated one may solve the equation J = 1 using the 
methods of characteristics. Along lines normal to the wall, the following system 
governs the relation between the two coordinate pairs 


^ _ 


(94a) 
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drj 

- = - xc., 


(94b) 


^ = X^Zf - X^Zr, (94c) 

dy 

These equations form the starting point of most of the investigations made 
by Landahl into the evolution of coherent structures in turbulence. They cannot 
be solved without some additional assumptions about the pressure or without 
knowledge about the Reynolds stress terms. We will discuss those issues below. 


5.2. Modeling of the flow structure after a turbulent burst 


A key element in the model is the assumption that a concentrated peak in the 
Reynolds stress, tij, acts impulsively to initiate a localized disturbance or coherent 
structure. This assumption is justified by the assumed infectional nature of the 
instability causing the burst. Such an instability would take place on a time scale 
which is much smaller than a typical convection time for the disturbance. Landahl 
further assumes that the Reynolds stresses due to the non-coherent fluctuations 
are much larger than the mean Reynolds stresses. The Reynolds stresses are thus 
assumed to satisfy 


dfij 

dxj 

9t3j 

dxj 


-u\uj = -F\y6t 
— -FjySt 


(95a) 

(95b) 


Using these expressions in equations (91a) and (92a) we see that they can be used 
to specify new initial conditions for the initial value problem. We may define 


ii* = uo - Fij, (96a) 

F = vo- Fi:, - Fj, (96b) 

w' = Wo - F^y (96c) 

where it has been assured that the new initial conditions satisfy continuity. The 
modeling of the stresses are now done as follows: 


1 . Fly = uo since the inflectional instability tends to remove the disturbance that 
caused the inflection. 

2 . Fi = f{x)g{y)h{z), i.e. Fi is assumed separable, and F 3 = 0 . 

3. /(x) = exp(-x^/l^) since averages over many statistically independentevents 
tend to be Gaussian. 
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4- giy) — /fi exp(—which is obtained from the normal dependence 
of the Reynolds stress during bursting (Bark 1975). 

5. h{z) = 1 - 22 ^/ 13 ) exp) - to obtain the correct symmetry properties on 
Wo once vq has been assumed to vanish. Note that wo^ = -uq^ = Fiy^ from 
continuity. 


The new initial condition is the counter rotating vortex pair seen in Fig. 4 and used 
in the numerical examples of localized disturbances above. The final form is 


0 

II 

(97a) 

= g(y)x/li(l — 2z^ll^)e i^lh) 

(97b) 


(97c) 


Here lj,6 and I3 are characteristic scales of the bursting event in the respective 
coordinate direction. 

5.3. The DEVELOPMENT OF A FLAT EDDY 

If one assumes that Z| > ^ and /3 » (5, i.e, that the horizontal length scales 
are much greater than the normal one, the horizontal pressure gradients can be 
neglected in (91b) and (92b). Landahl argued that this is the case for a typical 
coherent structure observed in a turbulent flow. If this assumption in addition to 
the initial condition derived above is used in equations (94a-c) we obtain 


^ = +»;<)( 

(98a) 

^ = 1 -t- 
ay 

(98b) 

1 = -<( + 

(98c) 


These equations can be integrated to find the positions of the fluid particles at a given 
time. The Lagrangian coordinates associated with the position of the fluid particles 
can then be used in equations refeq:u-lag and (92a) to find the new velocity field at 
the specified time. Note that this model assumes that the horizontal momentum is 
constant and that the fluid particles evolve under the constraint of continuity. Thus 
one is essentially considering a flow where lift-up is the sole effect determining its 
evolution. 
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One of the most striking aspects of the solution to these equations is the singu¬ 
larity that develops in finite time. It can easily be seen to occur if (98b) is solved 
by direct integration. We obtain 


— y V 



w^^tdrj 
1 + w)-t 


(99) 


where the mixing length Im has here been defined in analogy with Prandtl’s (1925) 
model. The integral approaches infinity as f —► -1/u)^, implying that the fluid 
particles approach infinity. Russell & Landahl (1984) argued that the behavior close 
to the singularity may describe the flow field at bursting. Henningson (1985) further 
showed that a trace of the particle positions as the singularity was approached 
compared favorably with the bubble wire experiments of Kim et al. (1971). In both 
investigations fluid particles were seen to rapidly move normal to the wall as a low 
speed fluid were lifted up. Although the influence of the pressure can no longer be 
neglected in the vicinity of the singularity the simple model may still capture an 
essential part of the bursting process. 

The singularity discussed is inherently non-linear. To see the resulting develop¬ 
ment for small amplitude disturbances and to better be able to compare Landahl’s 
model with the linear evolution of localized disturbances presented in this arti¬ 
cle, we may linearize the equations in the following manner. If we assume that 
\vl^t\ = \w]^t\ 1 the integrand of (99) may be expanded and the integral solved. 

We find 


y -v = (100a) 

U{y) - U{7j) = U\y)lm + ... ^ U\yWi (100b) 

where the dots signify higher terms in the Taylor expansion of the mean flow 
around the normal position y. Equation (100b) can readily be identified with the 
lift-up effect discussed in previous sections. Thus the mechanism generating the 
shear layers is the same for the localized disturbances analyzed in the linear regime 
and the coherent structures analyzed in Landahl’s model. 

We have seen two effects that will cause the coherent structure to break down 
and cause a burst. The first was the creation of shear layers which may be expected 
to be associated with unstable inflection points. This shear layer instability could 
cause a rapid breakdown of the coherent structure as well. If the velocity field 
produced by the burst would indeed resemble the one assumed in the model we 
have closed the model and explained the regeneration mechanism of the bursts 
needed to sustain a turbulent flow. Landahl (1983) further compared the velocity 
signal found form the evolution of his initial condition to the ones extracted using 
conditional sampling of the bursting process. He found that they were in good 
agreement. 
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Landahl has improved upon this model in various of his papers. Russell & Lan- 
dahl (1984) for example took the pressure into account in an approximate manner 
and found that the singular behavior was moderated, Landahl (1990) discussed the 
generation of streaks based on what is a slightly modified model. There he argued 
that the disturbance should be turned in order to include asymmetric disturbances. 

Finally we may address the difference between the results of the Lagrangian 
description of the flow and the Eulerian one used for example in numerical solu¬ 
tions. With the first description fluid particles were found to move rapidly away 
from the wall, giving the appearance of a violent bursting phenomenon. In the 
analysis of numerical simulation results Johansson et al. (1987), on the other hand, 
it was found that the shear layers themselves did not break up in a violent manner 
but only meandered slowly. Those two observations are consistent with the idea 
of considering the structures as wave phenomena that propagate in the flow. The 
coherent structures are not associated with the fluid particles that are rapidly trans¬ 
ported out from the wall in a violent manner. Instead they are associated with a 
propagating structure in the Eulerian description of the fluid velocity. 


6. Concluding remarks 

In the hundred years since Reynolds first defined the problem of transition to 
turbulence, considerable progress has been made in understanding the problem. 
However, the legacy of Squire’s theorem has been to define a narrow approach to the 
stability problem - namely to assume that the first manifestation of transition will be 
the appearance and subsequent growth of two-dimensional Tollmien-Schlichting 
waves. With this as the initial condition, the growth and decay of such wave trains, 
and the subsequent onset of three-dimensional secondary instability are nowe well 
understood both theoretically and experimentally. 

However, it is by no means clear that two-dimensional T-S waves are in fact the 
first stage in the natural transition of a shear flow. In particular, flows characterized 
by localized surface roughness or other inhomogeneities are known to undergo 
transition to turbulence earlier than would be predicted by standard T-S wave 
growth analyses (cf. Corke, Bar-Sever & Morkovin, 1986). In such flows, it seems 
equally plausible that the onset of transition will be due to the three-dimensional 
transient growth mechanisms that we have discussed in this article. These transient 
mechanisms, which are ignored in the traditional normal-mode approach to stability 
theory, can result in rapid energy growth on a time scale much faster than those 
associated with Tollmien-Schlichting waves. This may result in an initially low- 
amplitude disturbance entering a regime where nonlinear effects can take over, 
driving the flow to turbulence. In such a scenario, the transition process occurs too 
fast for the effects of T-S waves to be observed - bypass transition. 

The transient growth is not only important in the process of causing small 
amplitude perturbations to grow over a non-linear threshold, it may also be triggered 
non-linearly. Schmid & Henningson (1992) showed that for an initial condition 
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Starting with two small but finite amplitude oblique waves, the main cause of 
the growth was the non-linear excitation of transient growth of modes along the 
spanwise wavenumber axis. Similar results were found by Henningson et al. (1993) 
for finite amplitude localized disturbances. In both investigations it was pointed out 
that the growth of the total disturbance energy must, in a subcritical flow, be due 
to the linear effects discussed in the present paper. Non-linearities will distribute 
the energy among the scales or wavenumbers in the flow but not add to the total 
disturbance energy. 

It is worthwhile mentioning that the transient growth mechanisms are very close¬ 
ly related to the traditional secondary instability process. Both approaches examine 
the evolution of three-dimensional disturbances in a shear flow. The difference lies 
in the fact that the secondary instability approach requires a two-dimensional T-S 
wave to reach sufficient amplitude such that 3-D waves become unstable, while 
the transient growth approach simply assumes that a 3-D disturbance is present as 
an initial condition. Once three-dimensionality is present, the dynamics of the flow 
are similar and both approaches lead to the formation of internal shear layers (the 
“spike” stage in the language of secondary instability theory), lambda-vortices, etc. 

Much more work remains to be completed before a full understanding of the 
behavior of localized disturbances is achieved. In particular, the nonlinear growth 
mechanisms must be further investigaetd to determine under what conditions a 
linear disturbance will exhibit sufficient transient growth such that nonlinear mech¬ 
anisms can take over and drive the flow to transition. Recent work addressing this 
issue are Kreiss, Lundbladh & Henningson (1993) and Lundbladh, Henningson & 
Reddy (1993). In addition, it is still not clear exactly what kinds of flow pertur¬ 
bations are actually created by physical disturbances such as localized roughness 
elements, wall motion, blowing and suction, etc. Initial experiments (e.g. Breuer 
& Haritonidis 1990; Klingmann 1992) have begun to address this question but 
much more work remains. Nevertheless, it seems clear that the consideration of the 
dynamics of three-dimensional disturbances in shear flows reveals a wide spectrum 
of flow physics which has been thus far largely overlooked in transition (and turbu¬ 
lence) research, but which may provide important tools in the better understanding 
and modeling of these phenomena. 
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Abstract. The effects of critical-layer nonlinearity on spatially growing instability waves on shear 
layers between parallel streams are discussed. In the two-dimensional incompressible case, the flow in 
the critical layer is governed by a nonequilibrium (‘unsteady’) nonlinear vorlicity equation. The initial 
exponential growth of the instability wave is converted into algebraic growth during the slreamwise 
‘aging’ of the critical layer into a quasi-equilibrium state. A uniformly valid composite formula for 
the instability wave amplitude, accounting for both nonparallcl and nonlinear effects, is shown to be 
in good agreement with available experimental results. Nonlinear effects occur at smaller amplitudes 
for the three-dimensional and supersonic cases than in the two-dimensional incompressible ca.se. 
The instability-wave amplitude evolution is then dc.scribed by one intcgro-diffcrential equation with 
a cubic-type nonlinearity, whose inviscid solution always end in a singularity at finite downstream 
distance. 


1. Introduction 

Considerable progress in the understanding of nonlinear phenomena in shear- 
layer transition has been made by using a combination of (high-Reynolds-number) 
asymptotic and numerical methods. Two important novel aspects of the analysis 
are that the disturbances evolve from strictly linear, finite-growth-rate instability 
waves on weakly nonparallel mean flows so that the proper upstream conditions are 
applied in the nonlinear streamwise region and, second, the question of proper out¬ 
flow boundary conditions, which is still an issue of research for direct numerical 
simulations (DNS) of convectively unstable shear flows, does not arise since the 
asymptotic formulations lead to parabolic problems. Composite expansion tech¬ 
niques are used to obtain solutions that account for both mean-flow-evolution and 
nonlinear effects. For an incompressible mixing layer, the amplitude evolution of a 
two-dimensional instability wave is completely controlled by a nonlinear critical- 
layer vorticity equation. Although the solution of this parabolic partial differential 
equation requires supercomputer resources, it is sufficiently simpler than a direct 
numerical simulation using the Navier-Stokes equations so that grid-resolution 
problems can be avoided. Good agreement with available experimental data for the 
first nonlinear saturation stage for a plane-jet shear layer [1], a circular-jet shear 
layer [2], and a mixing layer behind a splitter plate [3] has been demonstrated [4]. 

* The US Government has the right to retain a nonexclusive royalty-free license in and to any 
copyright covering this paper. 
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Low-level external harmonic forcing of free shear layers between parallel 
streams produces spatially growing instability waves that are initially governed 
by linear dynamics. The local (linear) growth rate will ultimately be reduced due to 
the slow viscous spreading of the mean shear layer, and nonlinear effects eventu¬ 
ally (may) become important. Huerre [5] has pointed out that for a Landau-Stuart- 
Watson type of nonlinearity to be effective in a shear-layer situation two mutually 
exclusive constraints must hold, and consequently, that, to use a Landau-Stuart- 
Watson type theory, an artificial body force must be introduced to keep the flow 
parallel. This effectively rules out the matching of a Landau-Stuart-Watson type 
nonlinear solution with an upstream finite-growth-rate linear instability wave on a 
weakly nonparallel mean flow. Since this upstream matching is a key requirement 
for a first-principles theory, one therefore is led to assume that the nonlinear effects 
first become important in the critical layer. In this situation, the perturbation flow 
outside the critical layer is essentially linear, but with the external instability-wave 
amplitude completely controlled by the critical-layer dynamics. 

The most rapidly growing disturbances on an incompressible shear layer are 
two-dimensional according to linear stability theory, and the discussion will be 
concentrated on such disturbances in that case. The most rapidly growing instability 
wave can be three dimensional in supersonic shear layers and three-dimensional 
effects dramatically change the nonlinear behavior, which enters at much smaller 
amplitudes than in the two-dimensional case. There are, in a sense, two generic 
cases involving three-dimensional waves that need to be considered, namely that 
of a single mode growing in its propagation direction and that of a pair of oblique 
waves with the same frequency and streamwise wave number and spanwise wave 
numbers of equal magnitude but opposite sign, thus representing a disturbance with 
a fixed spanwise pattern growing in the streamwise direction. 

2. The two-dimensional incompressible case 

Consider a two-dimensional, incompressible and almost inviscid shear layer 
between two parallel streams with nominally uniform velocities U\^ > U 2 * 
(the star is used to denote dimensional quantities). In particular, consider the 
streamwise region where nonlinear effects have become important, cf. Fig. 1. 
The streamwise and transverse coordinates x and y, the time t, and all veloc¬ 
ities are nondimensionalized by Li,*, and Ua*, respectively, where 

2Lyi^ = ([/]* - U 2 *) / vorticity thickness of the unexcit¬ 

ed shear layer at a typical streamwise location, say x = 0, just upstream of the 
nonlinear region, and Ua* = ^{U{^ -h U 2 *) is the average velocity of the streams. 
The origin of the y coordinate is taken to be at the inflexion point of the undisturbed 
mean flow at x = 0. 

The mean-flow Reynolds number, R = LyMA*l^y where u is the kinematic 
viscosity, is assumed large enough so that the mean flow is nearly parallel and the 
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Fig. 1. Flow structure 


shear layer width (at least initially) increases only slowly over the long viscous 
scale 

X 3 = xjR, (1) 

Upstream of the nonlinear region, the mean flow is essentially unaffected by the 
linear instability wave and its streamwise evolution can be determined from the 
laminar boundary-layer equation. In the same region, the instability wave can be 
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described by inviscid, weakly nonparallel, linear stability theory and, assuming that 
it remains sufficiently small, its amplitude grows in the streamwise direction until, 
due to the viscous mean-flow spreading, neutral stability is approached. As the 
local linear growth rate tends to zero, the leading-order inviscid stability problem 
becomes singular at the critical level, i.e., at the transverse location where the 
phase velocity of the instability wave equals the mean flow. This is indicative of a 
nonuniformity in the perturbation vorticity and that now the dynamics essentially 
is determined in a small transverse region. In this critical layer, the linear mean- 
flow convection of the perturbation vorticity can be balanced by spatial evolution 
(growth), viscous, or nonlinear effects, or a combination thereof. By themselves, 
these three possibilities would lead to an inviscid linear nonequilibrium critical 
layer with a thickness of the order of the small but nonzero growth rate, a viscous 
linear equilibrium critical layer of thickness or an inviscid nonlinear 

equilibrium critical layer of thickness 0(6*^^), respectively, where r is a measure 
of the local instability-wave amplitude. 

As first shown in Goldstein & Leib [6], the requirement that the near-neutral 
nonlinear solution matches onto the upstream strictly linear, finile-growth-rate 
instability wave implies that the linear growth rate at the beginning of the nonlinear 
region must be 0(fand, consequently, that 


s = noU, + 5, < 0, 5, = 0(1). (2) 

S = u>e*Li,^/UA* is the local Strouhal number. So = is its local neutral 
value based on linear inviscid parallel flow stability theory, cUe* is the excitation 
angular frequency, rvo is the local neutral wave number, and is the velocity at 
the inflexion point of the undisturbed mean flow at x = 0. Sq and S\ are taken to 
be constant when analyzing the nonlinear streamwise region, but will be allowed 
to vary on the long viscous scale when the streamwise composite solution 
is introduced. Goldstein & Leib [6] showed that the critical-layer effects cause 
changes in the flow on the scale of the slow streamwise variable 

.ri = (3) 

and that the critical layer becomes a linear-growth critical layer as X] —> — cxd, i.e., 
(in the matched asymptotic sense) its solution matches onto an upstream finite- 
growth-rate linear instability wave. Thus, this scaling represents a distinguished 
limit that allows both spatial evolution and nonlinear effects to enter the critical- 
layer vorticity balance and has a linear nonequilibrium critical-layer region (cf. 
figure 1) as an overlap domain between the upstream finite-growth-rate linear 
region and the near-neutral nonlinear region. The presence of the spatial-evolution 
term in this balance means that the critical layer is an ‘unsteady’ one but with 
a slow streamwise coordinate in place of time. It is commonly referred to as 
a nonequilibrium critical layer, however, in order to avoid any connotation of 
temporal evolution. Goldstein & Leib [6] assumed the local Reynolds number B 
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to be large enough so that viscous effects, including mean-flow spreading, could 
be ignored in the nonlinear (streamwise) region. 

Goldstein & Hultgren [7] incorporated a small amount of viscosity into the 
analysis of Goldstein & Leib [ 6 ] by assuming the local Reynolds number R to be 
( 9 (e-^'/ 2 ) relative importance of viscous to nonlinear effects in the critical- 
layer vorticity balance is then determined by the 0 ( 1 ) parameter, 

A=l/eV2i?, (4) 


while viscous effects are purely passive in the main part of the shear layer. They 
17] also showed that it is sufficient to use a Taylor series expansion of the basic- 
flow velocity for the purpose of studying its changes on the nonlinear critical-layer 
streamwise length scale (3). The nonlinear critical-layer analysis need only be 
uniformly valid on the faster scale .r\ but not on the slower scale cf. figure 1 . 
Variations on this latter scale are accounted for by the outer weakly nonparallel 
solution. An important feature of this matched-asymptotics approach is that it does 
not require any artificial body force to remain internally consistent, cf. f5J. 

Both Goldstein & Leib [ 6 ] and Goldstein & Hultgren [7] considered only the 
case where the mean flow is initially given by a hyperbolic-tangent profile. This 
restriction was removed by Hultgren [4| who also formed a composite solution that 
accounts for both mean-flow spreading and nonlinear critical-layer effects. A very 
brief description of the analysis for a general velocity profile will be given here - 
for a complete description of the derivations see Hultgren |4]. 

The solution in the nonlinear streamwise region is expanded separately outside 
and inside the critical layer. Matching (in the transverse direction) of these expan¬ 
sions, which also involves equating the so-called velocity jump across the critical 
layer as given by the two expansions, will then lead to a nonlinear nonequilibrium 
critical-layer problem which completely determines the external instability-wave 
amplitude. 

The stream function outside the critical layer, i.e., for y = 0(1), is expanded as 


V' = My) + f {2Ax,G0/) + Re [Alt(xi )0, } 




TI /2 


Re 


+ 00 




imoroC 


.7ri=0 


-h . . 


(5) 


where 'i/^o(y) is the zeroth-order term in the Taylor-series expansion of the mean 
flow, which is determined by the imposed upstream profile and by the previous 
slow development of the mean flow on the long viscous scale X 3 = x/R. The 
0(f) term in the expansion (5) is the sum of the second term in the mean-flow 
Taylor series expansion and the (neutral) linear instability wave solution, where 
the mean-flow change term G{y) and the slowly varying amplitude function are 
ultimately determined by the second and third order problems, and ( = x - St/ao 
is the streamwise coordinate in a reference frame moving with the actual phase 
velocity of the linear instability wave. 
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Substitution of (5) into the governing equations leads to a sequence of equations, 
of which the first one for the fundamental component is the Rayleigh equation 
for a neutral disturbance, 0|. Since the shear-layer mean profile is inflexional, 
the linear neutral eigenfunction is regular at the critical level, i.e., at j/ = 0 . 
However, the next-order correction to the fundamental, which is governed 
by an inhomogeneous neutral Rayleigh equation with the nonhomogeneous terms 
involving the product of 0 i with and dA^/dxi, has the following behavior for 
small values of y, i.e., as the critical layer is approached: 




(i)± 

3/2 


= a 


( 1 ) 


+ b[')fy + 


^ "3/2 


iU"' 

aoU? 


Uc^ - iSIA^ 
dx\ 


y\ny + Oiy^), ( 6 ) 


where the ± superscript indicates different values for j/^0. A solvability condition 
for the $ 3^2 problem can be constructed, cf. Hultgren [4], which yields the following 
relationship between 63 ^ 2 ^ and ■ 




^3/2 


3/2 


2 iao- — J\ — tao 
dx I 


[/e^-zSiAt J 2 , 
dx] 


(7) 


where 


/ + OO ^ 1 r-hoo 

<t>]dy, Ji = —j U'\U-U,r^]dy, 

with the latter integral being a Cauchy principal value. Note that J 2 = 0 for 
antisymmetric mean velocity profiles, e.g. the hyperbolic-tangent profile considered 
in Goldstein & Leib [ 6 ] and Goldstein & Hultgren [7]. Equation (7) gives the so- 
called velocity jump across the critical layer as (formally) computed from the outer 
solution. 

In the critical layer, i.e., for y = 0(6*/^), the stream-function is expanded as 

^ = f'^^UcY -t-e V',.ri) -I- -I- e In f-I- e^'i -I- ...] ,(8) 

where Y = is a stretched transverse variable and the ^„’s are functions of 

C, Y, and x\ only. 'I'o to ’I'l/, are given by the corresponding terms in the inner 
limit of the outer solution and , the first nontrivial term in ( 8 ), is determined by 
a viscous critical-layer vorticity equation that can be expressed [ 4 ] in terms of 


Q^ = 


dy2 


-U'J 


y2 


+- (“»+( 9 ) 


which is (minus) the part of the 0(e) critical-layer vorticity that vanishes as K —► 
±oo. Integration of that critical-layer vorticity equation gives an expression for the 
velocity jump “ ^ 3^2 (formally) computed from the critical-layer solution 
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[4]. Equating the expressions for the velocity jump involving the inner and outer 
solutions, respectively, leads to a matching condition that, together with the initial 
condition that the solution approaches that of a linear growth critical layer as 
* ~oo, completes the formulation of critical-layer problem. On rescaled form, 
the critical-layer vorticity equation reads [4] 


-|- iA 


which is to be solved subject to the initial, boundary, and jump conditions 

A —> exp as X -oo, 


Q 0 as 7] ±oo, 

f-l-CX) rlir 


/ -hoo rln / HA \ 

/ dXdrj = Itt [x— - ifiA ) , 

-oo JQ \ dx J 


( 10 ) 


( 11 ) 

( 12 ) 

(13) 


where x, X, 77 , A, and Q are simply rescaled (and shifted) variables corresponding 
to xi, C, F, A\ and respectively; and A = (ao?7^)^A/(-U75i)^ U = 7 ^/^, 
<T = (7r A- i<Jx = (tt + v/i)/(x -I- j 77 rt 7 ), ^ = 1 “ , // = and 

7 = -^c ’Strictly speaking, the integrand in ( 11 ) is constant on 
the streamwise scale x considered here, but it is advantageous to write the upstream 
conditions for the nonlinear solution in the form ( 11 ) for the later introduction of 
a streamwise composite solution, however. 

The nonlinear nonequilibrium critical-layer problem (10) - (13) depends on the 
three independent parameters C7, A, and /x. [7 is a scaled average mean-flow velocity 
in the critical layer (measured in the laboratory frame of reference); A is a respaled 
A which in view of (2) and (4) could be thought of as based on the detuning from 
the local neutral conditions rather than the amplitude; and // is tt times the ratio of 
the real and imaginary parts of the derivative of the wave number with respect to 
the phase velocity (both from linear inviscid theory) evaluated at the neutral point, 
vanishes for antisymmetric mean profiles such as the one used in [ 6 ] and [ 7 ], and 
can be interpreted as a mean-flow symmetry parameter. 

Goldstein & Hultgren’s [7] computations showed the vorticity roll-up to be 
initially similar to the inviscid calculations of [ 6 ]. However, even very weak viscous 
effects eventually become important as a result of the continued roll-up of vorticity. 
They found that viscosity keeps the nonlinear effects from driving the critical- 
layer phase jump, and thereby the local growth rate, to zero and hence allows the 
instability wave to continue its growth asymptotically far downstream, cf. Fig. 2. 
This produces an unbounded increase of the nonlinear terms in the critical-layer 
vorticity equation so that a new dominant critical-layer balance between linear and 
nonlinear convection terms is eventually achieved. Thus, no matter what size of 
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Fig. 2. Local scaled growth rate oj the fundamental instability wave as a function ol the 
scaled slow streamwise distance for = 1, = 0, and various values of A. 


the parameter A, a primarily inviscid quasi-equilibrium critical layer eventually 
emerges, cf. Fig. 3. It may at first seem surprising that also no matter how large 
A the problem in [7] becomes nonlinear sufficiently far downstream. This can be 
understood by realizing that the initial linear growth rate in the critical layer is 
independent of A and that the growth rate is then rapidly reduced by nonlinear 
effects. A larger value of A simply means that the growth rate is not reduced quite 
as fast because the relatively stronger viscous effects in a sense keep the problem 
linear for a longer streamwise distance. The instability wave can therefore, through 
continued growth, achieve the larger amplitude necessary for nonlinear effects now 
to come into play. 

The quasi-equilibrium critical-layer problem is analogous to the situation that 
was analyzed by Benney & Bergeron [ 8 ], but the specific asymptotic solution in [7] 
turned out to be somewhat different and, in particular, has variable vorticity in the 
closed streamline region within the cat’s-eye boundary. The asymptotic solution 
[71 shows that the initial exponential growth of the disturbance is converted into 
an algebraic one and that further downstream the disturbance is simultaneously 
affected by mean-flow-divergence and nonlinear critical-layer effects before the 
instability wave achieves an 0(1) amplitude. The analysis [71 of this next stage of 
evolution, which occurs on the streamwise scale j :2 = = ex = 6 “’/‘J 3 /A = 

0(1), shows that the instability-wave growth is eventually converted to decay. The 
asymptotic results obtained by Goldstein & Hultgren [7] are also valid in the 
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Fig. 3. Vorlicity contours in the (.V, 7;)-planc for U = \ = \ and x = 10. 


general case analyzed by Huitgren 14|. The different flow regions are illustrated in 
Fig. 1 

The (streamwise) composite solution introduced in Goldstein & Leib f6| was 
generalized to include viscosity and extended to a general velocity profile in Huit¬ 
gren [4]. The upstream linear unsteady flow can be determined by using weakly 
nonparallel stability theory and the resulting solution uniformly valid on the 
slow viscous spreading scale easily be shown to match onto the 

inner nonlinear solution given by the unsteady part of the second term on the 
right-hand side of (5). A uniformly valid multiplicative composite solution can then 
be constructed by using the formula where denotes 

the solution in the overlap domain. Upon substitution of the different solutions, the 
composite solution becomes 


= A(x)exp^- cTd.T^ 

exp i a{xT,)dx — , 


(14) 


where denotes the spatially growing eigensolution to the Rayleigh 

stability problem based on the streamwise mean-flow velocity at the location .ti, 
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a = ttr + ioii is the corresponding complex eigenvalue, is the slowly 

varying amplitude function due to the (weak) nonparallel effects, and Xf is the 
excitation (or a reference) position. j4(x)exp Jq adx^ can be interpreted as 
a universal nonlinear correction factor, which depends only on U, A, and the 
shifted coordinate x. The the latter coordinate is given in terms of the coordinate 
xj, cf. Huitgren [4], by the implicit relationship 

ri exp (i a(xy)dx) 

/ ardx = In - / - - 05 ) 

(-5O5,) 


where the parameters now also are allowed to vary with the slow streamwise coor¬ 
dinate 3 : 3 . The streamwise location of the inner nonlinear region is automatically 
set by the linear instability-wave growth when x is determined using (15). If the 
argument of the natural logarithm in (15), which can be interpreted as the ratio of 
the instability-wave amplitude and the square of a measure of the detuning from 
the local neutral conditions, remains much less than unity in the streamwise region 
of interest, then nonlinear effects are not important in that region. Huitgren [41 
found that the composite solution also applies in the next stage of evolution, i.e., 
the streamwise region where X2 = e^^^xi = ex = 0 ( 1 ) and nonparallel effects 
are again important. 

The asymptotic theory accounts for the instability-wave nonlinearity as well as 
the viscous spreading of the basic flow. Among the requirements for the experiments 
used to test the resulting uniformly valid composite solution are that the shear layer 
initially is laminar and, in particular, that sufficient details are available about the 
early development of both the instability wave and the mean flow so that a first 
principle comparison can be assured. In this respect, it is necessary that there is 
an initial streamwise region where the flow can be treated as a superposition of a 
linear instability wave and an undisturbed mean flow. An excellent discussion of 
relevant experimental literature, as well as other topics of interest, can be found in 
the review paper by Ho & Huerre [9]. Comparisons were made with experimental 
data for a plane-jet shear-layer [ 1 ], a circular-jet shear layer [ 2 ], and a mixing layer 
behind a splitter plate [3] by Huitgren [4] and the procedure or strategy used to 
ensure a first-principle comparison between theory and experiment is described 
in detail in that paper. It is important to point out here, however, that the mean 
streamwise velocity profile was fitted by an analytical expression at only one 
streamwise measuring station - located sufficiently far upstream to ensure that 
the instability wave had small enough an amplitude so that the local mean flow 
was unaffected by its presence. The downstream evolution of the undisturbed 
mean flow was then computed and the amplitude evolution of the linear instability 
wave was determined numerically based on the computed local mean-flow velocity 
profiles. Finally, the nonlinear correction factor in (14) was evaluated by solving 
the nonlinear nonequilibrium critical-layer problem ( 10 ) - (13) with slowly varying 
parameters. 
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The Thomas & Chu [1] experiment involves a plane jet issuing from a two- 
dimensional nozzle. Although the mean-flow configuration is that of a submerged 
plane jet, the initial shear layers are completely noninteracting for the streamwise 
region of interest here (at most one and a half slot-width downstream of the plane-jet 
orifice) and can therefore be treated independently. They used a relatively low-level 
single-frequency acoustic excitation to somewhat organize the disturbance flow 
and to provide a phase reference. Figure 4 shows a comparison of the composite- 
solution and the experimental results for the energy associated with the streamwise 
velocity component tx* of the instability wave, E\ = uldy^/{2L^U\^) = 

[Re /dy)]^dy, where the overbar stands for a period average and 
0^*^^ is given by (14). While the theory does not predict the last data point very well, 
Thomas & Chu’s [1] figure 11 shows the flow to be dominated by subharmonics 
of the sum and difference frequencies of the forcing frequency of 150Hz and the 
so called jet-column frequency of \25Hz at that streamwise station and hence 
that the assumptions of the theory are probably violated there. Note that one of 
the inherent assumptions of the theory is that the disturbance flow is dominated 
by the forcing frequency outside of the critical layer. However, all harmonics are 
generated and are on equal footing inside the critical layer since the flow is strongly 
nonlinear there. The less drastic amplitude reduction predicted by the composite 
solution once the peak value is passed is also reminiscent of the experimental 
results obtained by Freymuth [21, see below. This figure also shows that there 
is an initial streamwise region where the disturbance is well described by weakly 
nonparallel linear theory based on undisturbed mean-flow profiles, which as pointed 
out above, is an essential part of assuring that a first-principle comparison is being 
carried out. As pointed out by Thomas & Chu 11 ] and as can be seen clearly from the 
present figure, the nonlinear instability wave saturates well upstream of the linear 
neutral stability point for the undisturbed mean flow. The effective saturation in 
the composite solution is associated with the first of the local amplitude maxima 
caused by oscillations in the growth rate, eg. |6] and |71. The predicted instability- 
wave evolution and saturation is in excellent agreement with the experiment in the 
streamwise region where the experimental disturbance flow is dominated by the 
forced frequency, i.e., within the expected range of validity of the theory. 

Figure 5 shows a comparison of the composite solution with Freymuth’s [2, 
figure 10] circular-jet shear-layer amplitude-evolution data for four different exci¬ 
tation levels. Freymuth [2] used the transverse maximum of the r.m.s. value of the 
streamwise velocity component of the instability wave as a measure of the distur¬ 
bance amplitude, i.e., li'rnax', where = [Re Oy)]^, and 0^*^^ is 

given by (14). This figure confirms that there is an initial streamwise region where 
the disturbance is well described by weakly nonparallel linear stability theory based 
on the undisturbed mean flow and that, of course, this region becomes shorter with 
increasing initial amplitude. The composite solution is in good agreement with 
the experimental data corresponding to the lowest excitation level except for what 
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Fig. 4. Comparison of composite solution accounting Tor both nonlinear critical-layer effects 
and viscous mean-flow spreading with instability-wave energy data Irom Thomas & Chu’s 11 ] 
plane-jet shear-layer experiment. 


appears to be a local minimum in the experimental data just past the first nonlin¬ 
ear saturation. This discrepancy could be caused by an interaction with naturally 
occurring ’subharmonic’ disturbances that are not accounted for in the present 
theory, as in the comparison above with the Thomas & Chu [IJ experiment, but 
unfortunately Freymuth [2] does not provide any information about such distur¬ 
bances. The agreement between theory and experiment is very good at the the next 
higher level of initial amplitude, however. This gives some further circumstantial 
evidence for the conjecture above since the naturally occurring ’subharmonic’ dis¬ 
turbances probably have not reached a sufficient amplitude to ultimately influence 
the fundamental disturbance in any but the least excited case where the saturation 
occurs the furthest downstream. For the highest two excitation levels, the nonlinear 
effects come into play upstream of the stream wise location where corresponds 

to the peak in the local linear growth-rate curve. Since the relative importance 
of the linear effects are then overestimated in the nonlinear theory, the composite 
solution, as can be seen in Fig. 5. will increasingly underestimate the deviation 
from the weakly nonparallel linear theory with increasing excitation level. The 
composite solution yields a qualitative correct result for the highest two levels of 
excitation here, however. 
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Fig. 5. Comparison of composite solution accounting for both nonlinear critical-layer effects 
and viscous mcan-llow spreading with instability-wave amplitude data from Freymuth’s (2) 
circular-jet shear-layer experiment. 


The third experiment used for comparison consists of unpublished data kindly 
supplied by Ho & Zohar [3] for a mixing layer behind a splitter plate. A relatively 
low-level forcing at the so-called natural shear-layer frequency (here 355Hz) was 
used to excite the shear layer, but data was also supplied for the corresponding 
unforced case. The shear-layer facility is the same as used in Huang & Ho 110] 
and further information about the windtunnel can be found in that paper. Figure 6 
shows a comparison of the experimental data for the streamwise evolution of the 
instability-wave energy and the composite solution. This figure shows that there 
is an initial streamwise region where the instability wave is well described by 
weakly nonparallel linear stability theory based on the undisturbed mean-flow 
computation. The agreement between the composite instability-wave energy and 
the experimental data is good also in this case. The main effects of the wake 
component on the local linear stability properties are an increase in the maximum 
value of the growth rate and a reduction in the unstable frequency range. However, 
the undisturbed shear layer spreads less over the streamwise region of interest in 
this case compared to the experiments discussed above. Consequently, the local 
Strouhal number of the instability wave, initially being just slightly less than the 
one corresponding to the maximum growth rate, remains close to the peak value 
at all streamwise stations. This, as noted above, leads to an overestimation of the 
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Fig. 6 Comparison of composite solution accounting for both nonlinear critical-layer effects 
and viscous mean-flow spreading with instability-wave energy data from Ho & Zohar’s [3] 
mixing-layer experiment. □: low-level forcing, o: unforced case. 


relative importance of linear effects in the nonlinear theory and, hence, is the most 
likely cause for the small overshoot in the composite instability-wave energy. 

3. The supersonic case 

Consider a nearly inviscid compressible shear flow of an ideal gas between two 
parallel streams with nominally uniform temperatures T\, Tn, and velocities U\ > 
The upstream flow consists of oblique spatially growing time-harmonic linear 
instability waves on the steady two-dimensional shear layer that forms between 
the two streams. The flow parameters in the high-speed stream are generally used 
as reference quantities and a reference length scale 6 can be taken as, say, half the 
vorticity thickness of the shear layer at some suitable streamwise location. The 
steady flow is then characterized by the Mach number M = U\/y/kWTx and the 
Reynolds number R — 6U\/v\, where k is the isentropic exponent of the gas, 5R 
is the gas constant and v\ is the kinematic viscosity of the high-speed stream. The 
Reynolds number is assumed large enough so that the mean pressure is constant 
across the shear layer and the mean flow is nearly parallel over many wavelengths 
of the instability wave. 
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Consider first a single three-dimensional instability wave growing in its prop¬ 
agation direction. When nonlinear effects do not first intervene, the slow viscous 
spreading of the mean shear layer again causes the spatial growth rate of the lin¬ 
ear instability wave to gradually decrease until the neutral stability condition is 
reached. The Strouhal number and streamwise and spanwise wave numbers at the 
neutral stability point are denoted by 5o, oq, and /Jq, respectively. The analysis 
of Goldstein & Leib [11] and Leib [12] shows that the critical layer nonlinearity 
behaves quite differently for nonisothermal flows - primarily because the temper¬ 
ature fluctuations have an algebraic singularity at the critical layer in the linear 
theory (Reshotko [13]) and therefore become very large compared to the pertur¬ 
bation velocity components in the plane of the wave. Nonlinearity now becomes 
important when the spatial growth rate is The local Strouhal number in 

this region can be expressed as 

5 = 5o + e^/-''5,,5, <0,5, =0(1). (16) 


and the relevant slow coordinate on which nonlinear effects take place is now 

xx = 6^/*\,tcos 6> 4- 2sin^^), (17) 

where 0 = arctan ^ is the angle of propagation. 

The unsteady flow outside of the critical layer is, to leading order, governed 
by the compressible Rayleigh equation in terms of the perturbation pressure for a 
neutral disturbance, and a sequence of higher problems can be constructed in the 
manner described by Goldstein & Leib [11]. For Mach numbers less than about 
seven, it turns out that the neutral wave corresponding to a wave in the direction 
leading to maximum growth has a phase velocity that is subsonic relative to both 
streams. According to Lees & Lin ([ 14]), it thus has a critical level at the generalized 
inflexion point (or points) defined by {U^/Ty = 0, where U and T are the local 
mean streamwise velocity and temperature and the prime denotes differentiation 
with respect to y. Goldstein & Leib [11] restricted their analysis to this case where 
the critical level corresponds to a generalized inflexion point. As a consequence, 
the leading-order pressure perturbation is regular at the critical level which without 
loss of generality can be assumed to be al y = 0. As already pointed out, the 
leading-order temperature fluctuation is algebraically singular at ?/ = 0. however. 

TTie change in scaling relative to the incompressible two-dimensional case pro¬ 
duces a corresponding change in the critical layer structure. The critical layer flow 
is now described by the scaled transverse coordinate Y = and is governed 

by linear dynamics to lowest order of approximation with nonlinearity entering 
only through inhomogeneous terms in the higher-order problems. Goldstein & 
Leib [11] analyzed the case where the viscous parameter A = 1 IRee^l^ =0(1) 
with the additional assumptions that the viscosity variation with temperature is 
linccir (Chapman’s Law) and that the Prandtl number is unity. With this restriction 
on the viscous parameter A, viscous effects play a passive role outside the critical 
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layer but enter the critical-layer dynamics at the same order as the nonlinear effects. 
By equating the phase jump across the critical level as formally computed from the 
outer and critical-layer solutions, Goldstein & Leib [11] found that the instability 
growth rate is still completely controlled by the nonlinear critical-layer effects and 
that the instability evolution now can be calculated from the following equation: 

^ -h K -7 / f K (x\x^x) A{x)A{x)A*{xX — x)dxdx, (18) 

dx 7-00 7-00 ^ ^ 

where 

K (^x\x, = (x - i)^exp |-A(x- - x)^ ^x - x - {x - x)/3j | , (19) 

X is a renormalization of the slow variable xi, A is a scaled and normalized 
instability wave amplitude, the star denotes complex conjugation, A is a scaled 
parameter corresponding to A, and R and 7 are two complex parameters that can be 
calculated from the outer linear solution. [Note that 7 here corresponds to -1 /7 in 
the notation of Goldstein & Leib [11]]. R. can be thought of as the scaled (complex) 
growth rate of the linear instability wave entering the nonlinear region whereas 7 is 
directly proportional to the mean temperature gradient at the critical level. Leib [12] 
has recently removed the restrictions to the regular neutral case and unit Prandtl 
number, generalized the viscosity-temperature law, and shown that the amplitude 
evolution equation is also of the form (18) when the critical level is no longer a 
generalized inflexion point. 

Goldstein & Leib [11] found that the calculated instability wave amplitudes 
initially follow the prescribed linear growth, but soon begin to either saturate or 
increase their growth as nonlinear effects come into play. Cumulative history effects 
eventually overpower these trends causing a rapid increase in amplitude which ends 
in a singularity at a finite downstream distance in the inviscid case. An equilibrium 
solution exists for certain parameter ranges in the viscous case, however. Figure 7 
shows examples of this behavior. Goldstein & Leib [11] obtained asymptotic 
solutions for both the equilibrium and singular cases. The latter solution suggests 
that the flow will become fully nonlinear everywhere in the shear layer and, hence, 
that the motion must be governed by the full three-dimensional Euler equations in 
the vicinity and downstream of the singularity. 

Consider now the case where the initial three-dimensional instability wave 
grows in the streamwise direction. It is then appropriate to suppose that there are 
two oblique modes with the same frequency and streamwise wave number and 
with (real) spanwise wave numbers of equal magnitude but opposite sign in order 
to represent a fixed spanwise structure. Goldstein & Choi [15] realized that the 
cross^-flow velocity fluctuations, which have the same algebraic singularity as the 
temperature fluctuations as the critical level is approached, now become coupled 
to the velocity fluctuations in the plane of the wave. This nonlinear oblique¬ 
mode interaction causes the critical-layer nonlinearity to become important when 
the instability-wave growth rate is 0(e*/^), which corresponds to yet smaller 
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Fig. 7. Three-dimensional inslability-wave amplitude versus strcamwisc distance for a 
compressible shear layer for arg^ = — y, arg 7 = -y, and various values ol A. The broken 
lines arc asymptotic solutions. 


amplitudes than the previously described case. In the nonlinear region, the local 
Strouhal number can now be expressed as 

5 = 5o + f'/^5,,5, <0,5| =0(1), (20) 

and the critical-layer nonlinearity now alters the flow on the slow streamwise scale 

X, =r‘/V (21) 

and the critical layer itself is characterized by the scaled transverse coordinate 

y = 

The general solution procedure, although more complex, is in many respects 
similar to the one in Goldstein & Leib [11 ] and also leads to an integro-differential 
equation for the instability wave amplitude. While the phenomenon is of most 
importance in supersonic shear layers, Goldstein & Choi [15] restricted their 
derivations to the inviscid incompressible case for simplicity of exposition because 
compressibility effects do not affect the nonlinear critical-layer dynamics. Their 
final amplitude equation is also valid for the compressible case, however. It is of 
the form (18) but now with K given by 

K [x\x,x^ = —\idn^0cos20{x — x)^{x-x)^-\-{x-x)^ 
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( 22 ) 


x.A.d.mdR have meanings similar to the corresponding quantities in the previous 
case and 7 is a complex parameter that (as well as R) can be calculated from the 
outer solution. 

The calculated instability wave amplitudes again initially follow the prescribed 
linear growth, then, in an intermediate region where the nonlinear effects begin to 
come in, the detailed behavior depends somewhat on the parameters of the problem, 
and finally the cumulative history effects lead to a rapid growth of the amplitude, 
again ending in a singularity at a finite downstream position. The local asymptotic 
solution valid in the vicinity of the singularity obtained by Goldstein & Choi [15] 
showed that the motion downstream of the singularity also here will be governed 
by the full tree-dimensional Euler equations. 


4, Discussion 

The nonlinear critical-layer behavior dynamics are quite different in each of the 
previous two sections. In the two-dimensional incompressible case, the critical- 
layer nonlinearity produces a redistribution of vorticity which rapidly reduces the 
instability-wave growth rate from its linear value. In the two cases discussed in the 
last section, the temperature nonuniformities acts as a vorticity source in the first 
and the three-dimensional effects allow for vortex stretching in the second with 
both effects completely counteracting the redistribution effect and thus producing 
explosive growth. This phenomenon is probably masked at subsonic speeds due to 
the fact that the linear growth rates of three-dimensional waves are much smaller 
than that of a two-dimensional wave. The presence of the latter wave can also alter 
the critical-layer structure of the oblique waves and thereby possibly remove the 
singular behavior. 
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Abstract. Intercomponent energy transfer within the context of Reynolds stress closures is studied. 
Attention is focussed on the rapid limit of homogeneous flow situations where this energy transfer 
is caused solely by the rapid pressure strain rate. We present and analyze the performance of the 
recently proposed rapid pressure strain rate model of Johansson & Hallback (J Fluid Mech. 1994) in 
various homogeneous (rapid) flow situations, and compare with results obtained with other models 
from the literature and rapid distortion solutions. The prediction difficulties associated with rotational 
mean flows arc analyzed. A generally formulated test case, which as special cases comprises, e g. 
plane strain and homogeneous shear flow, is used to illustrate the modelling difficulties associated 
with rotational mean flows. An axisymmetric case is used to demonstrate that parts of the spectrum 
with anti-rcflectional symmetry, which are instrumental for the dynamics when rotational effects are 
present, are totally missed in classical Reynolds stress closures. A closer prediction in cases with 
strong influence of rotation would require introduction of other transported quantities. 

Key words: RST-models, pressure strain, rotation 


1. Introduction 

There is a general trend in today’s turbulence modelling efforts to aim for increased 
generality and better handling of complex flow situations where, e.g., effects of 
strong streamline curvature or system rotation may be important. Since the kinet¬ 
ic energy equation is unaffected by, e.g., system rotation, the lowest level of 
single-point closure at which such effects enter explicitly is that in which transport 
equations are formulated for the individual Reynolds stress components. In these, 
the Coriolis force gives rise to terms that directly will influence the intercomponent 
transfer. Launder, Tselepidakis and Younis (1987) showed that even with relatively 
simple modelling of the terms involved, a Reynolds stress model is capable of cap¬ 
turing the main effects of system rotation on a plane turbulent channel flow. The 
tendency to develop a distinctly asymmetric velocity profile cannot be predicted 
with, e.g., a standard k — e model, but was here clearly shown to result from the 
inherent dynamics of the Reynolds stress transport equations. 

We will refer to closure schemes with transport equations for the velocity 
correlations, and the total dissipation rate, e, as classical Reynolds stress 
models. For more background information the reader is referred to, e.g., the review 
of Launder (1989). Instead of using uTuJ as the quantities for which transport 
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equations should be solved one may perhaps more conveniently formulate model 
equations for the kinetic energy, k = and the Reynolds stress anisotropy 

tensor 

_ 2 
dij — ~ 


where 6ij is the Kronecker delta. 

In homogeneous turbulence there is no spatial redistribution of energy and the 
transport equations for the stress anisotropies can symbolically be written 


_ p(“) . _L 

dt ^ k k 



( 1 ) 


where the production term is explicit in aij and hence needs no modelling. 
eij denotes the dissipation rate anisotropy tensor 


The pressure strain rate correlation term, which has zero trace, has in eq. (1) been 
divided into a rapid and a slow term in the traditional manner. 

Our attention is here restricted to homogeneous turbulent flows, and there only 
the rapid part (a recent investigation, based on direct numerical simulations, of the 
slow part can be found in Hallback, Sjogren & Johansson 1993). For homogeneous 
flows the rapid pressure strain rate can be written in terms of a fourth rank tensor 


= ^kUp^q{Miqpj -f Mjqpi 

in which Ui^ is the mean velocity gradient tensor and 

■ 2k J “ Snk J drpdr. 


( 2 ) 

x' = X + r (3) 


where k is the wave number vector and is the spectrum tensor. The expression 
(3) comes from the formal solution of the Poisson equation for the pressure field. 

A natural approach to the modelling of the rapid pressure strain is to express 
the M-tensor in terms of the dimensionless Reynolds stress anisotropy tensor. 
Actually, this is the only reasonable choice within the context of classical RST- 
modelling. The above expressions show that the M-tensor is not immediately 
affected by a sudden change in the mean strain field. This suggests that the modelled 
M-tensor should not explicitly depend on Uij. Furthermore, the M-tensor is 
dimensionless and can therefore not depend explicitly on k (or c), except through 
a possible dependence on the turbulence Reynolds number. One may also note that 
the normalized Reynolds stress tensor is retrieved upon contraction of the two last 
indices in the M-tensor. which yields one exact relation between the M-tensor and 
the anisotropy tensor 


( 4 ) 



PRESSUI^-STRAIN MODELING 


121 


As a consequence, practically all existing models can be seen as expansions of M 
to first or higher order in aij. 

Reynolds (1987) (see also Lee & Reynolds 1985) showed that the most general 
expansion of the M-tensor in terms of aij, that satisfies correct index symmetry 
properties, can be written with the aid of 15 undetermined scalar functions and 
contains terms up to fourth order in a^j. A complete ansatz for a linear model can 
be written in terms of 5 model parameters. The determination of model constants 
have been done by use of basic constraints and often by use of comparisons with 
data from physical or numerical experiments. Also rapid distortion theory (RDT) 
has proven to be a powerful tool in the determination of the model constants (see 
Johansson & Hallback 1994). 

Shih, Reynolds & Mansour (1990) presented a model for the spectrum tensor 
parametrized (to first order) in the Reynolds stress anisotropy tensor. It bears a close 
resemblance to the parametrization of the spectrum tensor in spectral anisotropy 
described by Cambon, Jeandel & Mathieu (1981). Shih et al. showed that the 
resulting pressure strain rate is equivalent to a linear model of the Launder, Reece 
8l Rodi (1975) form. They found the range of validity of the spectrum model 
and thereby of linear models to be quite small in terms of the magnitude of 
the anisotropy It is clear from their results that in general accurate predictions 
require a model that is nonlinear in the stresses, or equivalently, the anisotropy 
tensor. In fact, already 1972 Hanjalic & Launder proposed a nonlinear model, 
quadratic in the stresses, on the grounds of lack of agreement between linear models 
and experimental data. One may also readily show (see, e.g., Lumley 1978) that 
linear models cannot satisfy the condition of ensuring realizable solutions under 
all flow conditions. Violation of this condition may under extreme conditions lead 
to prediction of negative energies (see Schumann 1977, Lumley 1978 and Pope 
1985). 

Speziale, Sarkar & Gatski (1991) analyzed the modelling of the two parts of the 
pressure strain, compared various existing models and proposed a new nonlinear 
model. They found an improved performance over linear models and recognized 
remaining difficulties in cases with rotational mean flows. Shih & Lumley (1993) 
studied the performance of various pressure-strain-rate models, partly by use of 
direct numerical simulation data. Efforts to generalize the concept of RST-models 
have been discussed in the literature. Mansour, Shih & Reynolds (1991) studied 
the effects of rapid rotation on initially anisotropic homogeneous turbulence with 
the aid of RDT and DNS, and discussed briefly some possibilities of extending 
the Reynolds stress closure concept in order to improve the treatment of effects 
of rotation. Also, Cambon, Jacquin & Lubrano (1992) analyzed a generalized 
approach with the aim of improving the description of effects of rotation. Some 
first steps were taken, and the great difficulty involved was recognized. 

In the present study we present and analyze the performance of the recently 
proposed model of Johansson & Hallback (1994) in various homogeneous (rapid) 
flow situations, and compare with results obtained with other models from the 
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literature. Our attention is here focussed on the analysis of prediction difficulties 
associated with rotational mean flows, and illustrations of situations with varying 
degree of rotational influence. 


2. The new model 

The most general ansatz for a model of the M-tensor in terms of an expansion in 
aij (that satisfies the index symmetry properties of may be written in terms 

of 15 tensorially independent groups including products up to fourth order in . 
The fact that fifth (and higher) order terms do not give rise to further independent 
terms can be shown with the aid of the Cayley-Hamilton theorem. The complete 
expression is given in Johansson & Hallback (1994) (hereafter referred to as JH, 
see also Reynolds 1987). Each of the groups is multiplied by a scalar function that 
may depend on the invariants of a^J 

II(i — dijCLji 11 Id — (^) 


and other scalar flow parameters such as the turbulence Reynolds number Rer and 
possibly the strain rate parameter S*. 

A 1.2 7 , 

Rer = — 5* = - (6) 

where 5,^ = {U^J + t/; ^)/2 is the strain rate tensor. In the following analysis the 
mean velocity gradient tensor will be replaced by the sum of S^j and the rotation 
tensor — (t/i^ — Uj^i)/2. Direct numerical simulations (see JH) showed that 
the influence of Rer and S* is of minor importance and may be neglected for the 
present modelling purposes. 

Insertion of the ansatz for the M-tensor in (2) leads, after some algebra and 
use of the extended Cayley-Hamilton theorem (see Spencer & Rivlin 1958) to 
an expression for the U.\^ containing 11 tensorially independent groups. The 

(r) 

continuity condition, which is equivalent to requiring to be traceless, is readily 
applied and further reduces the number of scalar functions to 9, and we get 



(r) 

U 


= 5, 


pq 


[ ^ \ ^ip^)q Qli^^ip^jq “ 1 “ ^jp^iq 


2 

-c 

3 


+ ^P<7 


+ Qs CLpqdi j “h Q4{(liqajp ^ 

^pk^kq^ij ) 

4 " Q^^pl^lq^^ij “ 1 " {.Q5^pq “ 1 " Q()^pl^lq){^ik^kj 

[ Qi{ ^ip^jq "H ^jp^tq^ 

4“ Q%^pk(,^jk^iq n-ifc(5jq) -j- Qq(lpf^(^(lji.^Qiq ] (7) 


where the scalar functions a = 1 — 9. may depend on the invariants of a^J and 
in principle on the scalar flow parameters (see (5, 6)). 
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The fact that the most general ansatz for can be written in terms of only 
9 scalar functions (or 11 before application of the continuity condition) was first 
shown in JH. The expression (7) constitutes the ultimate form for the model of 

(for homogeneous flows) within the context of Reynolds stress closures, in 
which transport equations are used for and e (or equivalently a^j , A:, e). Hence, 
all existing models based on the concept of expansion of the A/-tensor in terms 
of the stress anisotropy tensor, can be expressed as subsets of (7). For instance 
the general linear model (Launder et ai 1975) comprises the terms multiplied by 
Qi-Qi and Q 7 . The model of Lee (1990) is derived by use of rapid distortion 
theory for irrotational strain fields, and, hence, only contains the first six groups. 
Other models that will be discussed in the following are those of Speziale, Sarkar & 
Gatski (1991) (comprising Qi-Qs, Qi)^ Fu, Launder 8l Tselepidakis (1987) (with 
Q1-Q4. Q7-Q9) and Shih & Lumley (1985) (with Q1-Q4. Qt-Qk). 

The M-tensor index symmetry conditions and continuity is implicitly satisfied 
by the final form (7) for 11^^^ A further condition is obtained by the fact that 1 / | r | 
is the Green’s function of the Laplace operator, so that the normalized Reynolds 
stress is retrieved when the two last indices of the M-tensor are contracted. This 
condition (eq. 4) further reduces the number of unknown scalar functions to seven, 
say (the complete model is given in the appendix). Six of the scalar functions 
appear in the part associated with the irrotational part of the flow (5^^). 

The general form (7) for (with Q’s as given in the appendix, eqs. 19a-i) 
ensures a correct response to first order in time for the anisotropy tensor in suddenly, 
rapidly distorted, initially isotropic turbulence, for arbitrary irrotational as well as 
rotational mean strain fields. This is true regardless of the specifics of the scalar 
functions D\ — Bj. 

/ \ 

It follows from the definitions (2,3) that (no summation) vanishes in the 
limit of two-component turbulence where v\ = 0. The condition that this property 
should be conserved by the model is equivalent to the strong realizability principle 
(Pope 1985). In the case of modelling the rapid pressure strain rate one may impose 
a somewhat more general condition, 

= 0 ( 8 ) 

which follows directly from the definition (3) of the M-tensor. 

The model ansatz for the M-tensor is an expansion in the Reynolds stress 
anisotropy tensor a,j. It is, hence, natural to form the final model as a truncation of 
the expression at a chosen power of ||ttjj||. To obtain such a consistent truncation 
we need to expand the scalar functions Be (« =1-7) in terms of the invariants 
Ila and Ilia- A natural approach is to use a Taylor expansion in these quantities. 

B\ = CV] -H Q^IIa + Ollllla (9) 

and similarly for the other BeS (see appendix). It is implicitly assumed that the 
expansions are well behaved within the complete invariant map (see Fig. 1). 
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Fig. 1. The ttij invarianl map 


A consistent truncation at fourth order would include all tensorially independent 
terms in the model expression for the M-tensor, and contains 11 model parameters 
that may depend on Rct and S*, but not on the invariants of a^j. Truncations 
at third, second or first order would involve six, three and one model parameter, 
respectively. 

The importance of satisfying basic conditions and constraints is obvious for the 
possibility of obtaining a model of reasonable generality. The strong realizability 
condition plays a special role in ensuring a sound behaviour near extreme states. 
In strongly strained or sheared flows the component(s) of vanishing energy will 
then be reasonably well predicted regardless of the details of model. For the 
fourth order truncation six of the eleven parameters will be determined by the 
generalized realizability condition (8) (see appendix). Five parameters remain, 
one of which, however, does not appear in the expressions for Qc^. Hence, four 
parameters determine the complete fourth order model for In the following 
we will denote these by 7 i, 72,73 and 74, respectively (see appendix). The latter has 
no influence for irrotational cases where a^j is diagonal in the coordinate system 
where the axes coincide with the principal axes of the mean strain rate tensor. 


2.1. Model parameter values 

Since the simulation results in JH indicated that the relation between the M-tensor 
and the anisotropy tensor is practically independent of Reynolds number and little 
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influenced by the variations in energy distributions in wave-number space that 
may be caused by different mean strain rates, it appears sufficient to restrict the 
comparisons to the rapid limit. Here the results may be obtained by use of rapid 
distortion theory (RDT) and we may write the evolution equations for the stress 
anisotropies 


^^^3 _ p{^) i i 

dt k 


( 10 ) 


where the -production term is explicit in the anisotropy tensor (a quadratic form) 
and linear in Sij and Vtij (see e.g. JH). 

The model parameters were in JH determined from comparisons between RDT 
solutions and model predictions for small times, where we may expand 




+ ... 


( 11 ) 


for the case of initially isotropic turbulence. 

The general model form (7) inserted into (10) gives a correct behaviour of 
fiij to first order in time (i!) for initially isotropic, suddenly distorted turbulence, 
regardless of degree of truncation. With 71 = -1/7 the model will also give 
correct results to second order in time (i.e. correctly predicted) for arbitrary 
irrotational or rotational mean strain fields, and regardless of the values of the other 
model parameters. 

No choice of model parameter values (for the fourth order model) will ensure 
correct predictions to third order in time for arbitrary mean flows, but it was shown 
in JH that if 73 = 7^5 - y72 (and 7 i = -1/7) correct predictions will also be 

obtained of for arbitrary irrotational mean flows. 

The last parameter influencing the irrotationally strained initially isotropic cases 
was determined in JH by requiring the model to correctly predict the behaviour 
to fourth order in time for the case of a rapid plane strain. TTie final parameter 74 
was chosen to give the best possible prediction of the oscillation period (for the 
anisotropy components) in the case of a rapid pure rotation of initially anisotropic 
turbulence. The initial field was chosen as (an,,, 0220 , “ 330 ) = (1/3, —1/3,0). The 
set of calibrated parameter values for the fourth order model becomes 

7. = -1/7, 72 = 0.0295, 

73 = lie “ TT 2 « -0.0484, 74 = 0.1 


3. A test case with variable degree of influence of rotation 

We will here investigate the performance of the fourth order model for cases 
with varying degree of influence of rotational effects. The cases studied here are 
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restricted to represent the rapid limit only and can all be described in terms of the 
following velocity gradient tensor 

0 (j -|- Q 0 

[Uij]= a-n 0 0 ( 12 ) 

0 0 0 

When appropriate, comparisons will be made with other models published in 
the literature. The cases represented by eq. (12) comprise, in order of increasing 
effect of rotation, plane strain (fi = 0), homogeneous shear flow (fi = a) and pure 
rotation (cr = 0), as well as intermediate cases. The situations studied are chosen 
to illustrate the capability of the fourth order model and to focus on remaining 
modelling difficulties associated with rotational effects. 

By choosing f2 greater than a we obtain flow situations where the material 
elements following the mean flow are d eformed periodically, returning to their 
initial shape with a period of This type of flow is sometimes referred 

to as elliptic due to fact that the streamlines constitute a family of similar ellipses. 
Linear (rapid distortion) analysis has been applied by a number of investigators in 
order to study the three-dimensional instability of this type of flow, see e.g. Bayly, 
Orszag & Herbert (1988). 

As was shown in detail in JH the fourth order model gives a very accu¬ 
rate description of all irrotational cases as is illustrated in Fig. 2 for the situ¬ 
ation of a rapid plane strain (fi = 0) applied to initially isotropic turbulence. 
The model predictions are shown both as function of total reference strain c = 
exp and as function of normalized time, and are compared with 

the corresponding RDT results. 

The DNS results of JH also showed that for irrotational cases the (fourth order) 
model is valid far outside the RDT regime, even down to nondimensional 
mean strain rates of order unity. 

3.1. Rapid homogeneous shear flow 

In homogeneous shear flow the irrotational and rotational parts of the strain may 
be said to be of equally strong influence. Despite its apparent simplicity it is 
a challenging test case for turbulence models. It is a situation where there is a 
misalignment between the principal axes of the anisotropy and strain-rate tensors. 
This misalignment cannot be predicted by simple models, e.g., of eddy-viscosity 
type. 

Model predictions for the stress anisotropies are compared with RDT-results 
in Fig. 3. The corresponding comparison for the kinetic energy in figure 4 are 
complemented with predictions by other models published in the literature. 

The results for the fourth order model arc reasonably close to the RDT results, 
although one should note that all details of the anisotropy state are not well captured 
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Fig. 3. RDTand fourth order model predictions of the Reynolds stress anisotropies as function 
of nondimensional time in a (rapid) homogeneous shear flow (note that 2cr = f/i 2 ) 



Fig. 4. RDT and fourth order model predictions of the kinetic energy as function of 
nondimensional time in a (rapid) homogeneous shear flow. Included are also results obtained 
with the models of Launder et al. (1975), Fu et al. (1987), Speziale cl al. (1991) and Shih et al. 
(1987). 
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here. The models referred to earlier in this paper, included in figure 4 give sub¬ 
stantially worse results. For instance, the model of Shih, Mansour &, Chen (1987) 
predicts an energy that is off by a factor of about 3.5 for lat — 8. The present 
fourth order model exhibits a nice behaviour of k for large times with a slowly 
diminishing rate of increase. The third order model on the other hand predicts a 
periodic behaviour qualitatively similar to that predicted by the Fu etal. model. The 
second order model, as well as the LRR, SMC and SSG models give an unphysical 
explosive growth of the kinetic enei^y. 

Fifth or higher order truncations do not improve the situation significantly over 
that of the present fourth order model. No truncation of this kind gives uniformly 
correct results in accordance with RDT for arbitrary mean velocity gradient fields 
(i.e. with non-zero fiij). The reasons will be discussed in more detail later. 


3.2. Intermediate CASES 

The increasing prediction difficulties with increasing influence of rotation can be 
well illustrated by studying intermediate cases with degrees of rotation influence 
smaller and larger than that for homogeneous shear flow. For all cases with less 
influence of rotation than that for homogeneous shear flow the fourth order model 
behaves well and the predictions become increasingly better as we approach the 
plane strain case. 

The prediction difficulties increase rapidly as we increase the degree of rotation 
above that for a homogeneous shear flow. To illustrate this fact the model results 
for a case with = 1.25, a = 1 (cf. fl = a =] for homogeneous shear flow) 
are compared with RDT in figure 5. Note that for all cases with > cr the fluid 
elements are stretched in a manner so that they return periodically to their initial 
shape. 

The RDT solutions show an oscillatory behaviour of the anisotropy components 
around non-zero levels. Also the kinetic energy exhibits oscillations around the 
approximately exponential growth curve. It is obvious from Fig. 5 that the model 
here performs distinctly worse as compared to the homogeneous shear flow. For 
instance, in the present intermediate case the model prediction of the kinetic energy 
is only accurate for relatively small times. For large times the predictions exhibit 
a periodic character, in contrast to the RDT solution. The situation is similar for 
the anisotropy components and must be ascribed to the fact that some of the 
fundamental features of rotationally influenced turbulence are not captured by the 
transported quantities involved in classical Reynolds stress or lower level 

closures. To analyze this matter in some detail we will study the case of pure rapid 
rotation. 
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Fig. 5. The Reynolds stress anisotropies (a) and kinetic energy (b) as function of normalized 
time for an intermediate case {U = 1.25, a = 1). Comparison between RDT (thick lines) and 
model predictions (thin). 
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4. Ibrbulence submitted to rapid rotation 

Straightforward rapid distortion analysis (see e.g. Cambon & Jacquin 1989 or 
Mansour, Shih & Reynolds 1991) shows that initial isotropy is preserved by rapid 
rotation, whereas for an initially anisotropic turbulence, the anisotropy components 
will exhibit damped oscillations. The asymptotic state will depend on the initial 
distribution of energy in wave number space, and the damping may be interpreted 
as a phase scrambling effect caused by internal waves. Cambon et ai (1992) 
studied the effects of rotation by dividing the spectrum tensor, after neglection of 
an imaginary (helicity related) part, into three parts 

where Ai^ = f)ij - , and E{k) is the threedimensional energy spectrum. Only 

the first part has a non-zero trace after integration over spectral space, and thereby 
contributes to the kinetic energy. The two latter parts contribute to the anisotropy 
tensor -I- afy From the linearized dynamic equations, that are valid in 

the limit of rapid rotation, follows that only is affected by pure rotation. This 
implies that is constant under rapid rotations whereas o vanishes as a result of 
phase scrambling caused by internal waves. We may note that where 

y^j is the structure anisotropy tensor used by Reynolds (1989) (see also Mansour 
et al. 1991). 

For the class of classical Reynolds stress closures we may note that a conse¬ 
quence of the assumption that the M-lensor is expandable in alone is that all 
model predictions based on this concept will give constant values of the anisotropy 
invariants for rapid rotation, as can be seen from the general form (7) with = 0 

2(h + =0 (13a) 

= 0 (13b) 

The equations (13a,b) hold independent of the specifics of the scalar functions 

Qtt- The predicted individual anisotropy components may still vary in time, which 

indeed normally is the case, but not in a way as to reproduce the tendency towards 
the asymptotic RDT anisotropy state 

Ila III and IIL ml 

Thus, the most one can hope for within the concept of classical Reynolds stress 
models is to predict a reasonable period of oscillation. With the present fourth 
order model this is achieved with 74 0.1 (in fact, the optimal value may vary 

somewhat with the specifics of the initial conditions). 


Dllg 

Dt 

Dlllg 

Di 
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As an example of the short-coming of this type of modelling one may mention 
that initially axisymmetric turbulence subjected to rotation around the symmetry 
axis will be predicted to remain unaffected by rotation. This can be understood from 
the fact that in axisymmetry there is only one independent anisotropy measure (for 
instance the anisotropy component in the direction of symmetry) and that it must 
be constant according to (13a,b). In reality, oscillations of the anisotropy measure 
will occur also here, and will be damped by phase scrambling. 


4.1. Rotating axisymmetric turbulence - an illustrative example 


In turbulence that is axially symmetric with respect to a direction given by a unit 
vector A the second order spectrum tensor may be (see e.g. Craya 1958 or Hallback 
1993) expressed as 


+ N2{k, + 5'’(k,//)(/?, 7j + (14) 


where N \, N 2 and 5^ 
onal to K defined as 
K X X 

' K X A I 


are real-valued scalars and and 7 ^ are unit-vectors orthog- 


and 


/3 = 


K X 7 
K X 7 


and fi is the cosine of the angle between A and k. If the further constraint is imposed 
that the turbulence is invariant under reflections with respect to planes parallel to 
the axis of symmetry then S"' must vanish. Equation (14) is the most general 
expression for axisymmetric turbulence except for an imaginary anti-reflectional 
part which has been omitted here for brevity. This part which describes helicity 
contributes neither to the Reynolds stress tensor nor to the rapid pressure-strain-rate 
correlation. 

Our aim here is to derive expressions valid in axisymmetric turbulence for the 
Reynolds stress tensor and the rapid pressure-strain-rate-correlation tensor in terms 
of the scalar functions appearing in equation (14). For this purpose we will also 
need the expression for a general axisymmetric mean velocity gradient tensor 


kpq^k ( 15 ) 

where a is the rate of strain along the direction of symmetry and u is the rate 
of rotation about the symmetry axis. The relation between the pressure-strain rate 
correlation and the spectrum tensor is given by equations (2) and (3). Due to the 
axisymmetry property, and provided that the axis of symmetry is known, the stress 
tensor is uniquely determined by two scalars, for example 

k = ~UiUj and ~ \XjUiUj 

and the rapid pressure-strain-rate tensor may be quantified by the single scalar 
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With the aid of (14) these quantities may be written 


roc r 1 

k = nj J + N 2 {K,,n))K}dK,dfi 

(16a) 

roo r\ 

u\ = In J J — fi^)K~dKdfl 

(16b) 

= 127rcr f [ A^i(k,/ i)/x^(l — fi^)K^dKdiJ, 

Jo J-] 


— Sttlu f [ 5^(k, //)//(! — fi^)K^dKdfi 

Jo J- 1 

(16c) 


The integral containing does not integrate to zero since 5^ is an odd function 
with respect to /.l, w hich may be deduced from the homogeneity condition = 

keeping in mind that /3 is even and 7 is odd in n. 

(r) 

Equations (16b) and (16c) suggest that an expansion of in terms of the 
Reynolds stress tensor may capture the effects that are associated with the irrota* 
tional straining motion whereas those associated with the rotational part of mean 
velocity field will be completely missed since this latter part is determined by the 
anti-reflectionally symmetric part (S^) of the spectrum tensor and this part does 
not enter the stress tensor variables. 

One may also note that in the case of rotating axisymmetric turbulence will 
be of significant influence even if it is initially zero. This fact is readily seen from 
the dynamical equations for which in the case of rapid pure rotation read 


r iV, = 5^ 

I A 2 = 4cj/i 5" (17) 

[ = iLjfi (A^, - N2) 

Unless the turbulence is initially isotropic, i.e. N\ = N 2 and 5^ = 0 , it is clear 
that the imposed rotation will induce a non-zero . In the pure rotation case the 
solution for A^i, N 2 and exhibit undamped oscillations with 5^ being 90° out 
of phase with the two A^-scalars. The phase varies in time and space as Atutfi so 
that for large ut the integrands in (16b) and (16c) oscillate rapidly in wavenumber 
space leading to cancellation. By partial integration we may obtain the asymptotic 
form of (16b) and (16c) in the case of pure rotation, with initially zero, 


ul = In j ^ - {N\ -f Ar2)|,^o (1 - i?)K^dKd^i 
4 sin( 4 a;f) 2 ”-^2) 

F Jo "" 


Itt 


{4ujty 


dfx 




dK-h 0((a;f) '^) (18a) 
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n 


(^) 

AA 


Sttlj 


4cos(4Ljt) 2 ^(^1 “ ^ 2 ) 
(Aujt)^ jQ ^ 3 // 


dK ^ 0{{ut)~'^) (18b) 


Here we have used the fact that N\ and N 2 must be even in /i and that N] is equal to 
N 2 when K is on the axis of rotation since the turbulence is locally isotropic there. 
As seen from (18a) and (18b) the one-point quantities exhibit damped oscillations 
towards asymptotic states, where the amplitude of the oscillations is determined 
by the initial derivative of the anisotropy (N\ — N 2 ) on the axis of rotation. The 
asymptotic value of u\ is determined by the initial distribution of energy (A^i -h N 2 ) 
in wavenumber space. It appears difficult to capture the character of the damping 
in (18a,b) by any reasonable one-point modelling approach. 

This example of axisymmetric turbulence illustrates one of the main modelling 
difficulties of rotational mean flows and it also suggests that in order to more 
closely capture the rotational effects in a turbulence closure new quantities must 
be introduced. Ideas along this line of thinking have been suggested recently, for 
instance by Reynolds (1989) who introduced the second rank structure tensor Yij. 
For homogeneous turbulence the structure tensor is given by 

J K 

It is however clear that this tensor does not contain any information about the part 
of the spectrum associated with 5^ since = N\ N 2 . An even more general 
approach is to extend the set of variables in the closure from (and possibly Yij) 

to the fourth rank M-tensor itself. A closure for rapidly strained turbulence based on 
the transport equations for the M-tensor involving linear modelling of the occurring 
source terms has been investigated (details of that work will be given elsewhere). In 
the axisymmetric case such a closure predicts an oscillatory, however undamped, 
behaviour of the M-variables in contrast to classical RST closures which reproduce 
no response at all to rotation in the axisymmetric case. The tendency towards an 
asymptotic state is not captured unless the damped behaviour is accounted for in an 
ad hoc manner, for instance by simply adding linear damping terms to the system 
as was suggested by Cambon et al. (1992). 


5. Summary and conclusions 

The recently proposed model of Johansson & Hallback (1994) (JH) for the rapid 
pressure strain-rate in Reynolds stress turbulence models is here presented and 
analyzed in terms of performance for mean flows with different degrees of rotational 
influence. Previously presented models for the rapid pressure strain rate can be seen 
as subsets of the JH model. Practically all models for this term are based, directly 
or indirectly, on an expansion of the fourth rank M-tensor in terms of the Reynolds 
stress anisotropy tensor. The JH model contains all tensorially independent terms 
in such an expansion. 
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Mode! predictions are here compared with RDT solutions, and predictions by 
other models, for various homogeneous (rapid) flow situations, all of which can be 
described by a generic mean velocity gradient tensor containing one variable strain 
rate parameter and one variable rotation rate parameter. 

The JH model gives very accurate descriptions of all irrotational cases, and 
performs significantly better in (rapid) homogeneous shear flow than the other 
models from the literature used here for comparisons. 

In homogeneous shear flow the pure strain and rotation can be said to be of 
equal strength. For cases where the rotational effects are stronger the prediction 
difficulties become quite severe for all Reynolds stress closures. The reasons for 
this were analyzed and found to be associated with parts of the spectrum that are 
averaged out in the transported quantities in classical Reynolds stress closures. In 
axisymmetric cases this is particularly clear and the ’missing’ parts can be seen to 
be those with anti-reflectional symmetry as related to the axis of symmetry (which 
also is the axis of rotation). A closer prediction in cases with strong influence of 
rotation would require introduction of other transported quantities. 
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Appendix 

A. Model functions and parameters 

The complete fourth order model is defined by the expression (7) with 


Qi 


Qi 

Q3 

Q4 

Qs 

Q6 

Qi 


^ - I (4^2 + I 5 B 3 ) I la - - 

-^09B(,-l20B^)IIl (19a) 

-l2Bi-^-B5lIa-^^iB6-m)IIIa (19b) 

- 8 B 2 + 36Bi + ^(lBe-’72Bj)IIa (19c) 

9652 - 365.-, - L gBf, - 72^7)//„ (19d) 

Ba (19e) 

56 (190 


- ^ ^ (2^4 - Bi) I la - L (356 - 5657) ///„ (19g) 
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Qg — -I 6 B 2 “I" 28^3 + — (356 - 5657)//a 

0 , = B4 

where the 5:s are Taylor series expanded as 

B\ = a\ + ot^IIa + a-jllla 


B 2 = 012 + Oi%IIa 
B4 = as B^ = a(, 


B^ = aj + a^IIa 

Bb = aio Bt = a\\ 


After application of the generalized realizability condition we get 
3 


0:4 = 

160 ^ 

3 

a 5 = 

~2 ~ ' 

3 1 

rk6 = 

32 ^" 

9 

a? = 

gai- 

3 / 

ag = 

88 V 
9 

ac) = 

220 


_ 1 _ 

n' 


(19h) 

(19i) 


( 20 a) 

( 20 b) 

( 20 c) 


( 21 a) 
( 21 b) 
( 21 c) 
(21 d) 
( 21 e) 
( 21 f) 


The parameters (ai, a 2 , a^,aio) are denoted by ( 71 , 72 , 71 , 74 ) (oji will not 

(r) 

appear in the final expression for 11, ^0- The optimized values of these parameters 
are 


7 , = -1 /7 72 = 0.0295 73 = -0.0484 74 = 0.1 


( 22 ) 


The corresponding third order model is simply obtained from the fourth order 
model by setting 


3 21 

“ 88 22 ’^' 


3 5 

“ 88 11 ^' 


74 = 0 


(23) 


which, hence, has only one undetermined model parameter. The optimal value of 
7 i is — 1 /7. The corresponding second order model is found by setting 


20 88 220 ^ 


(24) 
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Abstract. Calculations of the three-dimensional boundary layer in an S shaped duct are performed 
with various fc — e models. Three different near-wall models are used for iht k — i model, of which 
one IS using a new set of near-wall damping functions deduced from direct numerical simulations 
of turbulent channel flow available in the literature The results show that it is possible to obtain 
damping functions giving better agreement, especially for k and c, with direct simulation data and 
experiments than with damping functions deduced from trial and error. 


1. Introduction 

As new and more powerful computers become available, the need for turbulence 
models applicable to flows in complex geometries increase. Such flows are common 
in many technical applicalions, e.g. three-dimensional boundary layers on aircraft 
wings, in pumps and turbines etc. For boundary layers adequate resolution of the 
flow close to solid boundaries is essential, especially if the temperature equation 
is solved simultaneously. This had lead to a number of modifications of existing 
high Reynolds number models, such as the original k — e, with the introduction of 
new terms accounting for low Reynolds number effects. The development of such 
turbulence models needs reliable experimental data for calibrating the empirical 
constants of these models and validating the results. 

A basic assumption in the derivation of the original A' - e model is that the flow 
under consideration is at high Reynolds number, thus restricting its applicability 
to flows far from the influence of boundaries, but later extensions have been 
introduced to allow for wall proximity effects. A number of A: - r variants are now 
in use and some of them are reviewed in Patel, Rodi & Scheuerer (1985), Pollars 
& Martinuzzi (1989) and Rodi (1990). 

Finding suitable extensions of the k — e model that will be valid in the vicinity 
of boundaries requires information about their influence on the turbulence field. 
Although there exist a number of careful experiments on aspects of the flow field 
near boundaries, the information that is available is far from complete and affected 
to an unknown degree by measurement errors that become increasingly significant 
as the measuring instruments approach the boundaries. Complete information about 
the flow field near boundaries is now available through the use of direct numerical 
simulation (DNS) of turbulent flows, which can be used to test the modeling of 
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any term in the model equations. DNS is, however, limited to very low Reynolds 
number flows and simple geometries but this does not diminish their usefulness for 
the part of the flow field very close to the boundaries. DNS data is now available in 
plane channels from Kim, Moin & Moser (1987) (which will be referred as KMM 
hereinafter), in a boundary layer Spalart (1988), and in a fully developed flow 
through a square duct Gavrilakis (1992) (for a short review see Mansour 1991). 
Use of DNS data to study the behavior of the A: - e model have been made, among 
others, by Mansour, Kim & Moin (1988) (MKM), Rodi & Mansour (1993). The 
purpose of the present work is to continue the exploitation of DNS data which 
presently is focused on the wall damping functions commonly used with the A: — e 
model. 

The models described above were employed in calculations of a boundary layer 
that develops at the top wall of an S-shaped duct. In this boundary layer, a pressure 
gradient develops that gives rise to a mean cross-flow. The cross-flow changes sign 
when the flow is deflected at the second turn of the S-bend. This flow field produces 
highly anisotropic Reynolds stresses where the difference in the angle between the 
Reynolds stresses and the mean velocity gradient is as much as 40°. The angle also 
changes sign across the boundary layer. 

The present results are obtained with an anisotropic eddy viscosity model where 
a transport equation is solved for the direction of the Reynolds stress in the plane 
parallel to the wall. The model used here is described in Lindberg (1992). However, 
the model is giving Reynolds stress directions close to the direction of the gradient 
of the mean velocity, i.e. close to the standard Boussinesq approximation. The 
results indicate that this is a promising approach, but the model equations need 
some refinement. As the results are similar to the ones obtained with an isotropic 
model the reader is referred to the Lindberg (1992) for a description. A new set of 
damping functions are used with the A: — e model. These functions are obtained from 
DNS data and from physical arguments. It is shown that it is possible to obtain 
results very close to those obtained from the Lam & Bremhorst (1981) model 
(L&B). With a model that is less grid dependent than the L&B model. The main 
advantage of the present model is that the rapidly changing damping functions used 
in the Lam & Bremhorst model are avoided. 


2. Theory 

2.1. The A:-6 MODEL 

The k — € model has become the standard method for calculating turbulent flows. 
However, despite research over a number of years, no standard near-wall modifi¬ 
cations have emerged. Different approaches can be found in the reviews by Patel, 
Rodi & Scheuerer (1985), Pollard & Martinuzzi (1989), Rodi (1990) and others. 

In the present study three different near-wall models are used. They are the ones 
proposed by Lam & Bremhorst (1981) (L&B), by Chen & Patel (1988) (C&P), 
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and one new developed by the author (here referred as the P-AL model). The 
P-AL model is developed by using the results from the asymptotic behavior of the 
different turbulence quantities close to the wall and results from DNS of turbulent 
channel flow. 

All three models solve the transport equations in the whole flow field, and do 
not use the law of the wall. The three different models differ in the definitions of the 
damping functions and the boundary condition for the dissipation. C&P is a two 
layer model which uses a one-equation model close to the wall. Their similarity 
and differences will be discussed below. 

In a Cartesian coordinate system the k and e equations become, in boundary 
layer approximation, 


rrdk ^ 

U— + V—^W—^P- 6-h 
ox oy oz 


d (. vt .dk\ 


( 1 ) 






where f\ and /2 are wail damping functions, discussed below, and P is the pro¬ 
duction term, 


„ _dU _ dW 

P = —ILl)— - VW — — 

dy dy 


(3) 


The boundary conditions for k are the same for all models, namely, 


k-{y = 0 ) = 0 . —((/ 


oo) = 0 


(4) 


For 6 the boundary condition at the wall differs for the different models. At the 
outer edge of the boundary layer the same condition as for k is used, i.e., 

■^{y oo) = 0 (5) 

dy 

It may be more appropriate to impose k,( = 0 ai “infinity”, however, in some 
situations this introduced some oscillations of k. For all calculations made with the 
boundary condition (4) k decreased to almost zero at the outer edge of the boundary 
layer. The constants used are the standard values used by e.g. Chen & Patel (1988) 

= 0.09 C,i = 1.44 Cc2 = 1.92 <7k = 1-0 (7^ = 1.3 

The eddy viscosity is obtained by 

( 6 ) 

where is a damping function, discussed below, analogous to the van Driest 
damping function used for algebraic eddy viscosity models. 
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2.2. Region close to the wall 

Close to the wall, where the local Reynolds number is low, the original e equation 
needs some modification. In this region the physical background to the approxima¬ 
tions made for the high Reynolds number region are no longer valid. As a result 
of this the asymptotic behavior of the exact terms is different from their modeled 
counterparts. To account for the wall region it is therefore necessary to introduce 
the damping functions f\ and /2 in the 6-equation. Some of the physical background 
for the derivation of these functions are outlined below. The analysis is done for 
2D flow, and comparison is made with DNS of turbulent channel flow. A drawback 
of this approach is that the Reynolds number of the DNS is low. The damping 
function derived from the DNS by MKM shows quite large Reynolds number 
dependence (Rodi & Mansour (1990 & 1993). It can therefore be expected that /i 
and /2 also will show quite large Reynolds number dependence. However, for the 
present analysis only the DNS for channel flow with i?e = 180 was available to 
the author. 

The correct limiting behavior of the damping functions close to the wall may 
be obtained by a Taylor expansion of the turbulent quantities. If the fluctuating 
velocity components are expanded in a Taylor series and with the use of the 
continuity constraint one gets, see e.g. MKM, 


^ 02 4- 


= 6+y+2 ^ ^+^+3 ^ ^ _ 


VJ 




= cjy^ + 


(7) 


where a\ etc are functions of x,and time, and + indicates scaling with wall units 
(a complete list of the limiting behavior of all terms involved in the k — e equations 
can be found in e.g. MKM or Speziale, Abid & Anderson 1990). The results from 
the DNS of 2D channel flow by KMM show the following approximate values for 
the most important constants, 


<^. = 0.36 c+„.,=0.I9 


( 8 ) 


The value of aj*” has also been determined experimentally for higher Reynolds 
numbers by Alfredsson, Johansson, Haritonidis & Eckelmann (1988), they found 




With use of the Taylor expansions of w, v and w it is possible to obtain the near 
wall behavior of the other turbulent quantitie as well. 


fc"" = 5 ((a|^ + + 2{a+a+ + c+c+)y+3 .. 

. /'du+\^ fdw^\^ 

^ ( dy+ j \ 9i/+ j ~ 


(9) 


+ c]*-^ + 4(a+a^ + cl4)y'^ + ■ • -(^O) 
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uv '*’ = 6 +bj + aj ^>2)1/^* 


+ ... 


( 11 ) 


Close to the wall, where the mean velocity varies linearly, = j/"*", equation 
(11) gives for the eddy viscosity. 


= 


—uv' 




--a+6 +2/+-V ... U+= 


dU+ 

dy+ 


( 12 ) 


If the wall limiting behavior of i/t,k and r are inserted in (6) this gives the 
correct behavior of close to the wall, which is. 


/m~-T 


(13) 


In analogy with the analysis made for the limiting behavior of the damping 
functions f\ and /2 may be obtained from the constraint that the modeled and the 
exact terms for the production of dissipation and destruction of dissipation terms 
ought to have the same asymptotic behavior. This gives (see Speziale, Abid & 
Anderson 1990), 


/i = 0(1) 

/2 ~ 

close to the wall. 


(14) 

(15) 


2.3. Different near wall approaches 
2.3.1. The model used by Chen & Patel 

This is a two layer model where only the k equation is solved close to the wall, 
see e.g. Chen & Patel (1988) and Norris & Reynolds (1975). In the wall region e 
IS calculated of the one and two equation models. The interface is situated at the 
location where the Reynolds number Ry = 250, below this point e is obtained as 


€{Ry < 250) = 


kV2 

h 


where U is a length scale and 


(16) 


(17) 


The eddy viscosity, vt, is calculated using (6) when Ry > 250. For Ry < 250, vt 
is calculated using only k, i.e. 


Ry < 250: C^lf^Vk Ry > 250 : Ot = C^f, 


k^ 


(18) 
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The two length scales 1^ and and the damping function is not important for 
this model due to the fact that it is only used for Ry > 250. Instead it is the limiting 
behavior of le and that may be important. To be consistent with the asymptotic 
behavior of e and ut, equations (9-12) give the following requirements for le and 


/+ = ~ y+^ 

(19) 

It = ''^r- ~ 2/^' 

(20) 

Chen & Patel (1988) suggest 


h = Ciy (l - 1,, = Ciy (l - 

(21) 

where Af = 70.0 C( = = 2C| = 5.0 



Close to the wall the length scales in (16) are equivalent to, (9) and (17) give 


It 


Ciy+Ry 


,+3 




^ +3 


( 22 ) 


Hence, le will have the correct asymptotic behavior, whereas l^ will not. How¬ 
ever, the limiting behavior close to the wall may not be critical for the overall 
behavior of the model, due to the fact that the eddy viscosity is small compared to 
the molecular viscosity close to the wall. It may be more important that the length 
scales used give the correct boundary conditions for the two equation part of the 
model. If the length scales are compared with the DNS data from MKM, (Figs 1 
and 2), it is seen that follows the DNS data much closer than le does. The length 
scales, l^ and le, are used for R^j < 250, in the figures the maximum Ry is about 
120. In Rodi & Mansour (1990) a comparison between the length scales and DNS 
data for both channel flow and boundary layers can be found. 

The damping functions, /i, /i and will have an almost negligible influence 
on the results due to the fact that they are very close to 1.0 for Ry > 250. They are 
almost the same as the one suggested by L&B, with small changes in the various 
constants. 




( 23 ) 
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Fig. 1. Comparison of It used by C&P, and It calculated from DNS by MKM 




Fig. 2. Comparison of used by C&P and calculated from DNS by MKM. 

/2 = 1 - 

where Rt = 


( 25 ) 
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To obtain a continuous eddy viscosity at the interface has to be equal to l^/l^ 
for Ry = 250. This is not the case, for Ry = 250 v^e have 

/^ = 1.00 I, = 0.91 and = 0.99. 


2.3.2. The Lam & Bremhorst model 

The model suggested by Lam & Bremhorst (1981) was one of those found best in 
the review by Patel, Rodi & Scheuerer (1985). It is here used in the variant named 
“LBl” by Patel et al. (1985) where it differs from the original by the boundary 
condition for 6, which is taken as 

|i=0 y = Q (26) 

dy 

The damping functions were obtained from physical arguments and the con¬ 
stants were optimized by trial and error 



f2 = \- e-«T (29) 


If the asymptotic behavior of k and e are used together with the numerical values 
given in (8), one obtains 

/,x = 0(l) (30) 

~ (0.2 + 0.004/)3 

h ~ 1/+* (32) 


None of these functions have a correct asymptotic behavior close to the wall. 
Special attention should be given to f\. If the Reynolds numbers are taken from 
DNS data it has a maximum value greater than 100, i.e. it gives a value about two 
orders of magnitude greater than the original equation without damping function. 
These functions are compared with the MKM data below. 
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2.3.3. A new model based on direct numerical simulations data 

The new model follows the same approach as Lam & Bremhorst (1981), but it 
uses different expressions for the damping functions and has a different boundary 
condition for e. Due to the fact that 6, or its derivatives, do not vanish at the wall, 
as k does, there is no simple way to obtain a boundary condition for e. In the A: — 
models reviewed by Patel et al. (1985) a number of different boundary conditions 
for €, expressed in terms of k or its derivatives were used. None of these suggested 
boundary conditions were compatible with the Taylor expansions (9-11). Equation 
(10) may give a boundary condition for r if the value of a'l and cf can be found 
and can be treated as universal constants, in the same way as the additive constant 
in the log-law. As mentioned before, there seems to exist such a value which was 
obtained from the DNS by KMM and from the experiments (in air, water and 
oil) by Alfredsson, Johansson, Haritonidis & Eckelmann (1988). These references 
suggest that over a wide Reynolds number range, up to Reynolds number 28000 
based on boundary layer thickness, the value of r at the wall is 


f+ = a]^^ + r^‘ = 0.2 (33) 

Here the value obtained by KMM, r"*" = 0.17, is used as boundary condition 
for c. Th is value may be too high when three-dimensional effects are important. In 
the DNS of channel flow with a transient spanwise pressure gradient Moin, Shih, 
Driver & Mansour (1990) found a value of e at the wall which was slightly lower. 

The damping functions f \, /i and were obtained by fitting curves through the 
DNS data obtained by MKM. The exact terms for the production and destruction 
of 6 calculated from the DNS data were compared with the modeled terms and the 
damping functions. In the notation of MKM the following expressions were used 


/l = 

P.'+P^ 

CuiP 

(34) 

/2 = 

-p^ + y 

a A 

(35) 


For ffj, the Reynolds stresses obtained from the DNS data were compared with 
the Reynolds stresses obtained from the eddy viscosity, see equations 6 and 12. 
The fitted curves were chosen so that the behavior close to the wall followed the 
Taylor expansions discussed previously. 


u = 


tanh{Q.00039y+^) 


tanh{0.0025y+^) 


(36) 


( 37 ) 
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= 1.0 - (38) 

These three functions have almost the correct asymptotic behavior prescribed 
by equations (13-15) and all three approach unity for large {y’^ > 50). The max¬ 
imum value of /i is less than 3.0. The expression for fi is not exactly proportional 
to y~^^ near the wall, however the difference is very small. 

Rodi & Mansour (1993) found from the DNS used in the present work that 
did not approach unity in the core region for Re = 180, but did so for their higher 
Reynolds number. For this reason the damping functions f \, /2 and are obtained 
from DNS data normalized with their value in the core region, so they all approach 
unity, before the curve-fitting is done. This proved to give better results than if the 
damping functions were fitted to the “unnormalized” DNS data. Calculations with 
different damping functions also showed that although etc are equal to unity for 

> 50, they influence the behavior of the model in the whole boundary layer. 

2.4. Discussion 

The different models can be summarized in the following table where the equa¬ 
tion numbers are given for the damping functions, eddy viscosity and boundary 
condition used for each model. 


model 


/• 

/2 

B C for c 

I'f 

C&P 

23 

24 

25 

16 

18 

L&B 

27 

28 

29 

26 

6 

P-AL 

36 

37 

38 

33 

6 


The damping function is used to give an eddy viscosity that is not too large in the 
viscous sublayer, in analogy with the van Driest damping function. The asymptotic 
analysis gives that should be proportional to l/y'^. Figure 3 shows that the 

used by L&B and C&P are approximately constant for y'^ < 5, but follows 
approximately the DNS for 2/+ > 5. However, they approach 1.0 significantly 
slower than the DNS. 

The two other damping functions f\ and /2 (Figs 4 and 5) are also used by C&P 
but only for Ry > 250 where they will be approximately equal to 1.0. The function 
/i used by L&B has a very large amplitude around y'^ = 5, with a maximum value 
> 100, if the Reynolds numbers are calculated from DNS data, which is about 
two orders of magnitude larger than the direct simulation data shows. This large 
amplitude is an unphysical feature of the model used and can only be justified by the 
reliability of its results. The large amplitude is necessary for the correct behavior of 
this model. This has been established by test calculations in which /i was limited to 
10, motivated by the fact that the high value of f\ gave some numerical difficulties. 
However, with f\ < 10 the results were totally different, and the model could 



3D BOUNDARY LAYERS 


149 



-Qicn &. Paid 

-Lam &, Bremhorst 

-Lmdberg 

O Direct Simulations 

□ Direct Simulauons, Normalized 

-rn 

I 5 


Fig 3 Companvson of used by L&B and P-AL and calculaled from DNS and MKM 


not calculate a 2D boundary layer correctly. Numerical difficulties, such as grid 
sensitivity, slow convergence etc., has also been reported by others, e.g. Chen & 
Patel (1988). The explanation for this grid dependence is probably the fact that the 
function /j varies between 1-100 where at most a few grid points are used. 

The damping functions used by L&B and C&P use the turbulent kinetic energy, 
/r, as a velocity scale instead of the friction velocity which is used in the P-AL 
model. The fnction velocity is probably physically more correct, for flows where 
it is meaningful to define a friction velocity, since it is the velocity scale which 
is appropriate for the mean velocity and the turbulent fluctuations. However, for 
complicated flow fields, especially when recirculation occurs, the friction velocity 
calculated at the wall is not the correct velocity scale to use. In these cases the 
kinetic energy may be a better choice. The Reynolds number dependence shown 
by Rodi & Mansour (1993) may indicate that the Reynolds number also should be 
a parameter in the damping functions. 

Apart from the many different expressions for the damping functions there also 
exist many suggesions of how the boundary condition for e at the wall should be 
expressed. Two different approaches can be used, either a boundary condition for e 
or for the variable I, where e is equal to € plus an extra term that vanishes away from 
the wall. The latter approach has the advantage that e, can be set to zero at the wall, 
but no significant improvement of the results has been achieved (Patel et al. 1985). 
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Fig. 4. Comparison of fi used by L&B and P-AL and /i calculated from DNS by MKM. 
Note that the maximum value of fii&B > 100. 



-Lam Si Bremhorsi 

Lindberg 

O Direct Simulauons 

□ Direct SunuliDons, Normalized 


Fig. 5. Comparison of /2 used by L&B and P-AL and /2 calculated from DNS by MKM. 
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From equations (9 & 10) some of the conditions reviewed by Patel et al. (1985) can 
be examined. To set the derivative of t to zero requires that 

This value may be small, which also is used in another suggestion where 
f = vd^kjdx^ is used as boundary condition for 6. However, this condition has the 
disadvantage that a second derivative has to be calculated at the wall, which may 
cause numerical difficulties and thereby cause a solution with low convergence rate 
and/or a large grid dependence. The boundary condition used in the P-AL model 
IS very convenient from the numerical aspect, although it has the disadvantage of 
being dependent of the assumption that the values of and can be treated 
as universal constants. Future direct simulations and experiments of different flow 
fields will show if this is an adequate boundary condition to be used for various 
three domensional flow fields. 

3. Results 

3.1. The FLOW FIELD 

Two different flow fields are used for the comparison of the different models. First a 
two-dimensional boundary layer is used where the calculated results are compared 
with the DNS data from MKM. For comparison with experimental results the 
detailed measurements of the flow field in an S duct, Truong & Brunet (1992), 
have been used. The duct in this experiment has a 3m long straight inlet section, a 
3m S-haped section followed by a 3m straight section for flow relaxation (see Fig. 
6). Careful measurements of all mean velocity components and all six Reynolds 
stress components at 21 stations at the inlet and at 24 stations in the curved part 
of the duct were made. These measurements were made in the boundary layer that 
develops at the top wall of the channel. The top wall is constructed by an aluminum 
plate equipped with about 1000 pressure taps. The experiments were made with 
Re ^ KXKKK), based on the external velocity and boundary layer thickness at the 
beginning of the curved part. A comparison of the outcome from several different 
turbulence models and solution techniques can be found in Ryhming, Truong & 
Lindber(1992). 
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The flow field in the S-duct serves as an excellent test case for turbulence models 
aimed for use in highly three dimensional flow fields. The geometry of the channel 
is simple which means that it is easy to obtain a suitable mesh for the calcula¬ 
tions. However, the flow field is far from simple to model. In the core flow of the 
curved part of the channel there is a balance between the centrifugal acceleration 
and a spanwise pressure gradient. The pressure gradient is approximately constant 
through the boundary layer, whereas the velocity is smaller in the boundary layer. 
Hence, the balance between the pressure forces and the centrifugal forces is not 
sustained in the boundary layer. This imbalance is the cause of the three dimen¬ 
sionality in the boundzuy layer. A similar type of boundary layer may develop on 
three dimensional swept wings, on turbine blades etc. Furthermore the imbalance 
between the two forces changes sign in the double bend of the duct, which pro¬ 
duces a cross-over velocity profile, i.e. the velocity component perpendicular to 
the external streamlines will change sign in the boundary layer. 

3.2. Numerical METHOD 

The calculations were made with a boundary layer code. The external flow field 
was calculated from the Euler equations using the measured pressure distribution 
as input. In the first straight part of the duct is the pressure sparsely measured. 
This introduces an uncertainty in the stream line patterns which will influence the 
computed results. 

The boundary layer equations are discretized using second order discretization 
schemes in all directions. The step length in the x-direction (stream wise direction) 
was chosen small enough to give stable solutions, which meant about 400-800 
steps. In the z-direction (span wise direction) about 20 stream lines were used, and 
in the ^/-direction an uneven grid spacing has been used with 120 points across the 
boundary layer, for further details see Lindberg (1991). 

As inlet conditions for the calculations, the measured velocity and turbulent 
kinetic energy profiles in the stream wise direction were used. 

3.3. Results FROM A 2D BOUNDARY LAYER 

As a first test case for the various adoptions of the fc - e models a two dimensional 
boundary layer was calculated. The Reynolds number was the same as for the 
experiments in the S-duct, i.e, ~ 100000 and the equations were integrated long 
enough to give a solution independent of the stream wise direction, when scaled in 
wall units. The difference in Reynolds number between the present calculations and 
the DNS data is of course a drawback. It would also be more suitable to compare 
with DNS data from a boundary layer calculation, but the author did not have access 
to such data. However, close to the wall ( 1 /“^ < 20-30) the comparison is meaning¬ 
ful due to the fact that in this region different flow fields show small dependencies 
on the Reynolds number and flow geometry. In Fig. 7 the mean velocity, k and 
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6 are shown in wall coordinates. The mean velocity is best calculated with the 
C&P model, which is giving a mean velocity that follows the logarithmic profile 
very well. The L&B and the P-AL models are giving very similar results, with 
an additive constant somewhat smaller than the DNS. A smaller additive constant 
may be expected in these calculations though the Reynolds number in the present 
calculations is much higher than the one used in the DNS (Johansson & Alfredsson 
1982). 

Although the C&P model is best in calculating the mean velocity k and e are best 
reproduced by the P-AL model. The mean velocity is of course the most important 
variable to calculate, but in many practical applications the value of k may also be 
of importance, for example in turbulent mixing, flows with chemical reactions etc. 
Further, a model that is able to reproduce the correct /.’-profile is more likely to give 
correct results for more complicated flows. It has also been pointed out by Lai & 
So (1990), who examined the near-wall behavior of the Reynolds stress equations, 
that a good representation of the dissipation rate is important for the result from 
the Reynolds stress equations. 

3.4. Results from the S-ouct 

In the straight part of the S-duct, where the flow field is almost two-dimensional, it is 
possible to compare the three different k-e models with the experiments and, very 
close to the wall, with the DNS data (Fig. 8). In this station the flow angle is about 
4-5° This results in a diference between the magnitudes of the mean velocity in the 
j -direction and the total mean velocity of less than one percent. The experimental 
mean velocity has a well pronounced logarithmic part but the additive constant is 
smaller than what is found in a fully developed 2D boundary layer and the friction 
velocity obtained from the logarithmic part of the velocity profile [ur = 0.96m/.s) 
differs from the one obtained with the Preston tube and surface fence techniques 
[ur = 0.877^^ /s). These differences from the fully developed mean velocity profile 
is uncertain. Note, that due to the large span in the measured friction velocity both 
the calculated and experimental data are normalized with value obtained from the 
calculations = O.Srn/s. 

The mean velocity obtained with the C&P model is in close agreement with the 
DNS, which predicts a larger velocity for small ^ ^ as compared with the experi¬ 
ments. The L&B and P-AL models are in better agreement with the experimental 
mean velocity. The difference between the C&P model and the other models may 
be due to the former using a one-equation model for y-\- < 200. With just one 
equation in this region the result may be too dependent on the length scales used. 
These modeled length scales are best fitted for the fully developed profiles for 
which they were designed. However, the differences are small, and all models are 
giving results that are accurate enough for many applications. 

The Reynolds stresss uv is captured very well by the three models, except that 
the C&P model does not give the correct shape very close to the wall. This is due 
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Fig 7 Calculation of a 2D boundary layer {Reo ~ 1000000), L&B, C&P, P-AL and DNS 
by MKM Rcr = 180), all calculations are normalized with the respective fnction velocity 


to the length scale, giving the eddy viscosity, which does not have the correct 
limiting behavior as was noted earlier 

The predicted k profiles (Fig 9) show larger differences between the P-AL and 
the L&B models than the predicted mean velocities The only k profile that closely 
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Fig. 8. Comparison of experimental results, DNS by MKM and calculated results using the 
L&B, and C&P and P-AL near wall models in the S-duct. W'^,uv‘^ and in station 
X = 2950 mm z = 500 mm. The friction velocity obtained from the experiments from 
the log-law is 0.955 mjs and from the Preston tube measurements 0.886 mjs and from the 
calculations UrP — AL = 0.7953 mf s^UtlblB = 0.7957 m/ s^UrcsiP = 0.7970 m/s, the 
experimental and calculated results are normalized with Ur = 0.796 m/s. 




Fig 9 Companson of expenmental results, DNS by MKM and calculated results using 
the L&B, and C&P and P-AL near wall models in the S-duct fc"*" and in station x = 
2950 mrn &. z = 500 mm The fnction velociUes obtained as in previous hgure 
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follows the direct simulation data for small j/'*", which is the only region where 
such comparison is meaningful in view of the difference in Reynolds number, is the 
results from the P-AL model. The P-AL and L&B models gives higher k'^ than the 
DNS results, whereas the C(&P model gives a lower However, the maximum 
value of k in the experiments is probably larger than the DNS results closer to 
the wall (where no measurements are available). This can be judged from the fact 
that the maximum value of the measured k, when the friction velocity obtained 
from the Preston tube measurements are used, is fr"*" = 3.7, whereas the maximum 
value of k^ normally is between 4 and 5, (e.g. Patel et al. 1985). The calculations 
give a friction velocity which is lower {iirad ^ 0.79 m/s) than the Preston tube 
measurements {'HrPreston = 0.89 m/s). 

There does not exist any measurements of the dissipation, so the only available 
data are those from the DNS. The boundary conditions for e used in the L&B 
and C&P model are giving a value of at the wall of about 0.05-0.10, which is 
quite different from the DNS by KMM that gives — 0.17 and the experiments 
by Alfredsson et al. (1988) giving (^ — 0.2. The P-AL model is in quite good 
agreement with the direct simulation for ij'^ < 7. The local maximum in e around 
^ 15 is overprcdicted by all models, although less by the P-AL model. Although 
the agreement is very good for all models above this local maximum, a comparison 
may not be meaningful due to the difference in Reynolds number. 

Further downstream in the S-bend the experimental velocity profile in the x- 
direction still has a pronounced logarithmic region (see Fig. 10), which is probably 
wider if the velocity was plotted in stream line coordinates. The results from the 
different models is about the same as found in Fig. 8. The C&P model gives a mean 
velocity profile which is quite close to the log-law profile and the mean velocity 
is therefore slightly ovcrpredicted by this model than by the other models. The 
friction velocity obtained from the calculations {iitP-al = 0.802 rn/s, Uji^lU = 
0.804 m/smAiircgiV ~ 0.766 m/s) differ from the Preston tube measurements 
{vrFrvston = 0.885 m/s) also at this station. The underprediction of the friction 
velocity is about 107o which may be too large to be acceptable. Some, but not all, 
of this difference may be accounted by the overprcdicted external velocity. 

The difference between the L&B and P-AL models is not visible when the 
mean velocity is plotted in linear scales. In the S-bend (Fig. 11) the differences 
between the P-AL and the C&P model are quite small regarding the mean velocity, 
and the reason for the discrepancy is discussed ealier. The difference between the 
experimental and calculated results at the outer edge of the boundary layer is, as 
mentioned before, due to the inaccuracy of the external solution. The Reynolds 
shear stresses are slightly better predicted by the P-AL model than the C&P model, 
but the differences are not bigger than the scatter in the experimental data. For 
the station outside of the valid domain for the calculations (Fig. 12) the P-AL 
model captures the behavior close to the wall quite well whereas the C&P model 
is capturing the outer part well. 



158 


PER AKE LINDBERG 


WAi.AUAi. 



Direct simulations 
Experiments 
Chen A Patel 
Lam A Bremhont 
Lindberg 


y Mr / V 



Fig. 10. Comparison of experimental results and calculated results using the L&B, 
C&P and P-AL near wall model in the S-duct. Showing , ut; * , vw *, in sta¬ 

tion X = 5005 mm & z = 1150 mm normalized with Ut = 0.79 mj s,Utp-al = 
0.802 m/s, Ur LAB = 0.804 m/a, UtCAP = 0.766 m/s, UrProton = 0.885 m/s. 


4. Conclusions 

Calculations have been made of the three dimensional boundary layer in a S-shaped 
duct, where different turbulence models have been used. 

The near wall behavior of three different k — e models have been tested. The 
results show that it is possible to obtain as good results with the new model presented 
here as with the ones presented by Lam & Bremhorst (1981) and Chen & Patel 
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Fig. 11. Comparison of experimental results and calculated results using the L&B. C&P and 
P-AL near wall model in the S-duct. Showing f/, W^uv and wv^ Uoo = 18 m/s, in station 
X = 4700 mm & z = 730 mm. 


(1988). The numerical difficulties reported by Chen & Patel (1988) and others for 
the Lam & Bremhorst model is probably due to the large amplitude of the damping 
functions that are used, these problems are not present with the P-AL model. The 
P-AL is easier to implement than the C&P model as it is a one-layer model. In 
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Fig. 12. Comparison of experimental results and calculated results using the L&B, C&P and 
P-AL near wall model in the S-duct Showing U, W,uv and wv, Uoa = 18 m/s, in station 
X = 5005 mm & 2 = 1150 mm 


comparison with the C&P model the P-AL model seems to be slightly better to 
predict flows which do not have a standard log profile. The damping functions are 
deduced from the DNS of Mansour, Kim & Moin (1988) with = 180. The 
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behavior of the P-AL model can probably be improved by using DNS made with 
higher Reynolds number, such as the one used by Rodi & Mansour(1990 & 1993). 

To further test the turbulence models the author suggests that the measurements 
in the S-duct be extended close to the wall. This is probably too difficult to do 
with multiple wire probe, but with a single wire it is probably possible to measure 
closer to the surface, which of course only can give the streamwise velocity. 
However, measurements of the streamwise mean and fluctuating velocity should 
help the further development of turbulence models. It may give a clue as to why 
the turbulence models give a friction velocity which is 10-15% too low. Finally, 
further improvement can be expected with a more representative external flow 
field. 
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Abstract This paper presents a survey of undisturbed flows that take one or another of the held 
equations of inviscid shear flow instability theory (e g. the RAYLEIGH equation, Taylor-GOLDSTEJN- 
H AURWiTZ equation or the Kuo equation) lo a differential equation satisfied by a known transcendental 
function for arbitrary complex values of the parameters. Some mean velocity profiles having this 
feature are well known. Thus, piecewise linear mean velocity profiles take the RAYLEIGH equations 
to a constant-coefficient differential equation and the exponential mean velocity profile takes the 
Rayleigh equation to the Gauss hypergeometric equation. Less well known is the fact that a variety 
of mean velocity profiles lake the Rayleigh equation to a differential equation due to Karl Heun. 
These profiles include: (i) the sinusoidal profile; (ii) the hyperbolic tangent profile (an example 
pointed out by MILES (1963)); (iii) the profile in the form of the square of a hyperbolic secant (the 
BICKLEY jet); and, (iv) a skewed velocity profile in which each component has the form of a quadratic 
function of the variable exp(— 2 //) (in which z is the cross-stream coordinate and I is a length scale). 
In all of these cases, one or another author has previously identified a regular neutral mode solution 
of the Rayleigh equation and has expressed that solution in the form of elementary functions. 
Such regular neutral modes apparently represent cases in which the solution of HEUN’S equation 
(which is normally an infinite series) truncates to a single term. The survey concludes by noting that 
the parabolic mean velocity profile takes the Rayleigh equation to the differential equation of the 
spheroidal wave function. 

Key words: shear-flow instability, inflectional instability, stratified shear flow, barotropic zonal 
currents, exact solutions 


1. Introduction 

One standard method for analyzing the stability or instability of a shear flow is 
to begin by writing down both the set of equations of motion of the flow in some 
reference state and the corresponding set of equations of motion in some disturbed 
state. By subtracting the former set from the latter and linearizing for small distur¬ 
bances, one obtains a set of linear partial differential equations in physical variables 
for the disturbance quantities. There may by a set of cartesian or curvilinear coor¬ 
dinates relative to which the velocity components of the undisturbed flow depend 
upon only one variable (the cross-stream coordinate), and are either nonvarying or 
slowly varying with respect to the other coordinates (the propagation-space coor- 

* Dedicated lo M4rten T. LandahJ on the occasion of his sixty-fifth birthday by a former apprentice 
as a token of his respect and gratitude. 
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dinates). In that case, one may seek solutions of the small disturbance equations by 
the method of separation of variables. Such solutions typically exhibit exponential 
travelling-wave character with respect to the propagation-space coordinates and 
more arbitrary character with respect to the cross-stream coordinate. If, as is usu¬ 
ally the case, the travelling-wave character of the disturbances is manifested by 
a common exponential factor, then by cancelling this factor one obtains a linear 
homogenous set of ordinary differential equations for the unknown shape functions 
(one corresponding to each dependent variable), which collectively represent the 
cross-stream dependence of the disturbances. The term field equations in the theory 
of shear flow instability, as appears in the title of this paper, refers to such a set of 
ordinary differential equations. 

In a typical instability problem, one seeks solutions of the classical field equa¬ 
tions subject to a full set of homogeneous boundary conditions. Such boundary 
conditions may express the condition of impermeability of a wall, the condition of 
no slip at the interface between a viscous fluid and a solid wall, the condition that 
disturbances decay to zero in a remote free stream, or whatever other condition 
suits a particular physical situation. The homogeneous system of equations subject 
to the full set of homogeneous boundary boundary conditions has nontrivial solu¬ 
tions only if the parameters are related to each other in a particular way and the 
equation that relates those parameters is the dispersion relation or the eigenvalue 
condition of the problem. 

A modern author who formulates a novel shear flow instability problem and 
develops the theory for it to the point of reporting u dispersion relation, will nearly 
always obtain that dispersion relation by numerical means. A novice to the subject, 
however, normally does well to work through a few simple problems in which 
one can obtain the dispersion relation analytically before attempting to program 
a computer to solve more ambitious problems. At that stage of learning, such a 
novice (and a professor who must find ways to teach the subject to novices) has 
a need for a catalog of solved cases, in particular a list of undisturbed flows for 
which one or another of the classical field equations of shear flow instability is 
solvable in terms of known transcendental functions for arbitrary complex values 
of the parameters. The object of this paper is to present such a list. 

Exact solutions of the field equations of linear stability theory are of value in 
applications other than the teaching of the subject to novices*. Some perturbation 
methods for generating approximate solutions of nonlinear problems make use 
of an amplitude parameter whose value is presumed to be infinitesimal in the 
linear theory. The nonlinear problem is decomposed into a sequence of linear 
problems, the first of which is homogeneous and corresponds to the the equation for 
infinitesimal amplitude disturbances. To carry out the details of such a perturbation 
scheme, one must be able to solve the leading order problem, and must, therefore, 
have a solution of the linear equation at one’s disposal. In this respect, a catalog 


I am indebted to a referee for calling my attention the main point of this paragraph 
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of solved cases of linear equations might be of interest to persons who apply such 
perturbation methods to solve weakly nonlinear problems. 

Among the inferences one may draw from this survey are the following. First, 
there are very few examples of undisturbed flows for which the classical field equa¬ 
tions for the disturbances are solvable in terms of known transcendental functions 
for arbitrary complex values of the parameters. Secondly, when the field equations 
for the disturbances are solvable, the transcendental functions that solve them are 
often unwieldy. Thirdly, if one is willing to put up with the unwieldiness of an 
exact solution, one can escape some of the limitations of numerical solutions. 

2. Field equations in inviscid flow problems 

In the case of inviscid flows, there are three classical field equations with so many 
mathematical features in common that one is led to discuss them as a group. First of 
these is the Rayleigh stability equation (RAYLEIGH, 1880) Suppose that the mass 
density of the fluid is uniform in space and constant in time. Suppose further that 
the undisturbed flow has straight streamlines, is steady in time, and that its velocity 
field U is everywhere parallel to a reference plane V. Let (.r, //, z) be cartesian 
coordinates oriented so that :: is normal to V. Then the cartesian components of 
the velocity field corresponding to the cartesian position components (.r, /y, z) are 
0). One may arrange the equations of motion for the disturbance 
velocity into a single partial differential equation for the cross-stream velocity 
component w. In this partial differential equation, the coefficients depend only 
on the cross-stream coordinate c and one is led to seek solutions in the form of 
travelling waves, i.e. 

w{.r,y,z,i) = ;,u;)exp(i(fv.r + ftij - u;/)]}. (1) 

If one substitutes (1) into the partial differential equation for w, one obtains the 
celebrated equation of RayleigH (1880) 

\kQ{z) - uj] - k-w'j - w' = 0 . (2) 

Here k is defined in terms of a and /3 by the definition ee O?- + (fi. The 
quantity Q{z) is defined in terms of previously defined quantities by the equation 

kQ{z) = aU[z)^l3V[z). 

One may rewrite the RAYLEIGH equation in several equivalent forms, one of 
which is 

Tz “ “I'S {kQ{z)-u,) } ■ - "I” = " ■ 

in which p is the mass density of the fluid. If one relaxes the assumption that 
the fluid is of uniform density and supposes that the cross stream coordinate z is 
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directed parallel to the gravitational vector and measured positive ‘up’, then the 
field equation one obtains as a generalization of (3) is 

Tz ■ "''I { tQ{z)-u ) } - - “I” 

^,2 ( ^ 

^dz \kQ{z) - u 

in which p{z) represents the distribution of density versus height in the undisturbed 
flow. Equation (4) has the same meaning as equation (281) on page 499 of YlH 
(1969). The result is due to Taylor (1931). GOLDSTEIN (1931), and Haurwttz 
(1931). 

A flow instability problem that gives rise to a differential equation similar to 
the Rayleigh equation occurs in geophysical fluid dynamics. Drazin & Howard 
(1966, p 51) summarize the assumptions leading to this problem as follows (I have 
introduced minor variations of notation): 

For large-scale (« 10^ km) motions of the earth’s atmosphere or oceans, it is customary 
to neglect the kinematic effects of the earth’s curvature and use rectangular Cartesian 
coordinates, but to retain the more important dynamic effects of the variation of the 
Coriolis parameter / = IHsinA with latitude A. This is done in the beta-plane 
method of ROSSBY [cf. Kuo (1949)]. With this approximation, it can be shown that 
the only modification to the stability of an eastward horizontal basic flow U = U{z)t 
relative to the earth is the addition of /k to the relative vorticity U'{z)k, the earth 
having angular velocity n(cos Aj -f sin Ak). Kuo (1949) has show that this leads to 
the stability equation 

(a(z,-c|(g?-„v)-(g-4). = o 

by the usual methods for two-dimensional disturbances, where /3 = df /dz is usually 
approximated by a constant and 2 by the product of the local value of A and the radius 
of the earth. 

Here c = cj/a is the complex frequency of the disturbance and ip is the shape 
factor in travelling-wave representation of the disturbance stream function. One 
must not confuse the derivative ^ of the Coriolis parameter / in (5) with the 
spanwise wavenumber parameter (5 as used elsewhere in this paper. Of course, (5) 
has a mathematical structure with many features in common with (2). 

3. Mean flows that take one or another inviscid held equations to solvable 
form 

3.1. Mean flows with piecewise linear velocity distributions 

The oldest exact solutions of field equations belonging to the family represented 
by equations (2), (4), and (5) are those obtained by Kelvin and Rayleigh in the 
last century under the assumption that the form of the velocity distribution in the 
undisturbed flow is piecewise linear. Drazin & Howard (1966) present a full 
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review of solutions of this kind with references to the earlier literature. These 
solutions remain the most instructive simple analytical models for the kinds of 
physical phenomena captured by the Rayleigh equation and its generalizations. 
Since these results are well known and frequently discussed, I will not discuss them 
further here. 

3.2. TOLLMIEN’S solution OF THE RAYLEIGH EQUATION ABOUT AN ISOLATED 
CRITICAL POINT BY THE METHOD OF FROBENIUS 

If the function z kQ{z) - u; is analytic in > 2 : and has a simple zero at the point 
z = Zc, then that point is a regular singular point of the RAYLEIGH equation (2) 
and the method of Frobenius is at one’s disposal for generating convergent series 
representations for a linearly independent pair of exact solutions in a neighborhood 
of that point. Tollmien (1929, 1935) seems to have been the first to have studied 
these solutions in detail. One finds that the indicial exponents belonging to the 
singular point at z — equal zero and one. A general feature of the method 
of Frobenius is that if the indicial exponents are distinct, then one can always 
construct a linearly independent set of solutions such that each solution belongs to 
one and only one of the indicial exponents. In the case of the RAYLEIGH equation 
(2), the solution that belongs to the indicial exponent one is analytic at z = z^ 
and has a first order zero there. Since the indicial exponents differ by an integer 
(in this case one), the possibility of a solution with a logarithmic branch point 
arises and if Q”{zc) the solution belonging to the indicial exponent zero does 
indeed have such a branch point. TOLLMIEN applied these solutions in a number 
of ways. In his 1880 paper, RAYLEIGH had proved his celebrated inflection-point 
theorem, i.e. that a necessary condition for the existence of a temporally growing 
solution of the instability problem is that the second derivative of the undisturbed 
velocity distribution Q{z) vanish somewhere between the boundaries. In his 1935 
paper, TOLLMIEN applied his FROBENIUS series solutions to extend the scope of the 
Rayleigh inflection-point theorem. Thus, Tollmien showed that if the regular 
singular point z = Zc is real valued then the REYNOLDS stress associated with 
the disturbance is piecewise uniform on either side of that singular point. If, in 
particular, there is only one real root of the equation kQ{z) — lj = 0, then this 
piecewise uniformity of the REYNOLDS stress is compatible with homogeneous 
boundary conditions for the disturbances only if the jump in REYNOLDS stress 
across the singular point vanishes. In the mean time, TOLLMIEN’s Frobenius- 
series solutions show that this jump in the REYNOLDS stress is directly proportional 
to Q”{zc) and to other factors that are nonzero if the solution is nontrivial. It 
follows that Q"(zc) must vanish, i.e. the mean velocity distribution must have an 
inflection point. In summary, an inflection point is necessary if there is to be a 
solution with a real valued singular point z = Zc- For such a mode, the complex 
phase velocity is real valued and if the wavenumber k is also real valued, the 
exponential amplification rate is zero. Modes with zero exponential amplification 
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rates are neutral modes. TOLLMIEN’S argument amounts to a demonstration that 
an inflection point in the mean velocity distribution is necessary not only for the 
existence of exponentially growing modes (as required by Rayleigh’s theorem) 
but for neutral modes as well. 

Tollmien also exploited his Frobenius solutions to derive approximate disper¬ 
sion relations (relating lv to k) that hold in the limit of small wavenumbers. Many 
of the theorems ToLLMlEN derived from his Frobenius solutions make direct use 
of the logarithmic character of one of the solutions of the Rayleigh equation near 
2 = Zc.. The older solutions of the Rayleigh equation, i.e. the ones predicated 
on the assumption that the mean velocity disribution is piecewise linear, do not 
exhibit the logarithmic branch point. Thus, despite their success in representing 
some aspects of inertial instability, these older solutions in which the mean velocity 
profile is of broken-line type can never capture basic results of the sort derived 
by Tollmien from the correct Frobenius solutions since the logarithmic branch 
point arises only in the case of a smooth mean velocity profile. 

3.3. The exponential boundary-layer profile 

If the flow domain over which one seeks a solution of the Rayleigh equation is 
semi-infinite (as in boundary-layer geometry) or doubly infinite (as in the case of 
jet, wake, or free shear layer geometry), then the point at infinity is an irregular 
singular point of the differential equation. The method of Frobenius is inapplicable 
at an irregular singular point, an observation that amounts to a practical limitation 
on the usefulness of Tollmien’s series solutions. Another practical limitation is 
that the recursion relation for calculating the coefficient of the 7 (th term in the 
series involves all of the coefficients in the series with lower index. An example 
of a solution of the Rayleigh equation that avoids both of these limitations was 
described by Chiarulli & Freeman (1948), who cite an unpublished note by 
J.C. Freeman & C.C. LtN titled ‘A note on the stability of the asymptotic suction 
profile’ as the source. Their citation of this earlier note (on p 90 of their paper) 
attributes the result specifically to C.C. LtN. Suppose that the components Uiz) 
and V{z) are both constant multiples of the factor 1 - in which 8 

is a reference length. Then one can always orient the axes (a , y) such that these 
components have the form 


t^(~) = t^oo(l - exp(-a/^)], V(r)=0, 


( 6 ) 


in which is a reference velocity. Under these assumptions, the Rayleigh 
equation (2) reduces to 
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ITie change of dependent variable w W defined by w = followed by 

the second change of independent variable z U takes (7) to 


(aU - uj) 



(fiW 

dU^ 


- (2M+ 1) 


dW ) 
dU ( 


+ aW = 0 


( 8 ) 


after some elementary manipulations. The second change of independent variable 
U C defined by 


nU - of/c 
LU - Cvf/oc 


(9) 


after some more elementary manipulations, takes (8) to 


d^W dW 

-4- n— + = 0 . (10) 

dC 

The special form of this equation that applies to the case of strictly two-dimensional 
flow (i.e. with — 0) appears as equation (5.31) on page 92 of the paper by 
CniARULLi & Freeman (1948) and as equation (2.6) on page 717 of Hughes 
& Reid (1965). The present version of the equation allows for nonparallelism 
between the wavenumber vector (a, /i) and the velocity veclor of the undisturbed 
flow. The differential equation satisfied by the Gaus.^ hypergeometric function 

II = F{p,(],v,C) is 


/2 d'li 

C(i -C)^+ ['■-(?' +<7+ =0 


( 11 ) 


in which (p, ry, r) are parameters. The correspondence between (10) and (11) is 
exact if one assigns the following values to these parameters: 

p = kh + + 1 , <i = kfi - + 1, /• = I . (12) 

From (6), (9), and some elementary manipulations, one may derive the identity 




kb 


( 13 ) 


It follows that the definition id = exp(—is equivalent to 



According to the standard theory of the Gauss hypergeometric equation (11), if 
the parameter r is not equal to an integer, then the two functions 


u\ = F(p,g,r;C) 

U2 = - r+ l,^-r+I,2-r;C) 


(15) 

( 16 ) 
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form a linearly independent pair of solutions of (11) in the neighborhood of the 
singular point C = 0. The solutions u\ and U 2 belong to the indicial exponents 0 
and 1 - r, respectively. If p, g, r are replaced by the values given in (12) and if 2k6 
is not equal to an integer, then the corresponding forms of U] and U 2 represent a 
linearly independent pair of solutions of (10) for W. It follows from the definition 
(14) that one may represent the general solution of (8) by 

w = AC,'^^F{k8 + \J{k8Y + 1 , k8 - ^J{k8y + \, 2k8 + \-, Q 

+BC'"^F{-k6 + ^ik6)^ + \, -k8 - ^J{k8f + 1, -2k8 +!;(:) (17) 

in which A cUid ,B are arbitrary constants. If > 0, then ► 0 and 

—► oo as ^ > 0. The Gauss hypergeometric series, moreover, equals unity 

at the origin. It follows that the right member of (17) becomes unbounded at the 
origin unless B = 0. If one recalls that the origin in the C-plane represents the 
remote free stream and imposes the boundary condition that w remains bounded 
there, one concludes that the most general representation of w consistent with these 
requirements is 

w = A(:'‘^F{k8 + ^J{k6)^ + \, k8 - ^J{k8)'^ + \, 2k8 + \\0 ■ (18) 

One may restore the original dependent variable z in the above result by repeated 
use of (13) to obtain 


XL) 


= Ae-^‘F ( {k8 + y^(it6)2+ 1 , k8 - + 1, 


2kbA 1 ; 


aUoce^^/^ 
aC/oc -oj )' 


(19) 


in which A is another arbitrary constant. 

Inspection of (9) shows that the point ( = 1 corresponds to the critical point 
where all - u = 0. The Gauss hypergeometric equation (11) has a regular 
singular point at ( = 1 and the indical exponents belonging to it are zero and 
r — p — q. According to the transformation of parameters (12), the corresponding 
indicial exponents of (10) belonging to the singular point ( = 1 are zero and 
one. The fact that these indicial exponents differ by an integer indicates there 
may be a logarithmic branch point in the solution w there, and such a branch 
point does indeed occur The problem of applying the solution (18) to instability 
problems reduces to the problem of finding the proper analytic continuations of the 
hypergeometric function appearing in the right member of (19) beyond the disk 
of convergence of the Gauss hypergeometric series (i.e. the disk of radius unity 
centered on the origin in the C-plane). Chiarulli & Freeman (1948) seem to be 
the first authors to have addressed this problem. HUGHES & Reid (1965) present the 
details of these analytic continuations as well as some corrections to the original 
work. 
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This solution is the simplest exact solution of the Rayleigh equation for a 
smooth mean velocity profile. Since the mean profile lacks an inflection point, 
it cannot represent a temporally unstable flow. Now the proof of the Rayleigh 
inflection-point theorem presumes that the wavenumber components are real val¬ 
ued. The Rayleigh inflection point theorem as such does not, therefore, rule out 
instabilities of spatial type or of a type that involves complex values of both the 
wavenumber components and the frequency. A question that future investigators 
may wish to address is whether superpositions of solutions of the type (19), in 
which some or all of the parameters (a, /?, uj) may be complex, may represent a 
wave packet disturbance in boundary-layer geometry. A disturbance in the form of 
a Fourier integral may satisfy evanescent boundary conditions with respect to the 
propagation-space variables even if the individual FOURIER components that con¬ 
tribute to the integral do not. I know of no a-priori reason to exclude the possibility 
that such a wave packet may exhibit exponential amplification (when viewed, say, 
by an observer moving with the wave group) even if the mean velocity profile lacks 
an inflection point. 


3.4. Rayleigh equation with sinusoidal mean velocity profile; first 
appearance of Heun’s equation 

Suppovse ihat the veocity components U{z),V{7) of the undisturbed flow are of 
the form 


U{z) = {Uol2)[\+sm{zll)\, Viz) = 0 


( 20 ) 


in which Uq and I are constants with the dimensions of velocity and length, respec¬ 
tively. Then the form (7) of the Rayleigh equation is applicable, and one may 
rewrite it in the familiar form 


dPw 

dz^ 


k^w — 


1 


d^U . ^ 

-w = 0 , 


U{z) - c dz'^ 

in which c = uj/ a. It follows from (20) that 

Uo dz I \Uq) \ Uq) 

If one introduces the nondimensional variables U, c, z, k defined by 

i = U/Uo , £ = c/Uo , i = z/l , k = kl 


( 21 ) 


( 22 ) 


(23) 


then (21) and (22) become 
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and 


^ = (25) 

dz 

respectively. If one transforms (24) by means of the change of independent variable 
z —► C7, it becomes, after elementary manipulations, 


(Jhv n/l 1/2 \ dw -(1 - P)i/ + (-Pc+ 1 / 2 ) ^ ^ 

dil^^ \ U U-\) dU^ U{U-\){U--c) 


(26) 


The differential equation 


d^Y h 


+ — 


Z + . 7 ."','7-’’ V' = 0 (27, 


— a ) dz z{z — 1 )(i — a 
in which the parameters 7, (5, f, cr, r, a are subject to the constraint 


7 + 6 + 6 = <T-hr-l-l 


(28) 


but are otherwise arbitrary was studied by Heun (1889a, pi 65). 

Equation (26) is a special case of (27) under the following correspondence of 
parameters: 

7=1/2, /) = 1 /2, € = 0, a = r, 

a = -r = (1 - (JTq = Fr - 1/2. (29) 


3.5. Heun’s series and solutions of Heun’s equation 

Heun (1889/;) furnished a solution of (27) that is regular at the origin whenever 7 
is neither zero nor a negative integer. Heun’S representation of this solution is 


F(a,q-,(7,T,'y,d-,z) = 1 + (TT ^ 


G(")((7) 


n 17(7 + 1 )... (7 + n - 1) 


, (30) 


in which 


G(')(7) = g , C^~Hq) = arq^ -i-{rr 4 -r- 5 -l-l + (7 + 6)a}7 - 07, (31) 


and for n G j 1,2, 3,. . 

(7(^1+O(^) = ^ _j_ 7-, _l_ _j_ 5 _ ] )q^] 

+ err g}G(")(^) 

— (cT -f 77 — 1 )(t -h 71 — 1 )(7 + 71—1 )riaG(’^~*^((7) (32) 


Icf. Heun (18896, pl81)]. Heun (1889a, pl65) points out that 
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For a = \ and q = 1... equation (27)... degenerates to the differential equation for 
the Gauss hypergeometric function z). Alternatively, for a = 0, ^ = 0 it 

degenerates to [a differential equation satisfied by the Gauss hypergeometric function 
F{a,T,a - 6 l;i)]. 

Equation [(27)] may therefore be considered as a generalization of the hypergeo¬ 
metric differential equation. 

There are many other features Heun’S equation shares with the Gauss hyperge¬ 
ometric equation. One feature is that, for each pair of indicia! exponents belonging 
to one of the singularities of the differential equation in the finite plane of the 
independent variable, at least one member of that pair equals zero. Another feature 
is that three of the singular points are at standard locations, namely z — 0, z = 1, 
and i = oo (the fourth singular point of Heun’S equation is at an arbitrary loca¬ 
tion). A third feature is that all of the singular points of the differential equation 
in the extended complex plane are regular-singular. A fourth feature is that there 
are numerous changes of variable (twenty-four in the case of the Gauss hyperge¬ 
ometric equation and one hundred ninety-two in the case of Heun’S equation) that 
take the differential equation with one set of parameters to the same differential 
equation but with a different set of parameters. 

The usual normalization for the Gauss hypergeometric function F{A, B, C\ z), 
taken as a function of the parameter C, has a simple pole at each of the negative 
integers. Olver (1974, p 159) notes that function 

F(A, 5, C; z) = F{A, 5, C; z)IT{A) (33) 


has no poles in the variable C and is thus more convenient in some situations. In 
the same spirit, one may introduce an OLVER-style modification of Heun’s series 
defined by 


Y\ = Y{a,q\(j,T,'),b\z) = 


F{a,q-,a, T,'y,b\z) 

r(7) 



(34) 


Since this renormalization amounts to multiplication by an overall constant, it does 
not affect the system of recursion relations (31) and (32). The function defined by 
the rightmost member of (34), unlike (30), has no poles with respect to the variable 

7 - 

Now the indicial exponents of (27) belonging to the singular point ^ = 0 are 
zero and 1 - 7. As one might expect, the change of dependent variable Y Z 
defined by 

y = f'-T'Z (35) 


takes Heun’s equation (27) for Y to another form of HEUN’S equation for Z but 
with different values of the parameters. Such considerations lead to another putative 
solution of (27) of the form 

Yz ~ z'“'^F(a,g'; 1 - 7 + <t, 1 - 7 + r, 2 - 7, 2) 


(36) 
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in which 

, ^ (^a + f)(l - 7 ) +<7 

^ " (1 - 7 + cr)(I - 7 + t) ' 


The pair of solutions {Y \, Y 2 ) of Heun’s equation defined above are natural gener¬ 
alizations of the pair of solutions (ui , U 2 ) of the Gauss hypergeometric equation 
introduced in (15) and (16) above. 

According to a well known identity due to Abel, the logarithmic derivative 
of the WRONSKIAN of any two solutions of a second order linear homogeneous 
ordinary differential equation is determined in terms of the coefficients of that 
equation, and so the Wronskian is known to within an arbitrary constant. If, as 
here, the two solutions are expressed in terms of infinite series in the neighborhood 
of a regular singular point, one may determine the constant in Abel’s formula for 
the Wronskian from the leading terms of those series. From considerations of 
this type, one may show that the Wronskian of the solutions Y\ and Y 2 above is 
given by 


. dY 2 clY, _ sin[^(l - 7 )]a^ 

' dz ^ dz iTz'^{\ — zY{a — zY 


(38) 


in which 


€ = (T-\-T-\-\— ^ — 8 


(39) 


by virtue of (28). This WRONSKIAN vanishes when 7 equals an integer. Since the 
indicial exponents of (27) belonging to the singular point 5 = 0 are zero and 
1 — 7 , one concludes that Vi and Y 2 lose their linear independence when the indical 
exponents belonging to the singular point at the origin differ by an integer. 

In the event that the indicial exponents belonging to the singular point at the 
origin differ by a nonzero integer, the solutions Y\ and Yi are still nontrivial and 
well behaved. It so happens is that as 7 approaches an integer, the coefficients of the 
leading terms of the solution belonging to the lesser of the two indicial exponents 
vanish and the exponent (of the variable z) in the lowest order surviving term 
equals the higher of the indicial exponents. Now in Heun’s equation one of those 
indicial exponents is zero. It follows that the higher of the two indicial exponents 
belonging to the singular point at the origin is never less that zero. It then follows 
that if 7 equals an integer, both Y\ and >2 regular at the origin. 

If, for brevity, one writes Vi(i) and Y 2 {z) in place of full expressions in the 
right members of (34) and (36), then the expression 

y2(o)y,(5)-y,(o)y2(i) (40) 


must tend to zero as 7 tends to an integer n. The following limit therefore generates 
a third solution of Heun’s equation: 


.V(i) 


r y 2 ( 0 )y,(£)-y,(0)12(5) 

7-»n ( 


7 — 71 
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= hjn {^(y2(0)yi(i)-y,(0)y2(5))} ■ (4i) 

Since Y 2 contains a factor its 7 -derivative will contain the factor ln(i). 

Now a change of independent variable i ^ defined by either ^ = i - 1 or 
^ = (z - a)/{-a) takes Heun’s equation with one set of parameters to Heun’s 
equation with another set of parameters. If one writes down a fundamental pair of 
solutions of Heun’s equation about the singular point at the origin in the ^-plane 
and transforms back to the original variable 2 , one obtains a fundamental pair 
of solutions about either the singular point z = 1 or the singular point 2 = a, 
depending on which transformation 2 ^ one started with. 

At this point, I have given the broad outlines of a method for generating a linearly 
independent pair of solutions of HEUN’S equation in the circle of convergence 
centered on any one of its singularities in the finite plane. The circles of convergence 
of these various series solutions overlap with each other and one may construct the 
analytic continuation of any definite solution defined in one circle of convergence 
into any other circle of convergence with which it overlaps. 

To support this assertion, let D\ and Di be two overlapping disks in the 2 -plane 
and let 0i and (j )2 be a linearly independent pair of solutions of Heun’S equation 
represented by Frobenius series convergent in D 2 , Let $ be a given solution of 
Heun’s equation represented as a FROBENIUS series con^'ergent in D \. In the region 
of overlap D\ D D 2 of D{ and D 2 , there must exist constants A and B such that 

^{-z) = AM'^) + BMz) ■ (42) 

If one diffentiates this equation with respect to 2, one obtains 

^'{z) = AcI>\{z) + BcI>'2{z). (43) 

If one views the last two equations as simultaneous linear equations for the A and 
B, one finds, by CRAMER’S rule, that 

in which, for any two functions f[z) and g{z), the symbol W[f[z), g{z)] denoted 
their Wronskian, defined by 

^\f{z),g{z)] = f{z)g{z) - f\z)g{z) . (45) 

From Abel’s formula already mentioned, we know that the Wronskian is deter¬ 
mined from the coefficients of the differential equation up to an overall multiplica¬ 
tive constant. It follows that the ratio of two Wronskians is indeed constant, as 
the above derivation implies. 

Once one calculates the coefficients A and B at a convenient point in D\ H i> 2 , 
one may proceed to use the same values of A and B to define the continuation of 



176 


JOHN M. RUSSELL 


the right member—and hence the left member-of (42) throughout all of D 2 . This 
representation then defines the continuation of $ (which was originally defined 
only in the initial disk D\) into the overlapping disk Dj. One may, of course, 
continue $ from D 2 into another overlapping disk D 3 , and so on ad infinitum until 
the domain of definition of the continuation of $ covers the whole complex z-plane 
(punctured, of course, by the singular points of the differential equation). 

One may thus assert that the general solution of Heun’S equation and its ana¬ 
lytical continuations are known in principle. Having made that assertion, one must 
concede that this general solution is by no means as well known as are the various 
solutions of the Gauss hypergeometric equation. The lack of convenient repre¬ 
sentations of solutions of Heun’S equation such as integral representations—or 
even an explicit formula for the nth term in the Maclaurin series of its regular 
solution about the origin—is at once a discouraging feature of the present stale 
of knowledge in the theory of transcendental functions and a challenge to future 
investigators. 

There is a great deal more one may write about the solutions of Heun’S equation. 
Instead of writing it here, however, I will return to the subject of identifying 
undisturbed flows for which one or another of the classical field equations of 
shear flow instability are reducible to Heun’s equation under a suitable change of 
variable. 


3.6. Rayeigh equation with hyperbolic tangent mean velocity profile 


Consider the case in which 
V{z) = y 1 1 + tanh 



(46) 


If one writes (46) in terms of nondimensional variables as defined in (23) above, 
one obtains 


U = ( 1 / 2)[1 +tanh(i/ 2 )] 

from which it follows that 

^^=U{\-U). 

The change of dependent variable w 

1 


(47) 


(48) 


W defined by w = e takes (24) to 


(fW -dW 


d^U - 
W 


0 - f 


(49) 


after some elementary manipulations. The change of independent variable f ^ U, 
moreover, takes (49) to 


d-W f I- 2k \+2k\ (-2)0 + 1 - 

dW~ \ U U-\)dU U{U-\){U-c) 


( 50 ) 
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after some more elementary manipulations. Equation (50) is a special form of 
Heun’s equation (27) with the following parameter correspondence 

7 = 1— 6=1-1- 2k, 6 = 0, a = c, 

cr = 2, r = —1, aTq=‘-\, (51) 

The observation that the Rayleigh equation with a hyperbolic tangent velocity 
profile may be transformed to Heun’s equation by means of a simple change of 
variable is a special case of a result do to JOHN W. MILES (Miles, 1963). In that 
paper. Miles showed that the Taylor-Goldstein-Haurwitz equation (4), in the 
special case when the nondimensional mean velocity profile and the logarithm of 
the nondimensional mean density profile are both proportional to the hyperbolic 
tangent of the cross stream coordinate, may be transformed to HEUN’s equation. I 
will return to the discussion of this paper below. Suffice it to say, that this paper by 
Miles is the only one in the theory of shear flow instability that mentions Heun'S 
equation in any context whatever. 


3.7. Rayleigh equation for the Bickley jet 
Consider the case in which 


U(z) 

Uo 



(52) 


If one writes (52) in terms of nondimensional variables as defined in (23), one 
obtains 


U = sech^(i/2) , (53) 

from which it follows that 

^ = ±f/(] - . (54) 

dz 


The change of independent variable z U with dU jdz as given by (54) takes 
(24) to 


d}iL 

~d^ 


/I 1/2 \ dw 

V ^ ” U-\) dU 


-z-W 

t/2(l _ U) 

1 1/2 \ 

U U -\) 


w = 0 . 


(55) 


This is not Heun’s equation since the coefficient of the w has a double pole 
at U = 0. In Heun’s equation, only single poles in that coefficient may occur. 
One finds, however, that the change of dependent variable w M defined by 
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w = U'^M, takes (55) to 

(fiM f ]+2k _l/2 \dM 
dU- \ U ^ U -\) dU 

(P + fc/2 - 3/2)^ + (1 - -ck{k + 1/2)) ^ 

U{U - \ ){U -c) 


(56) 


after some elementary manipulations. 

Equation (56) is a special form of Heun’s equation (27) with the following 
parameter correspondence 

7 = 1 + 2fc, 6=1/2, e = 0, a = c , 

(7 = k — \ , T = k 3/2, arq = ck{k + 1 /2) — 1 . (57) 


3.8. Rayleigh equation for a skewed mean velocity profile whose 

COMPONENTS VARY QUADRATICALLY WITH RESPECT TO THE VARIABLE ( = 

Recall equation (2) and recall in particular the definitions + (3'^ and 

kQ = aU + /3V. Consider now a skewed mean velocity distribution whose velocity 
components are of the following form: 

U{z) = f/o + CA exp(- 2 /;) + C/2exp(-22/;) 

V{z) = Vo + V, exp(-2/0 + V 2 exp(-22/0 , (58) 

in which [/q, U\ , [/ 2 , Vq, V\ , V 2 arc constants with the dimensions of velocity. 

If one introduces the definitions 

fcQo - af/o 4- PV,), kQ, = cxU, + /JV,, kQ 2 = aU 2 + PV 2 , (59) 
One concludes that 

kQ = all + PV = kQ{) + kQ\ e\p{-z/l) + fcQ 2 exp(-2z//) . (60) 

The fluid speed in the remote free stream is + Vq in this flow. One is therefore 
led to introduce nondimensional variables defined as follows: 

z = z/l, k = lk, g=-=2=^, U= (61) 

\/ui + Vo^ \/ul + Vi 

The nondimensional form of (2) is therefore 

[fcQ(z)-ii] -t^w = 0. (62) 


If one divides by k and introduces the definition 

c = Cb/k 


(63) 
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equation (62) becomes 


SlU 




sq . 


rfz 2 


(64) 


The change of independent variable iv —» IV defined by iD = e '^‘W takes (64) to 


[C^(5) - c] ( 


Sw ^jdw\ d^Q 


ri £2 di 


(Iz^ 


W = 0 


(65) 


Let 5 —» ( be the change of independent variable defined by ( = exp(-z). From 
(60), one concludes that Q = Qo + Qi( -r QiC^ and one can always find constants 
Cri and Cf 2 such that 


Q - c = QiiC - Ci)(C - Ct2) • 


( 66 ) 


This change of independent variable takes (65) to 

,Pw 2J^,m _ (()i/4) + 4C ^ 

dC' C d( c(c-c,,)(C-C2) 

If one multiplies this equation by (^| and introduces the notation 


^ — C/Crl 1 — C 2/0 h (/ — Q 1 /(^ 2 Crl) > 


(67) 


( 68 ) 


one obtains 


de ( d^ a^-m-d) 


(69) 


Equation (69) is a special form of Heun’s equation (27) with the following param¬ 
eter correspondence 


y = 2k +\, f) = € = 0. 

a = k \Jk'^ + 4, T = k - yjk'^ 4- 4, 


a = a 


// 

(TTq = q . 


(70) 


Stuart (1954) has modified KArman’s well known formulation of the self 
similar boundary layer on a rotating disk to include the case of uniform suction 
through the disk. In one limit, namly the limit of large suction, STUART was able 
to solve the equations analytically and found that the velocity components in the 
directions parallel to the plate surface have a functional form that is a special case 
of (58) above, cf. Stuart (1954, equations (3.3) and (3.4)). STUART (see Gregory, 
Stuart, & Walker 1955, especially p. 187) considered the Rayleigh problem for 
this special velocity profile and found an exact represention (in terms of elementary 
functions) of the disturbance due to a regular neutral mode. 
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Wen-Chin Chen (1991) has computed dispersion curves for the solutions of 
the Rayleigh stability problem discussed in this subsection, including the effects 
of skewness of the mean velocity profile. 

3.9. Kuo EQUATION FOR THE HYPERBOLIC-TANGENT VELOCITY PROFILE 

If the mean velocity distribution is of the hyperbolic tangent type as in (46), one 
may transform the Kuo equation (5) to Heun’S equation (27) as follows. Let U, c, 
a, and /3 be nondimensional variables defined by 


\J = VjV^, -c = cIUq, z = zll, a = al, p = 0f/Uo,ai) 

in which the parameter P was introduced in the paragraph containing equation (5) 
and the dimensional scales Uq and I are the same as in equation (46). In terms of 
these nondimensional variables, the Kuo equation becomes 

|i>(5)-c|(g-dV)-(g-^)». = 0 (72) 

and the mean velocity distribution has the form (47). The change of independent 
variable i —► C/ defined by (47) takes (72) to 

+^ 

dU^ \U U-lJdU U^U-])^ 

after some elementary manipulations. This equation has four singular points, all 
regular, situated aX u = 0, u = ], u = c, and u = oo. The indicial exponents 
belonging to the singular point at a = 0 are ±<5o, in which 


= (74) 

the indicial exponents belonging to the singular point at = 1 are zb(5i, in which 

the indicial exponents belonging to the singular point at u = c are 0 and 1, and 
indicial exponents belonging to the singular point at ti = oo are -1 and 2. In 
Heun’S equation, there are three singular points in the finite plane and the pair of 
indicial exponents belonging to each of them includes the number zero as at least 
one of the exponents. Since the singular points of (73) at u = 0 and u = \ have 
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nonzero values for their indicial exponents, one is led to the consider the change 
of dependent variable (/?—►$ defined by 

^ = [/««([/(76) 


The transformation (76) takes (73) to 

dU^ ^ 
in which 


f]+26o , 1+2^1^ 

I 

i AU-B \ 

V U U-l) 

''' 1 

1 

1 

'1:^ 


A — H" <^0 “f" <5*1 -h ^ ^ 2 , 

c 1 - c 

(78) 

13 = “h <5o “f~ <^>1 “h 2^^^)c H—r ~ 1 4" 2/3 , 

(79) 


after a lengthly but straightforward calculation. Of course, equation (77) has the 
stnicture of Heun’s equation (27). The foregoing derivation demonstrates that the 
Kuo equation may be transformed to Heun’S equation when the mean velocity 
profile IS of hyperbolic-tangent type. 

Experience with this example and others leads one to expect that the Kuo 
equation, like the RAYLEIGH equation, is transformable to Heun’S equation in the 
other standard cases, namely the case when the mean velocity profile has the form 
of a sine wave and the case when the mean velocity profile has the form of the 
square of a hyperbolic secant. 

Kuo (1973) presents a general review of the dynamics of quasigeostrophic 
flows and instability theory. Section VII of that work presents solutions of the Kuo 
equation in the case when the mean velocity profile is of the form of a sine wave, 
the square of a hyperbolic secant, and a hyperbolic tangent. For all three profiles, 
there are neutrally stable solutions whose forms are expressible analytically. In the 
case of amplified waves, Kuo reports results obtained by numerical solution of the 
differential equation. There is no indication that the differential equation may be 
transformed to Heun’s equation or to any other canonical equation whose solutions 
are expressible analytically for arbitrary complex values of the parameters. 


3.10. The Taylor-Goldstein-Haurwitz equation for the 

HYPERBOLIC-TANGENT VELOCITY PROFILE 

Most authors who study the Taylor-Goldstien-Haurwitz problem apply an 
approximation to it, which MILES (1963) summarizes as the neglect of ‘the iner¬ 
tial effects of density stratification’ This approximation allows one to move the 
mean density term p outside the derivative sign in the first term in the left member 
of (4) even while one keeps the bouyancy term in that equation. The resulting 
field equation is what most authors call the Taylor-Goldstein equation. As I 
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mentioned previously, Miles showed that this abbreviated equation reduces to 
Heun’S equation if the mean velocity profile and the logarithm of the nondimen- 
sional mean density profile are both proportional to the hyperbolic tangent of the 
nondimensional elevation. 


3.11. Other mean flows for which one or more of the classical field 

EQUATIONS REDUCE TO HEUN’S EQUATION 

One may remark in passing that if the mean velocity and density distributions are 
of the form 

Q{z) = Qo + Qi exp(-z) -h Q 2 exp(- 22 ) (80) 

p{z) = poexp{-Cz) (81) 

(in which C is an arbitrary positive constant), then one may transform the full 
Taylor-Goldstien-Haurwitz equation (4) to Heun’S equation by changes of 
variable similar to those introduced section 3.10 above. 

There are at least two other forms of mean velocity profile for which the 
Rayleigh equation reduces to Heun’S equation. They are: (i) the hyperbolic- 
cotangent velocity profile; and (ii) the hyperbolic-cosine velocity profile. Since 
these velocity profiles seem to be of less physical interest than those discussed in 
detail above, I will not discuss them further here. 


3.12. Rayleigh equation for the parabolic velocity profile 

Another example of a mean velocity profile that takes the Rayleigh equation 
to a standard form is the parabolic mean velocity profile. This profile takes the 
Rayleigh equation to the differential equation of spheroidal wave functions, as 
I will now show. If one divides equation (3) by pk and introduces the notation 
c = uj/k, one obtains 


d_ 

dz 





— k^{Q — c)w = 0 . 


(82) 


Drazin & Howard (1966, p 18) point out that the change of dependent variable 
V) —► G defined by G = {Q — takes (82) to 


d 

dz 






1 {dQ/dz)^ \ 
4 Q-c ) 


G = Q. 


(83) 


after some elementary manipulations. If the velocity profile 2 —► Q{z) is of the 
form 
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in which Q" < 0 is a constant, then one can interpret Qm as the maximum mean 
velocity in the flow. Let be one of the two values of z at which Q{z) — c vanishes. 
Then (84) takes the form 


= Qm + —=c 

At z = c. If one subtracts (85) from (84), one obtains 


(85) 


( 86 ) 


If one substitutes this identity into (83), one obtains 

d_ 

Tz 


2 ^ dz 




Q" 


1 




4 (Q"/2)(r2 - . 2 ) 


f7 = 0 . 


(87) 


If one multiplies through by -2/Q'' and introduces the nondimensional indepen¬ 
dent variable t] = zf-.,, one obtains 


dr] 


(r-O^ 

(ilj 







G = 0 . 


( 88 ) 


Writing 7 /^ = ( 7 /^ - 1 ) -h 1 in the numerator of the last quotient and rearranging, 
one obtains 

^ [(, _ „=,|1 + (2 - G = 0 . ,89) 

If the Helmholtz wave equation is written in prolate spheroidal coordinates (cf. 
Morse & Feshbach (1953, p. 1502)) and one seeks solutions by the method of 
separation of variables, then two of the three equations that arise are identical and 
have the structure of the equation 


A 

dr] 




dv- 

di ]. 




A + ^2(1 - ti ^) - 



v = o, 


(90) 


in which (A, are separation constants. Here, t] represents either a colatitude 

or a radial coordinate, depending on the range of values of that variable. A full 
treatment of the mathematical theory of solutions of (90) is given in the treatise 
by Meixner & SCHAFKE (1954) and a shorter version appears in Meixner’S 
contribution to Flugge’S Encyclopedia of Physics {\956, pp 171-172 and pp 214- 
216). Of course, equation (89) is a special case of (90) corresponding to the 
parameter choice 

A = 2 , b^ = -{kz,)'^ , /i2 = l 


(91) 
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The differential equation of spheroidal wave functions has three singular points 
in the extended complex plane of the independent variable. The point at infinity is 
an irregular singular point and the points 77 = ±1 are regular-singular. One may, of 
course, construct solutions in the neighborhood of either one of the regular singular 
points by the method of Frobenius. This proccess yields a linearly independent pair 
of solutions in each of two overlapping disks, the centers of which are separated by 
a distance equal to their radii. Here, as elsewhere, the advantage of the Frobenius 
method is that each series has a recognizable leading term and the exponents of 
successive terms in the series are strictly increasing. In this respect the index of 
summation—which is also the power of the independent variable in a generic 
term in the series representation of the solution—extends to infinity in only one 
direction. 

Starting with Niven (1881), most of the authors who construct solutions of the 
differential equation of spheroidal wave functions make use of the fact that (90) 
reduces to a form of the associated Legendre differential equation 


A 

rfr; 




-f 





M = 0 , 


(92) 


when the parameter f) is equal to zero. One may construct solutions of (90) by seek¬ 
ing expansions of Sturm-Liouville type in which the associated LEGENDRE func¬ 
tions are the eigenfunctions in the expansion. There is a completeness and expan¬ 
sion theorem available for the the associated Legendre functions and Meixner 
& SCHAFKE prove it rigorously. The coefficients of the Sturm-Liouville series 
one generates in this way satisfy a three-term recurrence relation, but, unlike the 
Frobenius series discussed earlier, the summation index in the Sturm-Liouville 
expansions extends to infinity in both directions. The Sturm-Liouville series 
converges in an annulus in the r/-plane centered on the origin of inner radius equal 
to one and outer radius equal to infinity. One is, so to speak, seeking solutions 
in the neighborhood of the point at infinity and since that point is an irregular 
singular point, one can not construct indicial exponents (or their appropriate gen¬ 
eralizations) directly from the coefficients of the differential equation as one could 
if the point at infinity were a regular singular point. The problem does, however, 
give rise to characteristic exponents which replace the indicial exponents and, like 
them, depend only on the parameters of the equation and not on the independent 
variable. One way of defining the characteristic exponents is to regard the three- 
term recurrence relation for the coefficients of the Sturm-Liouville expansion 
as an infinite set of simultaneous homogeneous linear algebraic equations with 
a tridiagonal coefficient matrix. Nontrivial solutions for the coefficients of the 
Sturm-Liouville expansion are then possible only if the Hill determinant of 
the infinite-dimensional coefficient matrix is zero. In the formulation of the prob¬ 
lem, the characteristic exponents appear as parameters in the three-term recurrence 
relation for the coefficients of the Sturm-Liouville expansion, so the condition 
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for the vanishing of the Hill determinant associated with that recurrence relation 
amounts to an eigenvalue condition for the characteristic exponents. 

There is another standard method for formulating the eigenvalue problem for the 
characteristic exponents, namely the continued fraction method. In that approach, 
one rewrites the three-term recurrence relation for the coefficients of the Sturm- 
Liouville expansion as a two-term recurrence relation for the ratio of successive 
coefficients. One may write the solution of such a two-term recurrence relation 
as an infinite continued fraction in either of two ways, one of which involves 
increasing and the other decreasing the index of the coefficients of the original 
Sturm-Liouville expansion. By calculating the ratio of any two consecutive 
terms in the Sturm-Liouville series in each of these two ways and equating the 
results, one obtains a transcendental equation—or eigenvalue condition—for the 
characteristic exponents. I refer the reader to the primary sources for further details. 

4. A remark on regular neutral modes 

The focus of this survey, as I have already noted, is on solutions of one or another of 
the field equations of in viscid shear flow instability theory which hold for arbitrary 
complex values of the parameters. Several of these solutions are expressible in terms 
of solutions of Heun’s equation. Of the four of these discussed in detail above, 
there are well known regular-neutral-mode solutions. Thus, for the RAYLEIGH 
equation with sinusoidal mean profile, Tollmien (1935) found a regular neutral 
mode. Regular neutral modes for the hyperbolic tangent velocity profile and for the 
Bickley jet are described in Drazin & Howard (1966). Finally, Stuart (1955) 
found a regular neutral mode for the velocity profile in the form of a quadratic 
function of ( = exp(~£). In all these cases, it appears that the Heun series (or 
related series generated by expanding solutions of Heun’S equation) terminates 
after a single term. 
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Abstract. The inflexion point crilcrion of Rayleigh is one of the most well-known results in hydro- 
dynamic stability theory but cannot easily be demonstrated experimentally in wall bounded flows. 
For plane Couette flow, where both walls move with equal speed in opposite directions, it is possible 
to establish a (time-dependent) inflectional velocity profile if both walls arc brought momentarily to 
rest. If the Reynolds number is high enough a growing stationary instability develops. This situation 
is ideally suited for flow visualization of the instability. In this paper we show flow visualization 
experiments and stability calculations ol the developing transverse roll cell instability in such a flow 
at low Reynolds numbers. Although the stability calculations are based on a quasi-stationary vekKity 
profile, the measured and most amplified wave length obtained from the calculations arc in excellent 
agreement. 


1. Introduction 

One of the first results in hydrodynamic stability theory was that of Rayleigh 
(1880) regarding the inviscid stability of inflectional velocity profiles. The effect 
of an inflexion point on the stability of boundary layer flows, is clearly observed in, 
e.g., adverse pressure gradient boundary layers. However, direct observations of 
such an instability in wall bounded flows in nature or in the laboratory are scarce. 
In this paper we show flow visualization results in a decaying plane Couette flow 
in which the inflectional instability is clearly observed. 

Plane Couette flow may be viewed as a paradigm of wall bounded flows, 
conceptually one of the simplest non-trivial fluid dynamical systems. However, 
experimentally it turns out to be quite complicated to realize this flow and several 
different approaches have been taken to establish plane Couette flow. From the fluid 
dynamic point of view the best way is to use an apparatus with counter-moving 
walls. In such a set-up the net transport of fluid along the channel is zero and the 
fully developed state is only dependent on the diffusion of vorticity from the walls 
across the channel. This means that the pressure gradient can be zero along the full 
channel length (which is not the case with only one moving wall) and that the inlet 
regions at both ends of the channel are only a few channel widths. 

The development of the velocity profile from rest towards the fully developed 
state, when the two walls are instantaneously brought from rest to the final velocity, 
can be calculated (see for instance Batchelor, 1967, p. 190 and Schlichting, 1979, p. 
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Fig. 1. Velocity profiles in plane Couette flow, a) start up phase, b) fully developed flow, c) 
decaying flow 


91). The velocity profile during this development is S-shaped and hence inflectional, 
but in this case the shear at the inflexion point is at a minimum and the Fj0rtoft 
(1950) criterion for instability is not fulfilled (see Fig. la). However, these profiles 
may be susceptible to a viscous instability and this was investigated by Schlichting 
(1932). He indeed found that such an instability may develop, but only for high 
Reynolds numbers, Re > 4800 (Re = hUu^/v, where h is half the distance and 
Uu, is half the the velocity difference between the walls). 

The same class of solutions for the basic flow state can be used to analyse 
the developing flow set up by bringing the walls to rest instantaneously from the 
fully developed state (Fig. 1 b), which we in the following will refer to as decaying 
Couette flow (Fig. 1 c). For a system with two walls moving with equal speed but in 
opposite directions, a time-dependent inflectional velocity profile with maximum 
shear at the inflection point develops. This profile fulfils the Fjprtoft criterion and 
is hence susceptible to the Rayleigh instability mechanism. It is interesting to note 
that Rayleigh (1896, p. 389) investigated a piece-wise linear profile (consisting of 
three segments), resembling the decaying Couette profile and found that this profile 
was always unstable. Furthermore, we note that for the case of one moving and one 
stationary wall the instability conditions are not satisfied, when the moving wall is 
stopped. 

In Section 2 we give the analysis for determining the velocity profile of decay ing 
Couette flow, whereas Section 3 gives a description of the experimental set-up and 
results. In Section 4 we present linear stability results which are compared to the 
experiments. 

2. Flow field development in decaying plane Couette flow 

The velocity field associated with an impulsively started infinite plane wall bound¬ 
ing a semi-infinite domain of viscous fluid at rest is usually called "Stokes’ first 
problem" and was solved more than one hundred years ago. For that case a similar¬ 
ity solution can be obtained, however for the case of two walls in relative motion 
the flow is not self-similar. In both cases the Navier-Stokes equation reduces to 
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dU _ d^u 
dt ~''dy^ 


(!) 


where U is the velocity in the .r-direction parallel to the walls, y is the coordinate 
normal to the walls and ly the kinematic viscosity. The boundary and initial condi¬ 
tions for a plane Couette flow with the walls moving in opposite directions, which 
are brought instantaneously to rest at / = 0 are 


— 0 at y = ±h for f > 0 
and 


'/ for — h < y < h at / - 0. 
n 

By introducing non-dimcnsional coordinates defined as ^ = y/h and q = vi jh" 
and the non-dimensional velocity ti — equation (1) becomes 


Ou ()^(t 

7)7, Tie 


and the boundary and initial conditions reduce to 


( 2 ) 


and 


u - 0 at ^ — ±\ for y > 0. 


u = for — 1 < ^ < 1 at // = 0. 
The solution to the problem (2) and (3a,b) is given by 


(3r0 

(.Vi) 


II — ~ — exp( —//"TT"//) sin n7r(l — , — 1 < ^ 1, 7/^0. 


n “ n 

71— 1 


The sum converges rapidly for // not too small. The evolution of the velocity profile 
IS shown in Fig. 2. The non-dirnensional time ?/ runs from 0.001 to 0.3, covering 
the span from the almost linear profile to a flow where the maximum velocity is 
less than 5 % of the original wall velocity. 


3. Experiments 

3.1. Experimental apparatus and procedure 

The experiments were made in a flow apparatus previously used by us for studies 
of transition to turbulence in plane Couette flow (Tillmark & Alfredsson, 1992). 
A schematic of the design is shown in Fig. 3. The channel consisted of 2 vertical 
glass plates 1500 mm long, 400 mm high and 10 mm thick placed 10 mm apart. 



190 


NILS TILLMARK AND P HENRIK ALFREDSSON 





where the motion of the walls was accomplish by having a thin (0.1 mm thick, 
360 mm wide) translucent plastic film, formed into a infinite belt, sliding along 
the inner glass surfaces of the channel. However it was also possible to change the 
configuration by letting half of the belt loop run outside of the narrow gap between 
the glass plates thus forming a plane Couette channel with a single moving wall. 
Outside each end of the channel the belt partly circumferenced a cylinder which 
positioned and drove the belt via friction. One of the cylinders was driven by a 
tachometer controlled DC motor. 

The flow medium was water and to visualize the flow the fluid was seeded with 
small amounts of reflective flakes (Merck Irodin 120). The flakes were oriented 
by the flow and the reflected light clearly revealed changes from parallel flow. 
Two types of flow visualization were made. By viewing the xz-plane through 
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illumination of the channel with a slide projector from an angle of about 35^^ to 
the normal of the glass surfaces and taking photographs and video recordings of 
the flow normal to the surfaces an overall picture of the flow development was 
obtained. To get information about the internal structure of the instability a slit- 
light in the horizontal (xy) plane was applied and a series of photographs and video 
recordings were taken perpendicular to the illuminated plane through the upper, 
free water surface, side wall. 

Ideally the experiment should start from a fully developed linear velocity profile. 
Due to disturbances that occur at the inlet regions of the channel turbulence is 
triggered and starts to move into the channel if the Reynolds number is above 
about 40(). Therefore only a finite time can be used for the start up phase. Test 
runs in the channel gave an upper limit of about 8 seconds for the the start-up time 
period due to the disturbances that propagated into the channel from the inlets at 
the highest Reynolds numbers used. Using the same type of analysis as in section 2 
It was possible to show that after 8 seconds, corresponding to a time equivalent to 
]/f/h^ = 0.4, the velocity profile deviated with at most 2% from the linear profile. 
Note that the development time is independent of Reynolds number. 

3.2. Results 

In a series of preliminary experiments the stability of the start-up flow field both 
with single and double wall motion was visually checked in the /?e interval from 
500 to 1000 but as expected no traces of instabilities could be observed. The same 
result was found in the case of one moving and one stationary wall, when the 
moving wall was brought to an instant stop. 

In the case of counter-moving walls which are brought to an instant stop a 
visually striking pattern was observed in the flow about two seconds after the stop 
(// = 0.1). The pattern was first seen as weak stationary bright and dark areas 
which developed into a periodic pattern of long, slightly wavy, spanwise stripes, 
gradually becoming irregular. Figure 4 shows the evolution of the instabilities at 
Be = 700 in a sequence of four pictures starting at 7/ = 0.1 and at a time increment 
of At/ = 0.015. The pattern is not perfectly regular, a waviness as well as stripes 
that do not span the full channel width are observed. 

If the belt motion was reversed to get opposite wall velocities the pattern after 
the stop had a somewhat different appearance. The distance between the stripes 
were the same but the bright and dark areas were changed slightly as the symmetry 
with respect to the illuminating light was changed. 

In Fig. 5 a channel length of 20/? is seen from above with the slit light approxi¬ 
mately 3h below the free surface. The upper wall moved towards the left and lower 
towards the right before being stopped. The first picture was taken at 7/ = 0.092 
and the subsequent pictures were taken at an increment of Arj = 0.008. At the 
beginning only faint oblique dark lines in the central part of the flow are seen, which 
later became curved, more distinct and extended across the channel. At r/ = 0.112 
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Fig. 4. View of i; 2 -plane of the developing instabilities in decaying plane Couette flow at 
Re = 700. Instantaneous slop of the two moving walls is at non-dimensional time r] = 0. a) 
// = 0.100, b) 7/ = 0.115, c) t] = 0,130, d) ?/ = 0.145. 


the picture looked very much like the roll-up of a vortex sheet but it rapidly became 
deformed as the pattern wrinkled. The still photographs were complemented with 
video recordings which showed circular particle motions, and it was concluded that 
the instability gave rise to spanwise oriented stationary roll cells extending across 
the entire gap between the walls. 

A systematic study was made to determine the wave number a (= li^h/X 
where A is the wave length) of the stripe pattern for various Be. Experiments were 
carried out for Be in the interval between 500 and 1000. The low Be was set by 
the weakness of the visual pattern and the high Be by the inlet disturbances. The 
wavelengths were determined from video recordings of the .xz-plane. In most cases 
four or five consecutive stripes, taken from a region of regular cells, were used 
in the estimate. There were no significant wavelength changes in time. In Fig. 6 
we have plotted the span of observed wave numbers as a function of Be. It shows 
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Fig 5 View of xi/-plane of the developing instabilities in decaying plane Couctte flow at 
Re = 980. Instantaneous stop of the two moving walls is at non-dimensional time t; = 0 
Time increment between subsequent photographs Ar/ = 0.008 First photograph taken at 
77 = 0 092 
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Fig 6 Experimentally determined strcamwise wave number as a function ol Reynolds 
number 


an almost constant a of 1.5, corresponding to a wave length of about 21 mm, i e 
approximately two channel heights 

4. Numerical results 

The stability of the decaying flow was analyzed assuming that the mean flow could 
be regarded as quasi-stationary The disturbance was assumed to have the form 

e\pia{oi — rf), where r = Cr + 

and and t are normalized in the appropnate way by h and For the 

disturbances observed in experiments Cr = 0 Using the linearized equations of 
motion this approach gives the Orr-Sommerfeld equation with a disturbance that 
either grows or decays m time. The resulting eigenvalue problem was then solved 
by a spectral collocation method using an expansion in Chebychev polynomials 
Computations were carried out for velocity profiles at various rj and Reynolds 
numbers. For small ?/ only damped modes were observed and the least damped 
were non-stationary (c^ ^ 0). For larger 77 (and Re > 112) amplified modes were 
obtained These modes were stationary (o = 0) An example of the variation of 
the amplification factor (cvr^) with wave-number at various t] are shown in Fig. 7 
for Re = 700. In the interval between 0 018 and 0 3 the most amplified mode is 
stationary and has a positive amplification factor Above r; = 0.3 all modes are 
again damped At 77 approximately 0.075, ocCi bas a maximum corresponding to 
a wave number of 1.5 There is a strong variation m the spanwise wave number 
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a 

Fig. 7. The amplilication tacior as a function of the strcamwisc wave number at Re — 7()() 
for cliffernl ?/. 


at which the local (rvr,),„a.i occurs for times less than 0.075 whereas it is almost 
constant ( 1 .55) for profiles at times larger than 0.075 in this interval. The maximum 
amplification is fairly high, of the order of 0.1. From the data in Fig. 7 it is possible 
to approximately determine the wave number with maximum overall growth, and 
comes out close to rv = 1.5. The overall growth at this wave number is more than 
3000 times. 

The amplification of the most unstable mode increases with Rv. In Figure 8 the 
maximum amplification for 77 = 0.1 is shown as function of Rc, It is seen that 
the amplification tends towards a constant value at high /?r, i.e. it approaches the 
inviscid limit. For this case instability is first observed above Rc =112. 

To get a clearer view of the most amplified mode its velocity distribution in 
the .y: 7 y-plane at a fixed time (7/ = 0 . 1 ) was calculated and plotted in Fig. 8 . It 
shows a roll cell sheared by the mean flow, filling the full gap between the walls in 
agreement with the flow visualization results in figure 5. 
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Euromech Meetings 1995 


The EUROMECH Council has overall responsibility for EUROMECH Colloquia 
and EUROMECH Conferences. The latter comprise the European Solid Mechanics 
Conference, the European Fluid Mechanics Conference, the European Turbulence 
Conference and the European Nonlinear Oscillations Conference. Fifteen Collo- 
qiiia, but no Conference, will take place in 1995. 

EUROMECH Colloquia arc informal meetings on specialized research topics. 
Participation is restricted to a small number of European research workers actively 
engaged in the licld of each Colloquium. The organization of each Colloquium, 
including the selection of participants for invitation, is entrusted to a Chairman. 
Proceedings are not normally published. Those who are interested in taking part in 
a Colloquium should write to the appropriate Chairman. Number, Title, Chairman 
or Co-chairmen, Dates and Location for each Colloquium m 1995, and an advance 
notice for a Colloquium in 1996, are given below. 

329. Methods for nonlinear stochastic structural dynamics 

Prof. G. I. Schueller, Institute of Engineering Mechanics, University of Inns¬ 
bruck, Technikerstrasse 13, A-602() Innsbruck, Austria 
13-17 March 1995, Innsbruck, Austria 

^30. Uiminar/turhulent transition of boundary layers influenced by free-stream 
disturbances 

Dr P. Jonds, Institute of Thermomechames, Academy of Sciences of the 
Czech Republic, Dolejskova 5, CZ-182 (K) Praha 8, Czech Republic 
Prof. F. Pittaluga, Genova 
10-12 April 1995, Prague, Czech Republic 

331. Flows with phase transition 

Prof. G. E. A. Meier, Institut fur Stromungsmechanik der DLR, Bunsen- 

strasse 10, D-37073 Gottingen, Germany 

Prof. G. H. Schnerr and Prof. J. Zierep, Karlsruhe 

13-16 March 1995, Gottingen, Germany 

332. Drag reduction 

Prof. P. Luchini, Dipartimento di Progettazione Aeronautica, University di 
Napoli Federico II, P. le Tecchio, 1-80125 Napoli, Italy 
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EUROMECH MEETINGS 1995 


Dr D. Bechert, Berlin 

19-20 April 1995, Ravello (near Naples), Italy 

333. Ground freezing: mathematical models and applications 

Prof. M. Primicerio, Dipartimento di Matematica “U. Dini”, Viale Morgagni 

67/a, 1-50134 Firenze, Italy 

Prof. M. Fremond, Paris 

2-4 June 1995, Montecatini, Italy 

334. Textile composites and textile structure 

Prof. P. Hamelin, Laboratoire M^canique et Maleriaux, Universite Lyon 1, 
lUT A G6nie Civil, 43, boulevard du 11 Novembre 1918, F-69622 Villeur- 
banne C6dex, France 
P. de Wilde, Brussels 
15-17 May 1995, Lyon, France 

335. Image techniques and analysis in fluid dynamics 

Prof. A. Cenedese, Department of Mechanics and Aeronautics, University 
“La Sapienza”, Via Eudossiana 18,1-00184 Roma, Italy 
Prof. F T. M. Nieuwstadt, Delft 

5- 7 June 1995, Rome, Italy 

336. Flows dominated hy centrifugal and Coriolis forces 

Prof. H. Andersson, Applied Mechanics, The Norwegian Institute of Tech¬ 
nology, N-7034 Trondheim, Norway 
21-23 June 1995, Trondheim, Norway 

337. Plastic flow instabilities at high rate of strain 

Prof. C. Fressengeas, L.PM.M./I.S.G.M.P, Universite de Metz, He du Saulcy, 
F-57045 Metz C6dex 01, France 
Dr B. Dodd, Reading 
10-13 July 1995, Metz, France 

338. Atmospheric turbulence and dispersion in complex terrain 

Dr F Tampieri, FISBAT CNR, Via Gobetti 101,1-40129 Bologna, Italy 
4-6 September 1995, Bologna, Italy 

339. Internal waves, turbulence and mixing in stratified flows 

Dr C. Staquet, Ecole Normale Supdrieure de Lyon, Laboratoire de Physique, 
46, all6e dTtalie, F-69364 Lyon C6dex 07, France 

6- 8 September 1995, Lyon, France 
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340. Statistical properties of turbulent gaseous flames 

Prof. D. Roekaerts, Heat Transfer Section, Faculty of Applied Physics, Delft 
University of Technology, Lorentiweg 1, NL-2628 CJ Delft, The Netherlands 
Dr Th. van der Meer, Delft 

30 August-1 September 1995, Delft, The Netherlands 

341. Smart structures and materials 

Prof. J.-M. Crolet, University de Franche-Comty, Laboratoire de Calcul Sci- 

entifique, 16. route de Gray, F-25030 Besanfon C^dex, France 

Prot. A. Preumont, Brussels 

26-28 September 1995, Giens (near Toulon), France 

342. Aerodynamics 

DrG. Eitelberg, Aerothermodynamics Branch, Institute for Fluid Mechanics, 
DLR, Bunsenstrasse 10, D-37073 Gottingen, Germany 
Dr H. Legge, Gottingen, and Prof. R Brun, Marseille 
26-29 September 1995, Gottingen, Germany 

343. Computerized symbolic manipulation in mechanics 

Prof. E.J. Kreuzer, Meerestechnik II, Technische Universitat Hamburg-Har- 

burg, Eissendorfer Str. 42, D-21071 Hamburg, Germany 

Prof. M. Lesser, Stockholm 

9-13 October 1995, Hamburg, Germany 

344. Fluid-structure interactions in biomechanics (advance notice) 

Prof. T. J. Pedley, Department of Applied Mathematical Studies, University 
of Leeds, Leeds LS2 9JT, England 
Prof. C. G. Caro, London 
April 1996, London, England 
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Selected papers from a lUTAM Symposium held at Poitiers, France, 

12-14 October 1992 

Preface 

Turbulent flows can be characterized by organized eddies, generally of large scale, 
embedded in a random field. These large scale structures are either directly or 
indirectly associated with the production of the turbulent stresses. An understanding 
of the generation and destruction mechanisms associated with these large eddies 
is an active topic of research at this time. This special double issue of Applied 
Scientific Research highlights some of the recent advances in this area and the 
methodologies used in identifying the underlying physical mechanisms. 

The issue contains a collection of papers from the lUTAM Symposium enti¬ 
tled “Eddy Structure Identification in Free Turbulent Shear Flows” which was 
held at CEAT/LEA in Poitiers, France, October 12-14, 1992. The scope of this 
meeting was to display, discusss and compare structure identification methods and 
concepts. The topics covered were both experimental and numerical/theoretical - 
with several papers devoted to presentation, analysis and development of detection 
or identification methods, and others devoted to concepts or some fundamental 
aspects of coherent structure characteristics and behavior. Free shear flows are of 
primary interest in this issue. This allows for focus on methods which are shared 
in common with numerous groups, without the somewhat more complex variety 
of structure types - and associated detection methods - present in the case of wall- 
bounded flows. However, most of the methods developed for free turbulent shear 
flows which are presented here have direct applications in wall-bounded turbulent 
shear flows as well. 

The papers selected for this issue of ASR are revised and updated versions 
of contributions that have already appeared in a volume entitled Eddy Structure 
Identification in Free Turbulent Shear Flows (J.P. Bonnet and M.N. Glauser, eds, 
500 pages, 39 contributions, Kluwer Academic Publishers, 1993). These selections 
cover both reviews and the description of recent progress and developments of 
several detection methods. In addition, applications of several approaches are given 
for a variety of flows to illustrate the numerical and/or theoretical possibilities of 
several methods for educing and analyzing the eddy structure of turbulent flows. 

This special issue provides the experimentalist and numerical analyst with a 
guide for chosing the appropriate detection method for extracting the organized 
large scale structures in turbulent shear flows. 


JEAN-PAUL BONNET 
MARK N. GLAUSER 
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Vorticity-Based Eduction of Large-Scale Structures 
in Turbulent Shear Flows 

M. HAYAKAWA 

Department of Mechanical Engineering //, Hokkaido University, Nl 3 W8, Sapporo 060, Japan 
Received 8 September 1993; accepted in revised form 2 May 1994 

Abstract. This paper is mainly concerned with a vorticity-based conditional sampling technique, 
which identifies large-scale vorticity-bearing flow events in turbulent shear flows using multiple 
X-wire probes. Basic ideas and procedures of the technique are described, and several examples of 
the results are presented Advantages and limitations of the technique are also discussed from an 
experimental point of view. 


1. Introduction 

1.1. Background 

While the discovery of spatially coherent, recurrent, large-scale flow events (often 
called “coherent structures”) in turbulent shear flows mostly benefited from flow 
visualization studies, one has to rely upon a certain quantitative method in order to 
gain further insights into the detailed characteristics and dynamical roles of those 
structures ([1-^1). To date, various methods have been developed for this purpose 
(see Ref. [5], for example). 

The technique of conditional sampling and averaging has been one of the 
most widely used methods in laboratory experiments. The general description and 
historical overview of the technique are provided by Kaplan [6], Van Atta [7] 
and Antonia [8], among others. In recent years, the technique is also utilized by 
numerical analysts, since the increasing computer power has made it possible to 
regard the results of direct numerical simulation as “data” analogous to the data 
from laboratory experiments ([9]). 

What one obtains from the conditional sampling is a “conditional average”, 
which is defined as an ensemble average taken over many events that satisfy a cer¬ 
tain prescribed condition [10]. Implicit working rules in obtaining the conditional 
average are: (1) the existence of identifiable, recurrent flow events, (2) the selection 
of similar events through conditioning, and (3) the decomposition of any sampling 
signal / into an ensemble-averaged (i.e. “coherent”) part (/) and the remained part 
fr through averaging; f = {f) + fr- 

In spite of its broad use, the conditional sampling involves two major problems. 
One is concerned with “subjectivity”, which enters in the process of conditioning, 
i.e., in the choice of proper conditioning signals and the decision of suitable condi¬ 
tions. In general, the ensemble average (/) more or less depends on the detection 
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scheme used. Sato [1] noted that many patterns are hidden in a random field, and 
in the limit we can find any pattern [we like] in a perfectly random field. This is of 
course an extreme case, but such a dangerous aspect always resides in conditional 
sampling techniques. 

The other problem is the so-called “jitter”, which occurs in the process of sam¬ 
pling/averaging. This i3 caused by the fact that a signal sampling point and a detec¬ 
tion (or “trigger”) point are usually different, both in space and time. Consequently 
various random factors of individual flow events enter into the averaging process 
and lead to the loss of phase information, eventually causing a large degradation of 
the ensemble-averaged result (f 10, [12], [13]). Since variations of individual events 
in their detail, movement and history arise from the inherent nature of turbulence, 
any conditional sampling technique cannot be entirely free from the jitter problem. 

In a sense, the development of conditional sampling techniques has been a 
history of researchers’ effort in settling the two difficult problems. 

1.2. VORTICITY-BASED TECHNIQUE 

To adapt a conditional sampling technique to the identification of organized struc¬ 
tures, whose appearance is generally at best quasi-periodic, one has to choose 
a proper conditioning signal, which ought to be a characteristic flow property 
associated with the flow events under consideration. 

In 1980, Hussain [14] proposed a definition of coherent structures: “a coherent 
structure is a connected turbulent fluid mass with ‘instantaneously phase-correlated 
vorticity’ (‘coherent vorticity’ in his terminology) over its spatial extent.” This 
led him to believe that “vorticity” should be the best flow property to recognize 
coherent structures. While the usefulness of vorticity in the quantitative study of 
organized turbulence structures had been often suggested (e.g. [6], [15]) difficulty 
in high resolution measurements of vorticity even at a point, let alone at multiple 
points, in a flow prevented its practical use in the experimental studies. But the 
above operational definition by Hussain implied that coherent structures could be 
identified by measuring relatively low frequency vorticity components, rather than 
a sufficiently wide frequency range of vorticity fluctuations. 

Motivated by Hussain’s idea, Tso [16] employed, in his study of a far field round 
jet, a rake of seven X probes to measure the azimuthal component of (instantaneous) 
vorticity in a meridian plane, and extracted vortical structures by referring to the 
local peak of the filtered vorticity concentration. His method appeared insensitive to 
the effects of jitter, because structures were captured at their (approximate) centers 
without use of any auxiliary reference signal for trigger. Since then, this “vorticity- 
based conditional sampling technique” (hereinafter, referred to as “vorticity-based 
technique” for brevity) has been applied to other free shear flows and found to be 
a useful method for the investigation of coherent structures [3, 17]. 

In this paper, basic procedures involved in the vorticity-based technique are 
described first. Then, several results are presented and compared with those 
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Fig 1 Definilion sketch 

obtained by other conditional sampling techniques. Discussion is mainly made 
in terms of instantaneous and ensemble-averaged vorticity fields, without entering 
into detailed turbulence mechanisms. Finally, the merit and demerit of the present 
technique and some related issues are discussed. Consideration is restricted to 
either two-dimensional or axisymmetric free shear flows. 

2. Basic Procedures: Eduction Scheme 

2.1. Calculation of vorticity 

For an illustrative purpose, let us consider an array with a number N of X probes 
with a relative separation A.s, aligned in the direction of the main shear of a 
plane shear layer (Figure 1). Coordinate axes are designated as x, y and z in the 
streamwise-, transverse- (main-shear-) and spanwise direction respectively, and the 
corresponding velocity components are u, v and w. 

From a time series of simultaneous u and v signals at N t/ locations, the span- 
wise vorticity component is calculated with Taylor’s hypothesis and a central 
difference approximation (Figure 2); 

dv du I Av All 
dx dy Uc At As 

Here Uc is the average convection velocity of structure centers in the x direction 
and At is the time step between successive data points. For instance, the vorticity 
at a point A in Figure 2 is estimated as follows, in an approximation to the 
instantaneous spanwise vorticity (in this section, lj will be used in place of 
for brevity); 

^21"b^22 1 ( U]2-^ U22 ^11 + ^21 1 

2 2j’‘'A5l2 2 } ' 


UcAt { 
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Fig. 2. Vorticity computation grid. 


Hence we have cj values at (TV — \ ) y locations. 

2.2. Recognition 

Since our primary concern is in large-scale features, we take the moving, short- 
time average of vorticity signals to have simultaneous records of low-pass filtered 
vorticity u; at (TV — 1) i/ locations. The signal smoothing is not performed in the y 
direction, not only because a locally intense but small-scale vorticity patch would 
produce spurious bumps in uj values over the neighboring y locations through the 
smoothing, but also because the calculation of vorticity has already contained a 
spatial filtering effect due to the probe spacing As. 

Figures 3(a)-(d) show four examples of the iso-contour map of smoothed vor¬ 
ticity, obtained in three different flow configurations: a circular cylinder wake (a, 
b) a plane mixing layer (c) and a round jet (d). In these figures, if time t is con¬ 
verted to stream-wise distance x by x = —Uct, the abscissa scale is compressed 
relative to the ordinate scale. The pseudo-instantaneous vorticity maps visualize 
the occurrence of vorticity concentrations, and help us to recognize the presence of 
vorticity-bearing organized events, more quantitatively than in flow visualization 
pictures. 

2.3. Transverse detection center 

As the events of interest usually occur with wide dispersion across the shear layer, 
it is preferable to determine first a transverse detection center. For an ordinary 
purpose, the detection center is determined so as to coincide with the most probable 
y location of advecting structure centers. This is done by counting the number of u 
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Fig 3 Pscudo-instantancous uJz maps Circular cylinder wake al a) x/d = 20 and b) 
x/d = 40 (Ref [23]) c) Plane mixing layer x/O^ = 1000 (Ref [32]) d) Circular jet al 
x/D 50 (Ref [16]) 


peaks higher than a certain level, as a function of y (Figure 4). Tht detection center 
is assigned to the location yc which gives the maximum probability. Then, the 
X-wire rake is relocated so that the middle location corresponds to y^ as illustrated 
in Figure 4. This is the transverse detection center to be used in the following 
processes. 

If the number of X probes is large enough for the probe spacing to be sufficiently 
narrow, this relocation is not essential. However, we have typically used eight X 
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Fig. 4. Determination of the middle location of an x-wire rake; n is the number of vorticity 
peaks. 


probes only, the relocation is necessary for efficient use of information from the 
limited number of the probes. 

2.4. Detection: conditioning 

In the present technique, the detection conditions are imposed on the “strength” 
and “size” of (smoothed) vorticity concentrations. The strength is discriminated by 
applying a threshold Th[ to uj at 

I. cJc > Th\, Th\ = k\SM\ Sm = 

Here the local maximum mean shear Sm is used for fixing the threshold level. 
The middle point during the interval of Cj{yc) being higher than Th\ is assigned to 
a trigger instant Also, we check Cj{yc) to be transversely maximum at tc\ 

II. uj{yc, tc) > ^{y, tc) for y ^ 

The size criterion is applied to both the streamwise and transverse scales. The 
condition is such that u values around a point [yc^^c) ^re simultaneously greater 
than another threshold Thi (Figure 5); 

III. Cj[yc ± ^y,ic) > Thi (transverse size), and 

IV. Zr ± At) > Th 2 (streamwise size); T/?2 = 

Here Ar is so chosen as f/cAr is nearly equal to Ay ; that is, a common condition 
is imposed to both the streamwise and transverse sizes. In other words, we assume 
the cross-section of structures to be nearly circular. However, if the selected events 
have a preferential (say, elliptical) shape, such a feature can survive through the 
detection process because the above condition is moderately mild. 


du\ 

^.V/max 
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Fig 5 Illustration showing the criteria on streamwise and transverse scales of vorticity 
concentration 


Large-scale events are accepted only when all the criteria above are satisfied, 
so that weaker, transversely-shifted, smaller-scale or highly distorted events are 
discarded. 


2.5. Eduction: enseiMble average 

Once the trigger instants (? = 1,2,...) are determined, the accepted realizations 
are relatively aligned with respect to each center {ijf , and the ensemble-averages 
of velocity components, {it) and (/;), are calculated. Then, the coherent vorticity 
{(jj) distribution is obtained by using again the Taylor hypothesis and the central 
difference approximation. It may be important to note that the ensemble averages 
are computed from original, unsmoothed velocity signals; the smoothed signals 
have been used only as a means of selecting similar large-scale events. Otherwise, 
ensemble-averaged results should suffer from excessive filtering effects, and the 
departure from the ensemble average, /r(= / - (/)), would have no specific 
physical meaning. 

2.6. Realignment: signal enhancement 

While the essential procedure of the present technique has been outlined above, it 
is preferable to perform further alignment of individual structure centers, because 
smoothed vorticity peaks are usually not sharp enough to be identified clearly. For 
this purpose, we take the cross-correlation between the vorticity-signal segment 
id{yc) of each realization and the initial ensemble average {uj{yc)) (Figure 6). Each 
realization is then relatively shifted by the time delay of the peak correlation. In 
practice, the trigger instants which have been stored in a data file are revised to 
as illustrated in Figure 6. 
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Fig 6 Illustration showing the realignment process. 


3. Applications 

The eduction scheme explained in the previous section has been applied to geomet¬ 
rically simple free shear flows by Hussain’s group at Houston. Similar techniques 
based on the use of multiple X probes have been recently employed by Antonia’s 
group at Newcastle and Bonnet’s group at Poitiers. In this section, several results 
obtained by the present and similar vorticity-based techniques are presented, in 
comparison with the relevant results obtained by other techniques. 

3.1. Circular JET 

In order to check the present eduction scheme, we first applied it to the near field 
of a circular free jet using a rake of seven X probes ([18]). The Jet flow was 
weakly excited at the jet preferred mode, fcD/Uo ^ 0.3. Here, is the excitation 
frequency (= 44 Hz), D is the nozzle diameter (= 7.6 cm) and Uq is the jet exit speed 
(= 11 m/s). Structures educed ai x/D = 3 and 8 are shown in Figs. 7(a,b), where 
the locations of the probes are indicated by thick cross marks, and (a;) values are 
made dimensionless with f^. The number of finally accepted structures per second 
was 0.82/^ at x/D = 3 and 0.40/e at X/D = 8. 

For this particular case, detailed data by Hussain and Zaman [ 19] were available. 
They used local periodic ii fluctuations on the jet axis as a trigger signal for 
phase-locked measurements. Phase-average flow properties were obtained using 
an X-wire probe moved to different {x, r) locations over the spatial extent of the 
preferred-mode structure, without use of Taylor’s hypothesis. Figure 7(c) shows 
their result, when the reference probe for trigger was placed at x/D = 3. 

In comparing the two data sets, caution must be made that Figs. 7(a,b) represent 
a selectively sampled, temporal picture at each x station, whereas Figure 7(c) 
shows a periodically sampled, spatial picture at a particular phase of excitation. 
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° UcT/D 

(b) 


Fig. 7 Near field circular jet under the preferred mode excitation: (u;,)-contours; a) x/D = 3 

and b) x/D = 8 (Ref [18]), c) x/D = 3 (Ref. f 19]). 


Keeping this difference in mind, the agreement between Figs. 7(a) and 7(c) is 
fairly good. This indicates that the present eduction scheme works well and that 
Taylor hypothesis based on Uc yields a good approximation in this case, where the 
preferred mode excitation prevents the occurrence of vortex pairing ([19]). 

Since the sharp signature of structure passage disappears beyond the potential 
core, the point trigger measurement did not reveal any clear structure ioTx/D > 6 
([19]). Figure 7(b) indicates, however, that at least 40 percent of the initially induced 
structures still retain their organization x/D = 8. This example clearly shows 
a superior feature of our technique, which can detect structures without recourse 
to any external signal for trigger. Of course, because of the single radial plane 
measurement, it is not clear whether individual events are axisymmetric or spiral; 
the latter mode is known to be dominant in the region beyond the potential core 
([ 20 ]). 

Recently, Chua and Antonia [21 ] adapted a similar X-wire rake technique to the 
jet near-field and identified the opposing and alternating modes even dXx/D = 4, 
on the basis of filtered vorticity signals on a diametral plane. 

In the fully developed state of a circular jet, Tso [16] employed a rake of 7 X 
probes, coupled with two single-wire probes which were displaced azimuthally by 
90° on either sides of the rake and used for the mode discrimination. He found 
that the helical modes (m = ±1) predominate over the axisymmetric (m = 0) and 
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Fig. 8. Far field circular jets: a) (ui,)/Sm and b) (v)/Uo (Ref. [16J); c) (v)/(U() - UJ (Ref 
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double-helical modes (m = ±2). Figures 8(a,b) show the ensemble averages of 
azimuthal vorticity and radial velocity component for a helical mode (m = H-1) at 
x/D = 50. Since the helical structures intersect the jet diametral plane at an angle 
of roughly 60° ([16]), the cross-section sliced by an a: — r plane appears elongated 
more in the radial direction. 

A comparable data set was reported by Komori and Ueda [22]. They made 
simultaneous measurements of the two velocity components and v) and temper¬ 
ature fluctuations in a slightly heated jet surrounded by a low speed (non-heated) 
co-flowing stream and adopted a pattern-averaging technique. The ensemble aver¬ 
ages of the three quantities were obtained at 240 points around a trigger probe 
placed in the intermittent zone of the jet at x/D = 47.5. In spite of their elab¬ 
orate technique (see [221 for detail), the iso-contours of (i;) in Figure 8(c) look 
much more complicated than Figure 8(b). The reason may be that the events they 
captured contain structures of various sizes and different modes, and hence the 
ensemble-averaged result may have been smeared due to sizable effects of jitter. 
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Fig 9. Intermediate wake of a circular cylinder (Ref. [23]). (ojx)-contours at a) x/d = 10 
and b) x/d = 40 


3.2. Plane WAKE 

Taking advantage of the fairly periodic motion of shed vortices, many investi¬ 
gators have studied organized structures in the near region of bluff-body wakes 
using periodic sampling techniques. Since the periodicity is progressively lost with 
increasing the downstream distance from the body however, such techniques are 
effective at best up to x/l = 10; here, / is the lateral dimension of the body. 
Therefore, for farther downstream regions, the situation becomes quite similar to 
the excited jet case (for x/D > 6) discussed in the previous sub-section. 

The intermediate region of a circular cylinder wake was studied in some detail 
by us [23] using a rake of 8 X-probes. The Reynolds number based on the cylinder 
diameter (d = 2.7 cm) and the free-stream velocity (Uq = 7.0 m/s) was about 
13000. Measurements were made at x/d = 10, 20, 30 and 40, and most of the data 
were taken by the X-wire rake covering mainly one side of the wake in order to 
analyse the details of structures to be educed. 

Ensemble-averaged spanwise vorticity contours obtained at x/d = 10 and 40 
are compared in Figs 9(a,b). The detected and phase-aligned structures are depicted 
by solid lines and the opposite-signed vorticity contours corresponding to structures 
shed from the upper side of the cylinder are drawn by broken lines. Contour levels 
are non-dimensionalized by the local mean-flow variable, 5^, while coordinates 
are normalized by d (and Uc) for the sake of direct comparison of the structure 
scales between different x stations. The number of accepted events decreases from 
0.37/s to 0.13 fs between the two stations: here, /s is the vortex shedding frequency 
corresponding to the Strouhal number of 0.21. 

A comparison ofthe two structures at a same contour level (say, {uJz)/Sm = 1.0) 
suggests that typical structures do not grow in size with increasing x but their size 
relative to the local wake width decreases downstream. It is also apparent that the 
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Structure cross-section, which is initially somewhat elongated to the y direction 
(Figure 9a), becomes rounded and inclined as x increases (Figure 9b). 

Since in the conditioning process, we have assumed the structure cross-section 
to be nearly circular and have not specified the upper bound scale of structures, the 
above observations should not be a consequence biased by the detection scheme 
used but reflect real features of the intermediate wake, where the (nominally) 
spanwise vortices shed from the cylinder are largely in a process of gradual decay. 
Such detailed features could not have been revealed, unless the detection method 
can capture the centers of individual events directly and align them adequately. 
If the detection point is distant away from the center of events, as is often so in 
periodic sampling measurement (e.g. [24]), then the ensemble average {wz) would 
show a vaguer distribution. 

In Figs 10(a)-(c), available data on bluff-body wakes obtained with differ¬ 
ent conditional sampling techniques ([24]-[29j) are compared, with regard to the 
streamwise variations of global structure properties: (a) the peak vorticity 
(b) the convection velocity Uc, and (c) the average trajectory of structure centers 
yc- The present data denoted by dark symbols are generally consistent with other 
data, except those of the D-shape cylinder ([24]) and normal plate ([28]) wakes, 
whose characteristics may be somewhat different from those of the circular cylin¬ 
der wake. This comparison indicates that the present structure eduction, though 
being highly selective, properly identifies representative spanwise structures out of 
various events and provides a fairly objective result. 

Bisset, Antonia and Browne [30] studied the far-field structure of a circular 
cylinder wake at xfd ~ 420 using a rake of 8 X probes, which covered both 
sides of the wake. They attempted at capturing the varicose and sinuous modes 
separately, the coexistence of which had been suggested by Wygnanski, Champagne 
and Marasli [31] on the basis of a linear stability analysis. Bisset et al. successfully 
educed the two modes by employing both the WAG (Window Averaged Gradient) 
detection applied to the filtered v fluctuations and the vorticity-based detection. 
Their result obtained by the latter technique is shown in Figs. ll(a,b), where 
coordinates are made dimensionless with the local wake half-width b. It is noticed 
that the educed structures contain two vorticity maxima, the resason for which 
remains unclear. 

3.3. Plane mixing layer 

We applied the present technique to the self-preserving region of a single-stream 
plane mixing layer initiated from a turbulent boundary layer [32]. Measurements 
were made at two x stations: x/Oe = 1000 and 2000; here, 6e is the initial boundary 
layer momentum thickness. A rake of 8 X-probes covered the transverse extent of 
60 percent of the (local) entire mixing-layer width B, because a preliminary test 
showed that large-scale vorticity-bearing events comparable in size with B were 
very rare. 
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Fig. 10. Comparison of vanous bluff-body wake data, a) Peak coherent vorlicily. b) Convec¬ 
tion velocity, c) Average location of structure centers. Symbols are: ///: Cantwell and Coles 
(Re= 140000), O’ Kiya and Matsumura (16000), ej: Armstrong and Barnes (21500), O' Zhuo 
and Antonia (56(X)), •; Hussain and Hayakawa (13000). D: Davies (27000; D-shape cylinder), 
□ : Kiya and Matsumura (23000; normal plate). 
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Fig. 11. Far wake of a circular cylinder (Ref. [30]): }-contours for a) varicose mode and 

b) sinuous mode. 
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Fig. 12. Plane mixing layers; )-contours; a) = 1000 and b) x/0e = 2000 (vorti city- 
based detection; Ref. [32]); c) j’/6^e = 600 and d) x/O^ = 4800 (point-trigger detection; Ref. 
[33]); e) naturally evolving case and 0 weakly forced (direct numerical simulation; Ref. [32]). 


The results are shown in Figs 12(a,b), where coordinates are made dimensionless 
with the local momentum thickness 9. The two (u;^) patterns are quite similar in both 
the geometry and the peak value, in accordance with the self-similar development 
of the mean velocity field. The structures have a streamwisely elongated shape with 
protrusions at the front and back portions. It is noted again that while the detection 
criteria were common to the two x stations (in terms of the local flow variables), 
the eduction scheme is capable to preserve different structure features if they were. 

Under nearly the same experimental condition, Hussain and Zaman [33] educed 
coherent structures by using u fluctuations at the high-speed edge of the layer as a 
trigger signal. Their results are shown in Figs 12(c,d), which look apparently dif¬ 
ferent from Figs (a,b). In particular, the {a;^} contours on the high-speed side show 
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a bulgy appearance. The reason may be that the detection made at a distance from 
the center of event tends to yield ensemble-averaged flow properties exaggerated 
toward the trigger location and to distort their real distributions. 

Another relevant information was provided by Metcalfe and Menon [32], They 
applied an eduction scheme similar to the present one to their 3D direct numerical 
simulation data of a mixing layer, which evolves in time from an initial condition 
with random fluctuations. The Reynolds number of the simulated flow is roughly 
two-order in magnitude lower than that of the laboratory data discussed above. 
Because of the limited flow range and periodic boundary condition in the x direc¬ 
tion, the ensemble average was obtained by taking data at successive spanwise 
planes as separate realizations. Results thus obtained are shown in Figs 1one 
for a naturally evolving case (e) and the other for a weakly excited case (f). 

In spite of several differences existing between the experimental and simulated 
flow conditions, the vorticity contour patterns in Figs 12(e,f) remarkably resem¬ 
ble those of our experimental data (Figs 12a,b) in their peak value and geometry, 
including the protrusions at the front and back of structures. This good correspon¬ 
dence suggests a possibility that the cross-sectional shape of typical structures in 
the turbulent plane mixing layer does not depend on the local Reynolds number 
(see also Panides and Chevray [34]). 

3.4. Other applications 

For plane shear flows, the X-wire rake technique can be readily extended to mea¬ 
surements of the transverse vorticity component Uy, by rotating X probes by 90° 
and aligning them in the spanwise direction. This probe arrangement has been 
employed in order to study three-dimensional aspects of the intermediate wake by 
us [35] and of the far wake by Antonia and Bisset [36]. 

The experimental condition in the former case was identical with that mentioned 
in §3.2, and the number of X-probes used was again eight. A pseudo-instantaneous 
Ljy map at x/d = 20 is shown in Figure 13. There are frequent occurrences of Uy 
concentration, whose scale and strength are comparable with those of spanwise 
vorticity concentrations (sec Fig. 3a). It is interesting to note that ujy patches often 
exhibit a paired pattern with opposite-signed circulations, as marked by dotted 
lines in Figure 13. This vorticity map suggests the emergence of three-dimensional 
organized structures in the moderately near wake region. Similar Uy distributions 
were also observed aXxfd = 40 ([35]). In this connection, the pattern recognition 
analysis of Ferr6 and Giralt [37] revealed that “rollers eddies”, which are known for 
the far wake ([38]-[40]), occur even at x/d = 60. This is qualitatively consistent 
with our observation. 

From simultaneous records of Uy at seven z locations, we educed three dimen¬ 
sional structures sliced by an x-z plane. The education procedure was basically 
the same as used for the identification of spanwise structures. The result showed 
that when cuy peaks of one sign were detected at a fixed z location, the tUy con- 
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Fig. 13. Pseudo-inslantaneous Cjy maps in the intermediate wake of a circular cylinder at 
x/d = 20 (Ref. [35J). 


centration of the opposite sign preferentially appeared on one side of the detected 
(i.e., aligned) structure ([35]), suggesting the presence of paired, counter-rotating 
vortices. However, the peak {ujy) value of the opposite-signed structure was only 
about 20 percent of the corresponding value of the detected structure. This indicates 
that while paired Uy patterns are often observed instantaneously, the relative spatial 
distance between such a pair significantly varies from one realization to another in 
both the X and z directions, due to various random factors (see [35J for detailed 
discussion). 

In order to gain a further insight into the highly three-dimensional structures, 
we attempted simultaneous two-plane vorticity measurements [35], in which two 
parallel rakes were used for measurements of either spanwise or transverse vortic¬ 
ity component at separated two planes (Figure 14a). Two-plane uj. measurements 
for several spanwise separations between the rakes (by a probe arrangement A1 in 
Figure 14a) showed that the typical spanwise extent of nominally two-dimensional 
vortices at x/d = 20 and 40 was roughly b ~ 2b\ here b is the wake half-width. 
Similarly, two-plane Uy measurements were made with various combinations of 
two rakes spearated in the y direction (by a probe arrangement A2 in Figure 14a). 
The result showed that the transverse coherence of ujy concentrations was identi¬ 
fiable over a y range comparable with b but was mainly confined within one side 
of the wake, and that the most probable orientation of transverse structures with 
respect to the y axis was about 30°. 

As to measurements of three-dimensional structures using multiple hot-wire 
probes mention is to be made of two recent investigations for the far wake of a 
circular cylinder Bisset, Antonia and Britz [41] employed two orthogonal rakes of 
X probes (coupled with a cold-wire probe in a slightly heated wake) and measured 
all three components of (large-scale) vorticity at a crossing point of the two rakes 
(Figure 14b). Ferr^, Mumford, Savill and Giralt [42] applied the pattern-matched 
correlation technique, originally developed by Townsend [43], to velocity fluctu¬ 
ations taken by eight single-wire probes which were aligned either in the y ox z 
direction. These studies shed more light on the relationship between double-roller 
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Fig 14 Examles of x-wire rake arrangement used in plane wake studies, a) Parallel rakes 
(Ref. [35]). b) Orthogonal rakes (Ref. [41]). 


and spanwise entrainment structures, an issue that has been a long-pending one 
since the early studies of Townsend [38], Grant [39] and Payne and Lumley [44]. 


4. Advantages and Limitations 

4.1. Advantages 

Major advantageous features of the present technique are summarized below. 

(1) The whole procedure involved in the technique relies on an intrinsic flow 
property (i.e., “vorticity”) of organized turbulence structures, and hence it 
is conceptually self-consistent and objective, provided that those events are 
presumed to be characterized by spatially correlated vorticity. 

(2) Low-pass filtered vorticity maps help us to have a physical perception of 
vorticity-bearing organized events in a flow more quantitatively than that 
obtained from conventional flow visualization pictures. 

(3) The (approximate) center of each event is directly captured and is used as a 
phase reference for triggering the ensemble averaging operation. This feature 
serves the following important merits. 

(a) Effects of jitter are minimal at the educed structure center, affording a 
sharper decomposition of the ensemble-averaged part and the remained 
part. This feature is particularly important in order to clarify the relative 
spatial distributions of large-scale and smaller-scale motions and to infer 
the mechanisms of entrainment, production and mixing. 

(b) Vortical events can be captured at any transverse/spanwise location, as far 
as they occur within the extent covered by the X-wire rake. This feature 
is similar to that of “delocalized conditional sampling” by Beilin, Delville, 
Vincendeau, Garem and Bonnet [45]. 
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(c) A condition on the sectional shape of structures can be included rather 
easily in the detection process (at the step III in §2.4), such as ij{yc + 
Ay, tc + Ar) > T/i 2 and uj{yc - Ay, tc - Ar) > T/i 2 - Here, an optimum 
value of Ar can be determined from the cross-correlation between uj{yc) 
and u{yc ± Ay, r). A similar procedure has been employed by Tso [16] for 
the mode discrimination in the far field jet, as mentioned earlier. 

Some recent studies related to the advantages above need to be mentioned here. 
Instantaneous fields similar to our vorticity maps have been measured by other 
techniques. Agui and Jimenez [46] obtained the instantaneous spatial distribution 
of spanwise vorticity in a circular cylinder wake with the aid of a particle-tracking 
method. Delville, Beilin, Garem and Bonnet [47] visualized instantaneous high 
shear regions in a plane mixing layer using a rake of 24 single-wire probes coupled 
with a color-coded image processing technique, called “pseudo flow visualizations” 
(see also |45]). 

Aside from direct numerical simulations, instantaneous 3D field data recently 
became measurable by novel experimental techniques. Let us mention here only two 
examples. Kasagi and Nishino [48] improved the 3D particle-tracking velocimetry 
system using three video cameras set at different viewing angles to a flow, and 
succeeded in fairly accurate measurements of the three-dimensional velocity field 
in a turbulent channel flow. Meng and Hussain [49] developed a holographic 
particle velocimetry for measurements of the velocity vector field in both 3D space 
and time, and demonstrated its promising capability in some vortical flows. 

A good correspondence between low pressure regions and vortical structures has 
recently received attention both in theoretical and numerical studies (e.g. [50], [51 ]). 
Toyoda [52] developed a specially designed small pressure probe and obtained the 
ensemble average of static pressure in the near field of a circular jet excited at 
the vortex pairing mode. Vortices undergoing pairing were well identified as the 
evolution of low pressure regions (see also [53]). Therefore, static pressure can 
be also a good flow property to characterizing vortical structures. In laboratory 
experiments, however, multi-point measurements of static pressure, which ought 
to be required to capture structure centers unambiguously, may not be an easy task. 

4.2. Limitations 

Limitations of the present technique are primarily due to the coarse resolution in 
measurements and the use of Taylor’s hypothesis. 

(1) The spatial resolution depends on the number of X probes used and on their 
separation relative to the thickness of a shear layer. 

(a) Measurements of thin shear layers are difficult, unless specially designed 
miniature probes are available. 

(b) Vorticity concentrations smaller in size than the probe separation escape 
the measurement. 
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(c) The transverse scale of identifiable events must be larger than 2As, 
because otherwise, the center of events cannot *be detected properly, except 
in the case that the transverse location of the centers is well fixed, say, via 
artificial excitation. 

(d) Calculated instantaneous vorticity values are crude approximation to the 
actual values. Vorticity estimated from a coarse resolution measurement 
(containing a spatial-filter function) may not be identical with filtered vor¬ 
ticity computed from the data of a finer resolution measurement. 

(e) Use of a larger number of probes requires a large capacity of laboratory 
computer along with a sufficiently high speed A/D conversion system for 
the acquisition and analyses of data, and hence it costs much. 

(2) The use of Taylor’s hypothesis is unavoidable, since measurements are made 
at a fixed streamwise station. Note that the conversion of data from t to t, based 
on a constant convection velocity, is used in both the vorticity computation 
and the calculation of ensemble averages. 

(a) Any information about the spatial evolution of structures is limited within 
a short duration around a given instant. 

(b) Measurements in regions where structures are undergoing rapid evolution 
or interaction, such as vortex paring, may include significant error. 

(c) The applicability of Taylor’s hypothesis, based on the structure celerity, 
to smaller-scale motions may be questionable, but is generally hard to be 
evaluated. 

(3) The process of conditioning involves subjectivity. Choice of thresholds in 
discriminating the strength and size of structures includes arbitrariness, and 
the number of selected events depends on the thresholds used. 

With regard to the limitations listed above, some comments are necessary. Our 
experience, based on the use of a rake of 8 X-probes, has indicated that the spatial 
resolution is not necessarily a serious problem. Through a preliminary survey 
of instantaneous vorticity maps, we can choose a suitable probe arrangement to 
identify representative structures in the flow considered. 

Vorticity fluctuations, whose scales are at least larger than the probe spacing, 
seem to be estimated reasonably well, as would be inferred from several examples 
presented in this paper. Moreover, velocity signals at N i/ locations contain spectral 
contents up to the Nyquist frequency of data sampling. Therefore the resolution of 
ensemble-averaged quantities through data interpolation is about a half the probe 
spacing, to the first-order approximation. For the time-to-space conversion of data, 
we have used the average streamwise celerity of structure centers, which was 
iteratively determined so as to be equal to the ensemble-averaged u component at 
the educed structure center. The pertinence of this choice for isolated structures was 
validated by Zaman and Hussain [54]. They warned, however, that when structure 
interactions like vortex pairing are involved, no convection velocity can be found 
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with which Taylor’s hypothesis works well. In such a case, phase-locked spatial 
measurements without use of the hypothesis appear to be a better approach, as was 
done by many investigators (e.g, [55]-[58]). 

Arbitrariness involved in the process of conditioning is a common problem in 
any conditional sampling techniques. In the present case, the arbitrariness corre¬ 
sponds to our judgement in selecting the events of ‘similar’ characteristics. Such 
subjectivity is unavoidable to some extent, as far as we try to extract dominant 
structures in turbulent shear flows. 

Finally, it may be worth mentioning that the generic usefulness of the present 
eduction scheme has been confirmed in the numerical simulations of a plane mixing 
layer ([32]) and a thick flat plate wake ([59]), where there is no concern about the 
limitations due to the spatial resolution and Taylor’s hypothesis. 


5. Closing Remarks 

The vorticity-based conditional sampling technique using a rake of multiple X- 
wire probes has been outlined, and its effectiveness has been demonstrated through 
several examples. 

Since recent progress in the laboratory technology has made it easier to employ 
a larger number of the probes simultaneously ([60]-[62]), it is not currently difficult 
to perform the rake measurement which is more resolvable and accurate than the 
one presented in this paper. However the present approach may not be easily 
extended to the measurement of all three components of vorticity at multiple 
points in a flow, which is obviously desired to unveil the topology and dynamics 
of essentially three-dimensional organized structures in turbulence. While accurate 
measurements of three vorticity components at a point has become possible owing 
to the development of miniature vorticity probes (e.g. [63], [64]), the simultaneous 
use of the probes at many points in a flow is still beyond the current laboratory 
technology. 

These problems in hot-wire probe measurements will be conquered by newly 
developing methods, such as 3D particle-tracking velocimetry ([49]), holographic 
particle velocimetry ([50]), NMR imaging velocimetry ([65]) and scalar imaging 
velocimetry ([66]); all these methods have an excellent capability in acquiring 
instantaneous 3D vector field data. However, even if a massive amount of 3D data 
are taken through the novel experimental techniques as well as direct numerical 
simulations, it is crucial how to focus on dynamically significant flow events in 
the flow considered and how to extract them with some least subjective means. 
It seems to us that “vorticity” should be a primarily impprtant flow property to 
observe for that purpose. This has been a basic concept in the vorticity-based 
conditional sampling technique. 
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Abstract. Coherent structures (CS) are educed using a conditional sampling technique involving 
alignment of vorticity patches of largest size and strength; hence we educe dominant CS. A numer¬ 
ically simulated spatially evolving wake of a thick flat plate is used as the database, and the inflow 
condition for the simulated wake includes random velocity perturbations which emulate turbulent 
conditions at a plate exit in the laboratory. In addition to previously educed properties such as coherent 
vorticity and production, and incoherent Reynolds stress and turbulence intensity, other measures 
such as coherent pressure and passive scalar distributions are also studied. In spite of the geometry 
difference, the near-wake dynamics of the plate seem quite similar to that of a cylinder. For example, 
turbulence is mostly produced by vortex stretching of (he ribs at the saddle and then advected to the 
structure center, where it accumulates, and is balanced by incoherent dissipation. The distribution of 
coherent passive scalar indicates that mixing occurs in the saddle regions and that the mixed fluid is 
advected into the structure center. 


]. Introduction 

CS in a circular jet and the wake of a circular cylinder were educed previously in 
laboratory flows using a linear rake of X-wires, which provided span wise vorticity 
distribution in a spanwise plane (see [1, 2], the latter referenced as HH). Despite 
the unavoidable crude transverse resolution of the experimental data, these stud¬ 
ies provided significant insights into the geometry and dynamics of CS. In this 
paper, a database of a spatially evolving flow reported previously by Grinstein et 
al. [3] (references as GHB) is used to educe CS and evaluate CS properties in 
more detail as well as other measures, which are difficult to obtain experimen¬ 
tally. Detailed description of the basic flow configuration investigated, as well as 
the numerical model, gridding and boundary conditions can be found in GHB. 
The plane-wake system studied involves streams of air initially separated by a 
thick splitter plate, with free-stream Mach number. Moo = 0.6, at standard initial 
temperature and pressure conditions. Initial conditions for the simulated wakes 
included laminar regimes as in GHB, and wakes for which 3D random velocity 
perturbations (rms-level 2.5%) were added to the mean free-stream velocity Uoo 
to emulate the upstream turbulence in the laboratory experiments. 

The numerical model is based on the solution of the unsteady inviscid conser¬ 
vation equations for mass, momentum, and energy of an ideal gas, with appropriate 
inflow/outflow boundary conditions. A passive scalar c with unity Schmidt number 
5c, is advected with the velocity field in order to explore mixing in the flow. It is 
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initialized by setting its free-stream values as c = 1 and c = — 1 on the two sides of 
the wake. Characteristic Reynolds numbers (based on and d) for the simulated 
flows in this work were 10^ < Re <4x10"*. 

Monotonically-integrated large-eddy-simulation (MILES) approach [4] is used, 
involving a fourth-order phase-accurate FCT algorithm in conjunction with direc¬ 
tional and timestep-splitting techniques on structured grids, in which the FCT 
nonlinear high-frequency filtering provides the minimal subgrid turbulence mod¬ 
el. Relevant convergence studies of MILES scheme have been recently reported, 
involving FCT-based models in the simulation of 3D periodic round jet [4], and 
the Piecewise-Parabolic Method (PPM) in turbulence decay studies [5]. Although 
this numerical scheme solves the Euler equations instead of the full Navier-Stokes 
equations, numerical viscosity enables us to stimulate the Navier-Stokes equations 
up to the inertial range of spectrum; thus the small-scale eddies are resolved up 
to the inertial range. Since the most of energy of smaller scales than the large- 
scale structures is expected to be contained in the inertial range, the comparison of 
coherent and incoherent quantities with previous experimental data are justified. 


2. Eduction of CS 

2.1. Eduction philosophy 

Although our eduction approach in principle applies to the 3D vorticity field, lim¬ 
itation of experimental data forced us so far to use one vorticity component in a 
2D plane, namely uJz in the xy plane. Numerically, eduction of 3D structure based 
on the easily available 3D vorticity data is quite feasible except that it is compu¬ 
tationally prohibitive to obtain 3D instantaneous data for long times. Therefore, in 
the present case, we educe the 2D structure in the xy plane considering statistical 
homogeneity in the direction. The eduction process, in principle, consists of the 
following steps: (i) choose smoothed spanwise vorticity as a feature that denotes 
passage of large-scale structures, (ii) select the most dominant ones based on their 
vorticity magnitude and size, (iii) phase align the accepted structures and obtain 
their ensemble average, (iv) refine the phase average by an iterative procedure that 
is based on the cross-correlation of individual realizations (rejecting ‘freak’ struc¬ 
tures) and their ensemble average, and then (v) compute by ensemble averaging 
relevant coherent and incoherent quantities that are important to the dynamics of 
the flow from the unsmoothed data. Thus, smoothing, used only for identification of 
structures in the random vorticity field, does not affect any of the educed quantities: 
coherent or incoherent. 

One advantage of our eduction scheme over other eductions of CS, say using 
POD (proper orthogonal decomposition) or LSE (linear stochastic estimation) is 
the ability to address the dynamics of physically occurring CS in any flow. This is 
possible through a conditionally averaged equation derived from the Navier-Stokes 
equation after decomposing the instantaneous field into coherent and incoherent 



EDUCTION OF COHERENT STRUCTURES 


229 


parts (see [6]). Another advantage is that the educed incoherent quantities provide 
information about the dynamics of the small-scale ilootions, not totally possible in 
PODorLSE. 

2.2. Eduction SCHEME 

Compared to laboratory experiments, the instantaneous flow field in the simulation 
is free from limitations such as the effects of probe interference and the highly 
restrictive Taylor’s hypothesis. The computations also have the advantage of being 
free from errors of hot wire measurements due to high turbulence levels and flow 
reversal (specially in the near-wake). On the other hand, numerical simulations 
have limitations as well. The relatively large number of realizations required for 
the statistical studies, the extremely long times needed for phase-space analysis of 
the flow variables, and computations of 3D flows at practical Reynolds numbers 
can become prohibitive [6]. An unavoidable compromise that we were forced to 
make here was to regard each span wise section (xy plane) of a roll near the location 
x/d = 10 as a separate realization. This was also done in the eduction of CS in 
numerically simulated mixing layers by Metcalfe el al. [7]. 

Since our primary interest in large-scale events, the identification of structures 
was performed on the smoothed instantaneous spanwise vorticity data which were 
obtained by local spatial smoothing. In the present case, a nine point averaging 
(3 X 3 in an xy plane) was used; this amounts to 8% of the average interval between 
successive structures. This operation smooths out the fine-scale fluctuations, but 
retains the underlying large-scale vorticity. Once again, note that all structure 
properties are finally educed from the unsmoothed data. 

The first condition employed by the present eduction scheme is for the structure 
strength. Based on that, realizations (i.e. vorticity maps in the stream wise-transverse 
plane) with maximum smoothed exceeding 2Sm (where is the maximum 
mean shear at x/d = 10) are detected at each spanwise plane. The choice of the 
local Sm for specifying the threshold is justified by the fact that both and the 
structure strength evolve in x. The second condition is for the structure size. In 
order to specify this, ujz is required to be higher than 0.35^/ within a distance of 
0.25rf from its peak in the xy plane. 

Each realization is then aligned with respect to the peak of ujz and averaged to 
obtain the zeroth-order ensemble average. Each realization is then shifted in both x 
and y directions to maximize its cross-correlation with the zeroth-order ensemble 
average in order to obtain sharper structure boundaries. This process is iterated 
until convergence in structure shape is achieved. The purpose of the iteration is 
to find the underlying, true center of each realization necessary for its optimal 
alignment before its inclusion for the ensemble averaging. Note that the location 
of maximum spanwise vorticity can only give a local peak and not the center of 
the overall structure, which can be obtained from the location of maximum cross- 
correlation in this study. The domain selected for the cross-correlation is shown in 
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Fig. 1. Instantaneous visualization of the plane wake perturbed with coherent (sinusoidal) 
spanwise-excitation; (a) superimposed isosurfaces of u;z (grid) and ujx (solid), (b) isosurfaces 
offi. 


Fig. 5c. Realizations that produce weak cross-correlation coefficients, here below 
0.8, or require shifts more than 0.5d were discarded because they are considered to 
be ‘freak’, i.e. significantly different from the ensemble-averaged structure. Note 
that this iteration process is similar to the pattern recognition technique, provided 
that the zeroth iteration ensemble-average is considered as the trial pattern. Here, 
the trial pattern is not guessed, but derived from signals themselves. After a new 
alignment of the realizations through the modified peak locations, the smoothed 
data are discarded and only the unsmoothed data are used to obtain the final ensem¬ 
ble average. Whatever survives the ensemble average is the coherent structure; the 
departure of each accepted realized from the average is the incoherent turbulence 
in that realization. Incoherent turbulence is then rms ensemble averaged to extract 
its statistical measures over the structure cross-section. 

The data presented in this paper are spatial distributions of various phase- 
averaged quantities; velocities are normalized by the free-stream velocity Uoo^ 
and vorticity and strain rate are normalized by the peak value of dU/dy at the 
corresponding x station. 

3. Instantaneous Flow Field 

Figure la shows superimposed isosurfaces of span wise (grid) and streamwise 
(solid) vorticity at a level 10% of the peak vorticity magnitude (SI = (^x + 
ujy -f in the computational box; Fig. lb shows isosurfaces of the vorticity 

magnitude at the same level as Fig. la, but as seen from the opposite side of 
the wake. The instantaneous visualization in Fig, 2 corresponds to a perspective 
view of Fig. 1, and shows isosurfaces for the passive scalar, c, associated with the 
particular values c = 0 (solid) and c = ±0,5 (grid), characterizing regions of large 
and moderate mixing between the two sides of the wake, respectively. 

The vorticity introduced by the spanwise excitation in the transverse and stream- 
wise directions is deformed, stretched and concentrated in longitudinal ribs as a 
result of the high strain-rates between rolls. The ribs appear in counter-rotating 
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Fig 2 Isosurfaces of the passive scalar c for the structure shown in Fig 1 


pairs distinctly superimposed on the rolls and can be initially interpreted as legs of 
horseshoe vortices 

Eduction analysis of the simulated wake shows that when one mode of sinusoidal 
excitation is used at the inflow, one can find very good agreement with experimental 
results on the coherent quantities However, basic incoherent properties reported 
in HH, such as occurrence of peak incoherent turbulence intensity at the spanwise 
roll centre, are not observed In order to emulate the inflow background turbulence, 
we imposed random perturbations on the streamwise and cross-stream velocities 
with a rms-level of 2 5% of the free-stream velocity 

A particularly relevant issue is that of the dependence of the flow properties 
on outflow boundary conditions in the simulation These conditions can tngger 
formation of rolls through feedback at the inflow boundary. They can also affect 
the evolution of the rolls directly, when the rolls are close to the outflow boundary. 
For the flows simulated in the present study, the feedback amplitude level is small 
compared to the imposed random perturbation level at the inflow boundary Direct 
effects of the outflow boundary conditions on the structure properties are minimized 
by choosing the detection location sufficiently far away from the outflow boundary. 
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b) 


Fig. 3. Instantaneous visualization of the plane wake perturbed with (incoherent) spanwise- 
excitation; (a) isosurfaces of Q, (b) isosurfaces of the passive scalar c. 



Figures 3a, b show isosurfaces of the vorticity magnitude and the passive scalar 
corresponding to the levels O.lQpeak ^ind c = 0 for the flow with the inflow 
conditions discussed above. From these, it is clear that rolls and ribs become much 
more disorganized as a result of the inflow perturbations. 


4. Educed Flow Field 

To increase the number of realizations available in a typical roll (indicated by 
an arrow in Fig. 3a), we consider spanwise planes of five successive structures 
captured near x/d = 10. This yields about six hundred realizations. Of these, 
half were rejected during iterative selection process, and the remaining half were 
optimally aligned before final ensemble-averaging. Figure 4 shows {u-U,)Av). 
{ujz), {Sxy) in the xy plane. In all the figures, the circle denoting the contour 
level at 10% of the peak (u;.) (Fig. 4c) serves as the common references. The 
corresponding results obtained using one mode of sinusoidal spanwise excitation 
(not shown), have distributions quite similar to those in Fig. 4, indicating that the 
selection of the perturbation has little effect on these quantities. The distributions 
of (w — Uc), {v), {(jjz) and (Sij) shown here are quite similar to those obtained by 
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Fig 4 Educed slmcture properties, the structure boundary IS indicated by a circle; (a) {u—Uc), 
(b) (i;), (c) (d) (5x.y) 


HH in a cylinder wake. For references, we marked the vortex center and the saddle 
by ‘+’ and ‘x’, respectively, 

Due to the ribs, peaks of (cj^) (Fig. 5a) occur in the saddle region and coincide 
with those of incoherent Reynolds stress (Fig. 5b). There is also significant {u]) at 
the center of the CS due to the undulation of the rolls. The ratio of (cj^) to is 
about 20%. There exists also significant incoherent Uz at the center of CS (Fig. 5c) 
due to the presence of small scales within the core of CS. It can be argued that the 
incoherent Reynolds stress in Fig. 5b is produced by the induced motion of the ribs 
(intermediate-scale CS) as seen in Fig. 5d, and that ribs connect CS with opposite 
signs of uJz (Fig. 5a). The coherent shear production also shows peaks near the 
saddle because of the large incoherent Reynolds stress and shear strain in those 
regions (Fig. 5d). Thus, the mechanisms of turbulence production in the wake of 
the flat plate is the same as that in the cylinder wake (HH), namely vortex stretching 
of ribs by the shear strain caused by adjacent rolls. The incoherent turbulence along 
the ribs is apparent in Fig. 5e; however, most of the incoherent turbulence occurs 
at the structure center, implying that incoherent turbulence produced at the saddle 
is transported to the center of the structure (see [2, 8]) and is accumulated there. 

Coherent pressure (p - po). where po is the free-stream pressure, has a negative 
peak at the structure center and has positive value at the saddle, as expected 
(Fig. 50. This suggests that the pressure signal can be used for the detection of 
the roll. The advantage of using the pressure signal is that it is invariant under 
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e) 




Fig. 5. Educed slructure properties; the structure boundary is indicated by a circle; (a) 
(ujI)- (b) incoherent Reynolds stress (urv^), (c) {u/l), (d) coherent shear production P, = 
-2(urKr)(5i„), (e) incoherent turbulent kinetic energy (uj + vl), (f) coherent pressure 
(P-Pa)- 


any coordinate transformation, and that the negative peak pressure at the structure 
center is proportional to the circulation of the structure, so that one can directly 
detect the large-scale structure from it [9], However, the pressure is high in the 
saddle region and locally drops in the ribs. Therefore, if the circulation of the ribs 
is not high enough, the pressure drop is not sufficient for their detection [10], Note 
that the ribs can be easily detected using {ujI + even when they do not have 
circulation comparable to that of the rolls. Therefore, vorticity magnitude allows 
the identification of both CS and dynamically relevant ribs. 

The coherent passive scalar level (c) (Fig. 6a) has large gradients in the neigh¬ 
borhood of the saddle region, reflecting that scalar mixing is the largest there. This 
is expected because passive scalars from the two sides of the wake are advected 
into the saddle region, and the interface between them is increased by rib-induced 
flow. Clearly, | (c) | = 0 on the interface separating the two fluids on the two sides 
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Fig. 6 Educed structure properties; the structure boundary is indicated by a circle; (a) coherent 
passive scalar (c), (b) incoherent passive scalar (rj); ‘L’ and ‘H’ denote local minima and 
maxima respectively 



Fig. 7. Conceptual model of turbulent mixing. 


of the wake. However, a region of \c\ <C 1 would also indicate mixing by cross 
diffusion; while a region of |(c)l 1 may indicate both stirring and mixing, only 

(r^) would indicate a measure of mixing. Regions of local minimum of |(c)| are 
found to occur at the structure centers. Contours of incoherent passive scalar (cl) 
(Fig. 6b) have minimum values in the structure centers, showing that the core fluid 
is indeed mixed. Minimum coherent passive scalar occurs at the structure center 
essentially due to turbulent diffusion. 

The above discussion on the passive scalar and turbulence properties suggests 
a conceptual model for turbulent mixing as shown in Fig. 7. Roll-induced motion 
advects the unmixed passive scalar from two sides of the wake into the saddle 
region as well as towards the rib-roll contact region. In the saddle region, mixing 
starts due to further stretching of the scalar interface by rib-induced motion; at 
the rib-roll interface, mixing starts due to interactions between ribs and rolls. The 
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partially mixed scalar is then advected to the structure center, where mixing is 
completed by the high turbulence there. 

3. Conclusion 

Random velocity fluctuations at the inflow boundary in the numerical simula¬ 
tion are necessary for the incoherent properties to be consistent with laboratory 
experimental data. The mechanism of turbulence production and the behavior of 
incoherent turbulence in a flat-plate wake is essentially the same as in a cylinder 
wake; i.e. turbulence is produced at the saddle and is advected into the structure 
center where it accumulates. However, the incoherent passive scalar shows a mini¬ 
mum at the structure center. Mixing of the passive scalar starts in the saddle region 
and the rib-roll contact region and is completed at the structure center by high level 
turbulence. 
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Abstract Vortical structures in the noncircular jets excited at the interaction mode were educed by 
measuring fluctuating static pressure, and their characteristics were discussed in relation to the mixing 
mechanism of the noncircular Jets, The contours of phase-average fluctuating pressure show clearly 
the vortical structures of the noncircular jets, which compare reasonably with those observed by the 
flow visualization experiments. The evolution of the vortical structures is characterized by partial 
merging, stretching and splitting to smaller voitices. The effects of the noncircular vortical structures 
on mixing were also discussed based on the quantitative measurements of the velocity fields, the 
results suggesting that the interactions of vortical structures in the noncircular jets are very effective 
to enhance mixing. 


1. Introduction 

The existence of coherent structures has been noted as a key feature of turbulent 
shear flows, and many research works have been done on the structures. In the 
experimental works, it is crucial to educe coherent structures; previous works 
suggest that vorticity is a useful measure to educe coherent structures which are 
closely related to vortex motions [1]. However, the educed results involve serious 
errors due to the structure ‘jitter’ and to the differential operation required in the 
vorticity measurements. 

It is well known that the vortical structures are closely related to the pressure 
fluctuations,which show direct footprints of the vortical structures better than the 
velocity fluctuations [2]. Indeed the results of direct numerical simulation reveal 
that the low-pressure regions correspond to the vortical structures [3]. Thus the 
detailed pressure measurements in the turbulent shear flows are expected to give 
us useful information on the vortical structures. Moreover the pressure fluctuations 
are very important in view of the noise-generating mechanism related to the vor¬ 
tical structures [4). Although a significance of the pressure fluctuations has been 
pointed out, there have been few works on the direct pressure measurements which 
are usually attended with serious errors due to disturbance by a pressure probe 
inserted in the flow. The authors have developed a probe to measure the fluctuating 
static pressure in the turbulent flows [5], and confirmed that the direct pressure 
measurements with the probe were very effective to educe the large-scale vortical 
structures in a circular jet [6]. 

Use of noncircular jets has been noted as a useful technique to control jet mixing. 
It is suggested that the mixing enhancement in noncircular jets is owing to the 
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Fig. 1. Wind tunnel. 



motions of the noncircular vortical structures evolving in the jets [7, 8]. The vortical 
structures are three-dimensionally complicated, and except flow visualization [9] 
there has been no way to detect the structures. However the visualized results often 
have serious problems of misleading to incorrect physical perception different from 
the real structures, and we need other methods to detect the complicated vortical 
structures. 

In the present study, the vortical structures in noncircular jets excited at the 
interaction mode were educed by measuring the phase-average fluctuating pressure, 
and compared with those observed by the low-Reynolds number visualization 
experiments, and the characteristics of the vortical structures were discussed in 
relation to the mixing mechanism of noncircular jets. 


2. Experimental Apparatus and Procedures 

The wind tunnel used in the experiments is shown in Fig. 1. The air issued from 
sharp-edged noncircular orifices attached at the end of the wind tunnel. In order to 
regulate the formation of vortical structures, the jets were excited by a loudspeaker 
at the side of settling chamber. The excitation frequency was a quarter of the 
natural frequency of the shear layer generated from the orifice edge, and the 
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excitation intensity u'eAJe (u'e, Ue: the rm.s. value of fluctuating velocity and the 
mean velocity at the jet exit) was 3%. Under the excitation the stable interaction of 
vortical structures was evolved. The orifice shapes are triangular and rectangular 
of aspect ratios of 2 (& 4. The equivalent diameter of each orifice De is 50 mm, Ue 
is 4 m/s and the Reynolds number Re (= UeDe/i/) is 1.3 x lO'^. 

The pressure probe used in the experiments is shown in Fig. 2. The static pressure 
tube with four small holes is connected at the end to the condenser microphone. 
The structure and the dimension of the probe were determined so as to minimize 
errors in the measurements of fluctuating static pressure. In order to damp the 
organ pipe resonance in the tube, a thin nylon gauze was inserted in front of the 
diaphragm of microphone, and the probe had a nearly flat frequency response to 2.0 
kHz. The cross-flow error of the static pressure tube was calibrated in the uniform 
flow by changing the flow attack angle to the tube. The result is shown in Fig. 3 
in comparison with those of a standard static pressure tube and a nosecone tube. 
The cross-flow error is minimal in the present tube; ICpI is less than 0.02 within 
the attack angles of zb 15 degrees. It means that the tube is applicable to the flow 
with an equivalent turbulence level of 27% [9). 

The dynamic calibration of the pressure probe was carried out in the wake of a 
circular cylinder by measuring pressure- and velocity-fluctuations simultaneously 
[11]. The true pressure was predicted with the measured velocity by the following 
equation [12]: 


Pf = -p{u - Uc)Uf, (1) 

where p/ and u/ are the fluctuating pressure and velocity, p is the density, u is the 
mean velocity and Uc is the convection velocity of disturbance. Since equation (1) 
is deduced from the inviscid momentum equation, p/ and u f should be measured in 
the potential flow region outside Karman vortices behind the circular cylinder. The 
fluctuations were measured by pressure and hot-wire probes as shown in Fig. 4, 
where an example of measured velocity and pressure signals are also shown. The 
cylinder diameters were 1-40 rrtm, the free-stream velocities were 8-25 m/s, and 
the frequencies of vortex shedding were 100-2000 Hz. The ratio of the measured 
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Flow 



/Pressure probe 

,Hot-wire probe 


T) T) T) 




Fig. 4. Calibration procedure of the pressure probe in fluctuating flow; H/dr = 1.25-2.25, 
L/dc = 1.8-3.3. 


rms value pjm to the predicted rms value p/th is shown in Fig. 5, where the ratic 
is plotted against the nondimensionalized wave length A/D (A: wave length of 
disturbance). The result shows that the error in the measured values is less thar 
18% of the true values. 

The response of the pressure probe to the vortex motion was also calibrated by 
measuring pressure- and velocity-fluctuations in a turbulent vortex ring generatec 
by a single pulse jet. The fluctuation signals are shown in Fig. 6. The result show^ 
that the pressure probe responds reasonably well to the pressure fluctuation of the 
vortex. 

This type of pressure probe was also used to educe the vortical structures of c 
circular jet excited at the pairing mode [6], and the results were compared with 
those of the vorticity measurements [13], An example of the comparison is showr 
in Fig. 7, where the phase-average pressure contours at a certain phase of excitatior 
are compared with the phase-average vorticity contours nearly at the same phase. 
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Fig 6 Response lo vortex motion 


The negative pressure region corresponds to the vorticity concentrated region, and 
the pressure minima locate at the vorticity maxima. The result suggests that the 
pressure measurements are very useful to detect the vortical structures in turbulent 
shear flows. 

The arrangement of the probes for the present measurements is shown in Fig. 8. 
The reference velocity and the fluctuating pressure were measured respectively 
by a single hot-wire probe fixed near the jet center at \/Dg = 0.8-1.0 and by the 
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x/De x/De 

Fig. 7. Phase-average vorticity and pressure contours; ^ vorticily, fp: excitation frequency; 
<p>: phase-average fluctuating pressure nondimensionalized by pUeV2. 



Reference probe 

(l-type hot-wire probe) 


3 



t 


Reference signal 

Fig. 8. Arrangement of the probes for the phase-average measurement. 


pressure probe moved at about 500 locations over 0.8 < x/De < 3.0 and -1.2 < 
y/De < 1.2. The phase-averaging was carried out at 0 = 0 (zero-cross point) and 
6 = 7r/2 of the reference signal as shown in Fig. 8. The traversing of the pressure 
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x/De 


K/Oe 


Fig 9 Triangular jet {0 = ttH) (a) visualization, (b) <p> contours (dolled zone <p> < 
-0 08, A<p> = 0 08), (c) <p'> contours (A<p'> = 0 05) 


probe, the data acquisition and the data processing were automatically controlled 
by the personal computer 

3. Results and Discussions 

Figure 9 shows the results of triangular jet: a visualized picture, contours of phase- 
average fluctuating pressure <p> and contours of incoherent fluctuating-pressure 
intensity <p'>. The values of <p> and <p'> are nondimensionalized by the 
dynamic pressure pUe^/2 at the jet exit. The visualized result was obtained in the 
water jet expenments at Re = 1.5 x 10-^ [8]. Note that the Reynolds numbers of 
the present and visualization experiments are different, and that the vortex motions 
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Fig 12 Major axis plane of rectangular jcl (AR = 4) (a) visualization, (b) <p> contours 
(dotted zone <p> < -0 08; A<p> = 0 08), (c) <p'> contours (A<p'> = 0.025). 


are dependent on the characteristics of vortices (core size, circulation, vorticity 
diffusion and so on) which are affected by Reynolds number. Thus the compar¬ 
isons with the visualized results are restricted to qualitative aspects. The negative 
regions (<p> < -0.08) in the <p> distribution, shown by dotted zones, reveal 
characteristics of the vortical structures and agree well with the dye concentrated 
regions in the visualized result: the merging of leading (L) and trailing (T) vortices 
on the upper side, and the passing-through of trailing vortex into leading vortex on 
the lower side. The <p'> contours suggest that the maxima of <p'> locate at the 
centers of the vortical structures. 
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Fig 13 Minor axis plane of rectangular jet (AR = 4) (a) visualisation, (b) <p> contours 
(dotted zone <p> < -0 08, A<p> =0 08), (c) <p'> contours (A<p'> = 0 025). 


The results of rectangular jet (AR = 2) are shown in Fig. 10. The vortical 
structures identified with negative <p> contours on the major axis plane agree 
well with the visualized result which shows the merging of leading and trailing 
vortices. On the minor axis plane, the <p> contours show the passing-through of 
trailing vortex into leading vortex, as inferred also from the visualized result. 

The vortical structures of the rectangular jet (AR = 4) are very complicated 
as shown in Fig. 11, which was obtained by the visualization expenments [8]. 
Thus the phase averaging was carried out at two phases {B = 0, 7 r/ 2 ) to detect the 
sequence of the complicated vortical structures. Figure 12 shows <p> and <p'> 
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TABLE I. Flow rales (Q/Qc at x/De = 5) 


Orifice shape 

Unexcited jet 

Excited jet 

Circle 

1.00 

1.17 

Triangle 

1.07 

1.21 

Rectangle 

1.10 

1.40 

(AR = 2) 



Rectangle 

0.99 

1 35 

(AR = 4) 




contours at the two phases on the major axis plane together with the visualized 
result. The visualized result illustrates how the vortical structures on the major 
axis plane change in the streamwise direction. The vortical structures in the <p> 
contour correspond to those in the visualization experiments. In Fig. 12(a), we can 
see clear dye lumps near the leading vortices. However there is no corresponding 
vortical structures in Fig. 12(b), (c). It suggests that the dye lumps do not reflect 
the real structures but indicate the remains of dye integrated by the upstream 
vortical structures. The results on the minor axis plane in Fig. 13 show that the 
vortical structures in the visualized result and in the <p> contours agree very 
well. Figures 11-13 reveal that the interaction of vortices is three-dimensionally 
complicated. To educe the vortical structures by vorticity measurements, we need 
the detection of three vorticity components which is a very tough work. Compared 
with the vorticity measurements, since the pressure is scalar and closely related to 
vortex motions, the pressure measurements are easier and may be more effective 
to educe three-dimensionally complicated vortical structures. 

To discuss entrainment and mixing in the noncircular jets, the local flow rates 
of the jets were calculated by the equation 

Q = [ UdA, (2) 

J Ai) 2 

where Aq 2 is defined as the jet cross-sectional area inside of the velocity ratio of 
0.2. The flow rates at x/De = 5 are shown in Table 1, where Q is nondimensionalized 
by the corresponding flow rate of an unexcited circular jet Qc. The flow rate is 
significantly increased by excitation especially in the rectangular jets, suggesting 
that the intense stretching and the splitting of noncircular vortical structures are 
very effective to enhance entrainment and mixing. 

4. Conclusions 

The present study is concluded as follows: 

(1) The direct measurements of static pressure fluctuations are very useful to educe 
vortical structures in turbulent shear flows. In particular, since the pressure 
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is scalar, the pressure measurements can be used to detect three-dimensional 
vortical structures in turbulent shear flows. 

(2) The contours of phase-average fluctuating pressure are effective to identify 
the vortical structures, and the incoherent fluctuating pressure intensity is 
maximum at the center of vortical structure. 

(3) The interactions of vortical structures contribute to the enhanced mixing in 
the noncircular jets. 
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Abstract. By applying the phase-plane technique to velocity data in the near-wake of a circular 
cylinder, three types of critical points arc identified. Foci and saddle points occur most frequently, 
but a significant number of nodes is also found. Flow topology and properties associated with these 
points are examined in some detail. While foci and saddle points are associated with maxima of local 
vorticity and strain rate respectively, nodes arc associated with a strong local divergence, indicating 
significant local three-dimensionality. The relative probability of time delay between critical points 
is also discussed. 


1. Introduction 

When complicated three-dimensional flow patterns are viewed in an appropriate 
frame of reference (e.g. relative to an observer translating at a suitable convection 
velocity), they reveal a number of critical points. These are points where the velocity 
components are zero and the streamline slope is therefore indeterminate. In their 
review, Perry and Chong (1987) showed how the identification of these points can 
aid in describing and understanding flow patterns. They also provided examples 
of how critical point concepts can be applied to the study of flow patterns. Critical 
point theory has been extended (Chong et al., 1988) to provide a classification 
of three-dimensional flow patterns. Three-dimensional critical point methodology 
has been applied to direct numerical simulation data in various flows (Hunt et al., 
1988; Chen et al., 1989, 1990; Soria and Cantwell, 1992). The approach focuses 
on the invariants of the velocity gradient tensor. 

With experimental data, a more restrictive approach is necessary since only 
incomplete information of the velocity gradient tensor is available. There is nev¬ 
ertheless interesting information that can be obtained in experiments, such as the 
one described here, where orthogonal arrays of X-probes provide instantaneous 
velocity data in two orthogonal planes {u — v data in the (x, y) plane, u — w data 
in the (x, z) plane). Such data allow critical points to be identified in both planes, 
thus permitting the interrelationship between these points to be examined with the 
possibility of gaining some insight into the three-dimensionality of the flow. 

The present approach differs from previous experimental work in that the critical 
points are identified rigorously by application of the two-dimensional phase-plane 
technique on the computer. The main aim of this paper is to quantify flow proper¬ 
ties in the vicinity of critical points and investigate the spatial relationship between 
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different types of critical points which are identified in the two planes. The identi¬ 
fication of critical points is essentially one way of detecting the flow organisation; 
a comparison with other detection methods has been presented in another paper 
(Zhou and Antonia, 1994). 

The flow considered here is the turbulent near-wake of a circular cylinder. It 
was chosen for several reasons. Firstly it has a high degree of organisation, and is 
therefore attractive for the purpose of clarifying the contribution of the organised 
motion to turbulent transfer processes. Secondly, a significant body of data is 
already available on the organisation of this flow. Additionally, the convection 
velocity of vortices for this particular flow has been estimated by Zhou and Antonia 
(1992); this knowledge is important in the present context since the flow field is 
viewed in a frame of reference translating with the vortices. Significant information 
has already been obtained on the organised motion of the flow (e.g. Cantwell and 
Coles, 1983; Kiya and Matsumura, 1985; Hussain and Hayakawa, 1987; Zhou and 
Antonia, 1993). Nevertheless, our knowledge of this flow, such as the quantification 
of flow kinematics in regions surrounding critical points, is far from complete; this 
provided the main incentive for the present work. 


2. Experimental Details 

Experiments were carried out in an open return low turbulence wind tunnel with a 
2.4 m long working section (0.35 x 0.35 m). The bottom wall was tilted to obtain 
a zero streamwise pressure gradient. A circular brass cylinder (d = 12.5 mm) was 
installed in the mid-plane and spanned the full width of the working section, 20 cm 
from the exit plane of the contraction. This resulted in a blockage of about 3.6% and 
an aspect ratio of 28. Measurements were made at a constant free stream velocity 
([/q = 6.7 m/s) at a distance of 20 diameters behind the cylinder. The corresponding 
Reynolds number Re (= U^d/v) was 5600. In the free stream the longitudinal and 
lateral turbulence intensities were about 0.05% and 0.08% respectively. 

Using two orthogonal arrays, each comprising eight X-wires (Fig. 1), velocity 
fluctuations u, v in the (x, y) plane and u, w in the (x, z) plane were simultaneously 
obtained. The arrays were attached to separate transversing mechanisms and could 
be moved independently of each other. The eight X-wires in the (x, y) plane were 
fixed with the second X-wire (from the bottom) at the centreline so that they 
covered the transverse extent of vortices shed from the upper side of the cylinder, 
while the eight X-wires in the (x, z) plane could be displaced in the y direction and 
lay at i//d 0.7. The nominal spacing between X-wires in both planes was about 
5 mm except for a relative large gap of 9.1 mm between the fourth and fifth X-wire 
in the (x, 2 ) plane. The physical blockage caused by the two arrays, cables and 
supports was estimated to be about 3%. Several types of measurements indicated 
that the interference to the flow due to the two arrays was negligible (Zhou and 
Antonia, 1994). 
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Fig 1 Experimental arrangement 

The Wollaston (Pt-10% Rh) wires (dia. = 5 fim, length ~ 1 mm) were operated 
with constant temperature circuits. Signals from the circuits were offset, low pass 
filtered (cut-off frequency = 1.7 kHz), amplified and then digitised using two 16 
channel 12 bit RC A/D boards respectively into two personal computers (NEC 
386) at a sampling frequency of 3.5 kHz per channel. Data acquisition by the two 
computers was synchronised using a common external trigger pulse (the configura¬ 
tion is shown in Krogstad et al., 1992). The wires were calibrated for velocity and 
yaw and continuously checked for drift. Using calibration data, signals proportion¬ 
al to u V and w, together with the local mean velocities U,V{^0),W (~ 0), were 
formed and stored on digital tapes. The duration of the digital records was about 
38 sec. Subsequent data processing was carried out on a VAX 8550 computer. 


3. Determination of Critical Points 

The classification of critical points with the aid of a p-q chart is relatively well 
known (e.g. Kaplan, 1958; Perry and Chong, 1987). Although the following dis¬ 
cussion is for the {x,y) plane, it is equally applicable to the (x,^) plane. With 
the origin of the co-ordinate system located at the critical point (Xc = Vc — 0)> 
the velocity components U and V close to the origin can be approximated by first 
order Taylor series expansions 
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The eigenvalues which correspond to (1) are solutions of the characteristic equation 
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where v = trace ^4 = (an + a 22 ) and g = det = (oiia 22 - aiio^n)- The former 

n>mf rsj 

may be referred to as the velocity divergence in the (x, y) plane. The three critical 
points of interest here are the saddle point (q < 0), node (g > 0, A < 0) and focus 
(A < 0), where A is the discriminant - 4q) of Eq. (2). Note that the present 
convention is similar to that used in Kaplan (1958) and differs from Perry’s (1984) 
in that the sign of p is inverted. In the present convention, streamlines spiral into or 
converge towards foci and nodes when p is negative; they spiral out of or emanate 
from these critical points when p is positive. 

In a 2-D frame of reference which translates with a convection velocity the 
velocity components are now given by 


i;, = V 


(3) 


The instantaneous signals U and V were formed by adding the local mean velocity 
values U and V 0) to the digital time series of a and v. The convection velocity 

(= O.HUq) along the vortex path was used. 

The size of the experimental data grid is given by Ax = 1.7 mm and Ay = 
5 mm (nominal spacing between X-wires). The value of Ax was identified, using 
Taylor’s hypothesis (see Zaman and Hussain, 1981, for justification), with the 
product (-Aft/c), where A^ is the time interval between samples (= 3500“‘ s). 
In view of the disparity in the magnitude of Ax and Ay, data were added at two 
equispaced y locations between each pair of existing rows of data. These extra 
data were obtained by interpolation, based on least-square cubic spline fits to the 
original data. 

The detection procedure used to detect the three types of critical points is sum¬ 
marised in Fig. 2. More details of this scheme are given in Zhou and Antonia 
(1994). An inspection of instantaneous sectional streamlines (Fig. 3) indicates that 
some critical points, e.g. foci at {tUc/d,yfd = (-3.8,1.0), (1.0,1.1) and saddle 
points at (-2.1,0.6), (3.8,1,4), appear to be quasi-periodic events. Others, e.g. 
foci at (ff7f-/d, p/d) = (-1-5,1.5), (2.4,1.6) and a saddle point at (2.2,1.4), occur 
randomly and the inclusion of these points in detections would certainly smear con¬ 
ditional averages. Additional criteria were therefore introduced to exclude the latter 
events (see Fig. 2). For foci (with the same sign of vorticity u = a 2 \ - a^), the 
minimum detection wavelength was applied. Initially, Aj was assumed to be 
equal to the average shedding wavelength As but, after inspecting instantaneous 
sectional streamlines, A^ was reduced 0.6As. When several foci occurred within 
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Fig 2 


Flow chart for the detection scheme 
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Fig. 3. Instantaneous sectional streamlines in the (x,y) plane, (Uc = 0.87L/o, t = 0 is 
arbitrary). F denotes a focus, S a saddle point and N a node. 


this distance, only the one associated with the largest magnitude of A (negative) was 
chosen. This choice was based on the observation that quasi-periodic foci usually 
have a larger |A| than randomly occurring ones. In fact, a focus with a large |A| 
is generally associated with a large \uj\ (Zhou and Antonia, 1994). For a saddle 
point, only one detection with the largest magnitude of the strain rate s = an ai 2 
between two foci was retained. Approximately two-thirds of the number of original 
focus or saddle point detections survived these additional criteria. No additional 
condition was used for nodes since their occurrence is somewhat random. 

Once critical points are detected, the conditional average of an instantaneous 
quantity F is given by 


N 




l+T 


m= I 


(4) 


where r represents time (in samples, positive or negative) relative to the detection 
points j^n and N is the total number of detections. 


4. General Properties of Critical Points 

Since the location of a critical point {Uc = Vc = 0) is clearly affected by the choice 
of the convection velocity (see Eq. (3)), it was important to assess the sensitivity of 
this location to the variation of Uc. At x/d = 20, Uc increases from about 0.85 C/q at 
the wake centreline to 0.92Uo near the edge of the wake (Zhou and Antonia, 1992). 
The effect of this variation on location of the critical points was found to be quite 
small (Zhou and Antonia, 1994). The effect was further minimised by using the 
value of Uc (= O.SlUo) along the vortex path. Unless otherwise stated, results in 
both (x, y) and (x, z) planes are only presented for critical points associated with 
negative vorticity since critical points associated with positive vorticity exhibit 
essentially the same features. 
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TABLE 1. Averaged values of properties at critical points 



{x,y) Plane 

{{x,z) Plane 

Focus 

Saddle 

Node 

Focus 

Saddle 

Node 

N 

3571 

2774 

767 

3605 

2862 

1675 

{N/T)d/Un 

0.18 

0.13 

0.04 

0.18 

0.13 

0.08 

(yc)/d 

0.64 

1.06 

0.95 




(\w\)d/U„ 

1.78 

0.25 

0.31 

1.44 

0.25 

0.29 

{\s\)d/Uu 

0.42 

0.92 

0.36 

0.41 

0.81 

031 

{\p\)d/U,, 

0.35 

0.25 

0.88 

0.31 

0.23 

0.83 

(e.) 


48^ 



50° 


(02) 


-51° 



-50° 



The total numbers of critical points which remained following the application of 
the additional criteria are shown in Table I. Foci and saddle points make up most of 
the population, although the number of nodes is not small. There are almost twice 
as many nodes in the (x, z) plane as in the (t, y) plane. This is probably because the 
eight X-wires in the (.r, z) plane covered a larger active area than those in the (,t, y) 
plane. (Note that a few X-wires in the (x, y) plane were close to the free stream 
and thus detected fewer critical points than those close to the centreline. This was 
confirmed by examining the lateral distribution of detections (not shown here).) Not 
surprisingly, the normalised frequency (iV/T)d/l/o for detections of foci is close 
to the expected Strouhal number (~ 0.2, for the present Reynolds number). In the 
(.r, y) plane, the average location of the saddle points (yc ^ \ .06d) is significantly 
larger than that of foci {yc - ().64d); both values are in good agreement with those 
obtained by Hussain and Hayakawa (1987) at x/d = 20. Conditional averages, 
defined by Eq. (4), allows various flow properties to be examined in the vicinity 
of critical points. A few such properties, evaluated at r = 0, are given in Table I. 
As expected, the conditional vorticity is largest at foci while the conditional strain 
rate is greatest at saddle points. The values are larger - but only slightly - in the 
{x,y) plane than in the {x,z) plane. The magnitude of the divergence is largest 
at the nodes. The separatrix angles 0| 2 = fan~*[(Ai 2 - aii)/tti2] (Perry, 1984) 
have approximately the same magnitude {'z^ 50°) in both planes. For irrotational 
flow, the converging and diverging separatrices through the saddle point should be 
orthogonal (Perry, 1984). The fact that the value of {{9\) - { 62 )) is slightly greater 
than 90° is probably associated with the existence of weak vorticity at the saddle 
points. 

5. Topology Based on Critical Points 

Conditional sectional streamlines based on detected foci are shown in Fig. 4 (the 
same scale is used in the x and y directions in order to avoid any distortion 
of the physical space). These streamlines spiral in or out depending on the sign 
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X Uf; /d 

Fig. 4. Conditional sectional streamlines based on foci. {Uc = OMllh)). (a)p > 0, {b)]j < 0 


of the velocity divergence at the focus and exhibit the familiar K^rmdn vortex 
street topology, in close similarity to those based on vorticity detections (Zhou 
and Antonia, 1993). Conditional sectional streamlines spiral out of foci for p > 0 
(Fig. 4a) and into foci for p < 0 (Fig. 4b). For p > 0, the continuity equation 
dxi/dx -h dv/dy -h dwjdz = 0 requires that dw/dz is negative. Conversely, 
for p < 0, dwjdz > 0. The former situation may be consistent with vortices 
undergoing axial compression while, for the latter, the vortices are probably being 
stretched axially (Perry and Steiner, 1987). The flow is therefore three-dimensional 
when p is non-zero and locally two-dimensional when p is zero. The conditional 
vorticity contours corresponding to Fig. 4a (those corresponding to Fig. 4b are 
identical and therefore not shown) are shown in Fig. 5. Evidently foci coincide 
with the vorticity peak. The elongated contours near rUdd = 0 are due to the 
lateral dispersion of foci. 

The conditional sectional streamlines (not shown) based on saddle points exhibit 
a topology similar to that of Fig. 4, except for a streamwise displacement. The 
corresponding contours of {s)dlUo (not shown) show a maximum at the saddle 
point, as observed by Hussain and Hayakawa (1987). 

Conditional sectional streamlines based on nodes detected in the region 0.9 < 
y/d < 1.3 are shown in Figs 6a and 6b. The two saddle points and the node 





A STUDY OF FLOW PROPERTIES 


25 ' 



Fig. 5. Spanwise vorticity contours based on detections of foci. Solid and dashed lines 
represent positive and negative values of (u))d/Ui) respectively; the values range from -0.9 to 
0.1 with a step of 0.2. 


flow 



tUc/d 


Fig. 6. Conditional sectional streamlines based on node detections, (a) p > 0; (b) p < 0. 


near r = 0 seem to be aligned with the converging separatrix when p > 0 
(Fig. 6a) and with the diverging separatrix when p < 0 (Fig. 6b). The patterns 
in Fig. 6 are also observed instantaneously, e.g. tUc/d ~ -6.0 ~ -5.6 and 
y/d = 0.6 ~ 1.1 in Fig. 3. Conditional contours (Fig. 7) of p corresponding to 
Fig. 6 show a maximum at r = 0. As previously noted non-zero p corresponds 
to a local three-dimensionality. The concentration of (p) near the origin therefore 
indicates a strong three-dimensionality near the node. Independently of the sign 
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rUc/d 

Fig. 7. Contours of the velocity divergence {p)d/Ui) based on node detections, (a) 0.05 to 
0.5; (b) -0.5 to -0.05 (step = 0.05). 


of p, the contours in Fig. 7 tend to be aligned with the diverging separatrix (cf. 
Fig. 6). It has been suggested that ribs, or structures which lie in the (x*, y) plane and 
have vorticity components in the x and y directions, are generally oriented along 
the diverging separatrix (e.g. Hayakawa and Hussain, 1989). This suggestion has 
been strengthened by Zhou and Antonia’s (1994) observation that ribs tend to 
have an inclination to the x axis of about 55°, which is only marginally larger 
than the slope 50°) of the diverging separatrix through the saddle point. This 
near-coincidence in orientation suggests a possible connection between nodes and 
ribs, which is corroborated in the following section. 

6. Interrelationship between Critical Points 

Figure 8 presents the relative probabilities of the duration between critical points 
in the {x,y) plane and between saddle points in the {x,y) plane and foci in the 
z) plane, where rUdd = 0 corresponds to the instant at which saddle points 
in the (x, y) plane are detected. These probabilities have been normalised to have 
a maximum value equal to 1. As expected, the peak probability for foci in the 
(x,^) plane occurs at rUc/d ~ ±0.5Xs. For nodes the main peak appears near 
rUc/d = 0, although two minor peaks are identifiable at rUc/d ~ ±0.5A5. Nodes 
are therefore more likely to occur at the same location as saddle points than at the 
focus location. Foci in the (x, z) plane occur with a relatively high probability near 
saddle points in the {x, y) plane. The foci corresponding to the peak probability 
can be interpreted in terms of rib-like structures (details are given in Zhou and 
Antonia (1994), where the three-dimensional aspects of the motion are discussed 
in greater detail) and their distribution (Fig. 9) relative to nodes in the (x, y) plane 
exhibits a relatively strong peak near rUdd = 0 (i.e. the instant at which the 
nodes are detected), indicating a tendency for nodes to occur at approximately the 
same instant as these foci. If it is assumed that ribs are associated with relatively 
intense vortex stretching, it is not unreasonable to expect them to be accompanied 
by strong three-dimensional activity, thus accounting for the presence of nodes. It 
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-4 -2 0 2 4 

xUe/d 


Fig 8 Relative probabilities (smoothed) ol duration between critical points in the (x^y) 

plane, i.e. saddle points and foci (—), saddle points and nodes i -), and between saddle 

points in the (x, y) plane and foci in the (x, z) plane (-). (r = 0 is the instant at which 

saddle points arc detected) 


would appear that although the importance of foci and saddle points is relatively 
well established in the context of studying organised motions, the significance of 
nodes should not be underestimated. 

7. Conclusions 

The phase-plane technique was used to determine critical points from simultane¬ 
ously sampled measurements in the (.r,?/) and (:r,z) plane in the near-wake of a 
circular cylinder. Foci and saddle points occurred most frequently, but a significant 
number of nodes was detected. While foci and saddle points are associated with 
local maxima of vorticity and strain rate respectively, nodes correspond to the max¬ 
imum of the velocity divergence, implying a total three-dimensional activity. The 
interrelationship between critical points indicates that nodes in the (j:, y) plane are 
most likely to occur in the saddle region and be associated with rib-like structures. 
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-4 -2 0 2 4 

tU,/d 


Fig. 9. Relative probability (smoothed) of duration between nodes in the (x, y) plane and 
those foci in the (t, 2 ) plane corresponding to the saddle region (window width 2 :^ ±0.25^^) 
in the (x, y) plane. {rUc/d = 0 is the instant at which nodes are detected.) 
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Abstract. Experiments are performed in an incompressible plane turbulent mixing layer, using 
various hot wire rake configurations. From these experiments, the Proper Orthogonal Decomposition 
is applied for kernels where the space-time correlation tensor is evaluated over different spatial 
meshes and velocity compjonents configurations. The resulting decompositions are then discussed in 
terms of “characterization of the organization of the flow” for various scalar or vectorial approaches 
of the POD. An inertial range taw is evidenced. The instantaneous contribution of the first modes of 
the POD to the organization of the flow is analyzed. A dynamical behavior for the organization of 
the flow is observed from the correlation between the first two modes contribution. 

Key words: proper orthogonal decomposition, hot wire rakes measurements, plane mixing layer, 
space-time correlations, inertial range in inhomogeneous flows, coupling between POD modes 


1. Introduction 

A lot of attention has been given recently to the identification of the so-called 
Large Scale, Coherent, Dominant, Characteristic or Eddy structures which play 
a dominant role in the dynamical properties of the flow. The aim of the present 
paper is to specify, from an experimental investigation, what kind of information 
can be inferred from long time averaged stochastic quantities such as the space 
or space-time correlations. Two methods have become increasingly popular: the 
Proper Orthogonal Decomposition (POD) introduced by Lumley (1967) [15] and 
the Linear Stochastic Estimation (LSE), introduced by Adrian (1977) [1]. In the 
work presented here, only the POD is utilized. 

In this paper, the POD is discussed in terms of “characterization of the organiza¬ 
tion of the flow”. The POD is applied for various scalar or vectorial approaches. An 
analysis is then performed for the convergence efficiency, the turbulent energy rep¬ 
resentation and the modes/ scales relationship. Consideration of the instantaneous 
contribution of the first modes of the POD permits the determination on selected 
samples, of the contribution of these modes to the organization of the flow. Using a 
statistical approach based on these instantaneous contributions, the temporal cou¬ 
pling of the first two modes of the POD allows to introduce a dynamical behavior 
for the organization of the flow. 
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2. Proper Orthogonal Decomposition 

The POD was proposed by Lumley [15] as an unbiased way to extract structures 
from turbulent flows. He proposed that the coherent structure is that which has the 
largest mean square projection on the velocity field. This maximization leads to a 
Fredholm integral value problem, where the kernel is the correlation tensor. 

The POD is applied here for scalar configurations, involving only one compo¬ 
nent of the velocity as u (longitudinal), v (transverse) or w (spanwise). Vectorial 
applications are also considered where the instantaneous velocity vectors {u, v) or 
(?x, w) are taken into account. The scalar applications of POD will be noted POD^, 
POD^ and POD,^, respectively, while the vectorial POD’s will be noted POD^^^ or 
POD^^,,. 

In the present study, only the spatial direction y (mean gradient, inhomogenous) 
and the time delay r are considered. The flow being stationary, a Fourier transform 
has to be used in the time direction before applying the POD [15, 4]. Of course, 
this approach is limited by the fact that the three dimensional aspect of the flow 
cannot be assessed; only one slice of the flow is viewed here. Hence the full three 
dimensional behavior of the flow is not analyzed. However, useful information on 
the global organization of the flow can be outlined. 

Following the approach of Lumley [15], the dominant structure of the flow can 
be determined from the following equation: 

where the number of velocity components on which POD is performed 

and where the cross-spectrum is the temporal Fourier transform of the two- 

point space-time correlations R,j{y, y'\'T) = ^ + ^))- The averaging 

process involved ( ) is the conventional statistical average of different samples 
chosen at independent reference times /. Here, the number of components Uc is 
1 or 2 depending on the scalar or vectorial approach used. The components of 
velocity effectively used can be either (t/,), (7;), (ii;), (u, v) or (u, w) depending on 
the experiment under consideration. 

This approach is not unique and is only one among the different ways POD 
may be performed. For example, POD can be derived directly from the spatial 
correlations, then no frequency dependence is involved [12], or from conditional 
measurements as in the work of Glezer et al. [11]. In this last case, the ensemble 
average ( ) would be based on phase locked events appearing at times t = tc where 
fg corresponds to the occurrence of a given event or excitation. 

From the POD, statistical quantities of the flow field can be rebuilt: energy, 
spectra, space-time correlations. Moreover, the use of rakes of probes, allows for 
reconstruction of the instantaneous contribution of each mode to the velocities 
[5]. Then the well known problem of the phase loss of the POD, intrinsic to the 
use of two-point correlations, can be overriden by the fact that, in this case, the 
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velocity field is known by the experimental process simultaneously over the whole 
inhomogeneous direction. This knowledge allows to project the instantaneous field 
on the eigenvectors. Hence the instantaneous contribution of each mode can be 
recovered. 

Four main levels of POD can be introduced: 

- For the one-dimensional scalar POD, only one quantity (e.g. u) is considered, 

- The vectorial POD simultaneously takes into account two components. In 
these two cases only the inhomogeneous direction of the flow is considered. 

- A third level could be to take into account the cross homogeneous direction of 
the flow (e.g. spanwise direction in the case of the mixing layer). In this case, 
the spanwise direction is included in the application of the POD (e.g. Delville 
& Ukeiley [6]). 

- Lastly, the most general POD is to consider all the components of the velocity 
(e.g. Herzog [12], Moin & Moser [18] or Aubry et al. [2]). 

A feature to keep in mind when applying the POD is that the first mode becomes 
more and more representative of the general behavior of the flow when the “com¬ 
plexity” of the POD is increased (i.e. when more degrees of freedom of the flow are 
taken into account: time, spanwise-direction, number of velocity components,...). 
However, the notion of “representativity” is surely subjective, because it depends 
on what we consider to be efficient. For example a simple scalar slice POD (PODu) 
based only on the u component of the velocity will be certainly more efficient in 
terms of the energy reconstruction of the u component of the velocity than more 
complicated PODs (i.e.: involving other components). But this POD does not take 
fully into account other degrees of freedom (in fact it takes into account the other 
spatial or temporal directions only by their integral contributions) and fully forgets 
the inter-component relationships. The resulting POD may then lead to a too simple 
unrealistic description of the flow organization. When increasing the degree of free¬ 
dom, the “inter-relations” of the different parameters will bring new information 
about the flow features, providing a compromise between “energy representativity” 
and “morphological organization”. 

Hence, when POD is applied, several aspects remain to be specified: what is 
the meaning of the modes we get?, can the resulting first mode be directly linked 
to the “structure(s)”?,... 

In a way, the POD can be viewed as an extension of the Fourier transform where 
the direction for which it is performed is inhomogeneous, the modes of POD in case 
of homogeneity or periodicity are found to be simply the Fourier modes [16, 4]. 
Consequently, an analogy exists between modes of POD and modes of harmonic 
decompositions [7]. 

3. Experimental Apparatus and Flow Configuration 

This study involves multi-probe (single or X-hot wires) measurements. Rakes 
of up to 48 single or 24 X-wires are used, providing a good resolution of the 
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Fig. 1, Schematic of the experimental facility and of the rakes placement. 


temporal-spatial behavior of the flow. The sub-minature probes are home made, 
with a squared cross section 1 mm x 1 mm and W-Pt wires (dia. 2.5//m, length 
0.5 mm). The probe holder is also developed in our Lab from a printed circuit 
board. By comparing spectra, space time correlations and higher moments with the 
corresponding results obtained with conventional one or two single probes, it has 
been shown that the hot wire rake does not significantly perturb the flow at least 
for the abovementioned characteristics [3]. Constant Temperature Anemometers 
built from TSI 1750 are used; the entire hot wire rake is automatically calibrated in 
velocity yaw and temperature. The experimental procedure is fully automated (gain 
adjustment, antialiasing filtering) and the signals can be simultaneously sampled 
at rates of up to lOOkHz. In the present study, the sampling rate is limited to lOkHz 
and a low-pass filtering at 5kHz is used. The number of independent samples used 
to estimate the cross-spectra used in this study is about 1000 samples of size 1024 
instantaneous time steps per channel. 

The experimental facility is an open wind tunnel (Fig. 1). The turbulent plane 
mixing layer is created by a flat plate splitting the streams. The velocity ratio 
between the two streams is controlled by different head loss devices located in the 
inlet section of the wind tunnel. The boundary layers on the plate are fully turbulent 
with a thickness of about 7 mm at the trailing edge of the plate. The test section is 
1.2m long with a square section 300 mm x 300 mm. The velocity ratio between 
the streams is r = — 0.59 with the high speed side and low speed side 

being respectively f/a = 42.8 and Ut = 25.2 m.s~^ The frame of reference is Ox 
in the streamwise direction, Oy normal to the plate and Oz parallel to the trailing 
edge of the plate. The asymptotic part of the mixing layer starts from X > 300 
mm from the trailing edge of the splitting plate. 

Four independent experiments are performed at two downstream distances X 
from the trailing edge of the plate, in the asymptotic part of the mixing layer (see the 
following table). The hot wire rakes are oriented along the mean gradient direction 
Y. The rake extent Ly for each experiment is greater than twice the vorticity 
thickness f)^. The separation between probes Ay ranges from half to twice the 
Taylor micro-scale A/ measured on the mixing layer axis: 

A^ = 2U^u'^ {du/dt)^ 
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Exp 

# 

Probes 

configuration 

X 

mm 

Ar 

mm 


6^ 

mm 

mm 

Ret 

{Ua - Ut)e/^ 

I 

12 X wires (u, v) 

600 

6.0 

2.2 

27.6 

3.6 

4.9 10’ 

11 

48 single wires (u) 

870 

1.8 

2.4 

35.8 

4.0 

7.6 10’ 

III 

22 X wires (u, v) 

870 

3.6 

2.1 

35.8 

4.0 

7.6 10’ 

IV 

12 X wires (u, w) 

600 

6.0 

2.2 

27.6 

3.6 

4.9 10’ 


In this study, the temporal evolutions will be related to spatial ones by use of 
a Taylor hypothesis by using a constant convection velocity for each scale. This 
convection velocity has not been estimated from the experiments and is chosen 
arbitrarily to be Uc = {Ua -h Ui)/!. Of course other values could be considered for 
Uc. However this value gives a rough order of magnitude of the relation between 
temporal scales and spatial scales that can be sufficient for the following discussion. 
On the other hand, the use of the Taylor hypothesis to access longitudinal spatial 
scales from temporal ones can be discussed. The reader can refer to the papers 
of Zaman & Hussain [13] and Lumley [17] for the considerations that have to be 
taken into account when analyzing this kind of information. 


4. POD Approach 

Scalar and vectorial POD 

Figure 2 compares three applications of the POD performed on the same data set. 
The eigenvalue spectra are global and take into account the distribution 

of energy over the whole spatial extent of the experiment. They are representative 
of the occurrence of the given mode (n) in the flow realizations. Figures 2(a), (b) 
and (c) correspond to the scalar POD^, POD,; and vectorial POD^,; respectively. 
The eigenvalues found from these PODs show quite different characteristics. In the 
case of the POD^^ (Fig. 2a) the first mode is maximum for f6f^/Uc ~ 0.15, that is 
only half the value of the corresponding frequency found for the POD^ (Fig. 2b). 
In this flow, the typical Strouhal number found for the passage of structures (from 
spectral analysis at the edge of the mixing layer) is Syj ^ 0.3. In this context of the 
scalar PODu, the first mode seems then not to be directly related to the “structure 
concept”. 

The first mode of POD,, is in fact proportionally less representative than the one 
of PODi;, as proved by the significant level of energy remaining in the second mode. 

when compared to . This behavior has to be related to the main organization 
of the flow: the passage of structures is translated onto the u component by phase 
oppositions of alternate signs in the external parts of the mixing layer, while the v 
component remains dominantly in phase over the whole y extent and presents then 
a simpler organization. 






















SHEAR LAYERS VIA PROPER ORTHOGONAL DECOMPOSITION 


269 



Fig. 3. Eigenvalues' First mode for various applications of the POD. 


For the vectorial POD^^;, the first eigenvalues Xuv{f) correspond mainly to 
the envelope of the first two modes of the scalar PODs: for each frequency 
^uv{f) > maL\(Xu\f),xi'\f)) This is clearly visible in Figure 3. In fact the 
Xuvif) evolution can be split into two frequency ranges’ for < 0.2, the 

u component dominates while for higher frequencies, the v component becomes 
dominant. 

The same features can be found when the PODuw is considered (Fig. 3). In 
the POD„u, the general shape and level of the eigenvalue remain close to that of 
the POD„. This is due to the relative levels of Au ^ and A«I^ for each frequency, 

Xw\f) remains always less than Xu\f). 

This overall behavior is in agreement with the definition of POD, which max¬ 
imizes energy representation: for each range of frequency, the POD will “select” 
the corresponding more energetic component of the velocity. Moreover, because 
the vectorial PODu„ contains information on both u and v, it seems to be more 
effective than the scalar PODs for rendering the organization of the flow. This will 
be confirmed by the analysis of the space-time correlations reconstructed by the 
different PODs. 


Convergence 

The dominant POD mode, is by definition, the best representation of the turbulent 
energy in the flow. The energy contained in the first mode is generally found to be 
of the order of 40-50% [5, 8] for one-dimensional POD and up to more than 70% 
for higher levels of POD applications [18]. By analogy with the Fourier modes, one 
can expect that the degree of representativeness of one mode of the POD (i.e, the 
amount of energy caught by this mode) is directly linked to the number of spatial 
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points used. The convergence of the POD can be defined as the ratio between the 
energy contained in n modes and the global energy £ contained within the flow: 

1 = 1 

Here = / A(*)(/)d/ is the energy contained in the whole field for mode 
(z), integrated over all frequencies. This criterion is drawn in Figure 4a for the 
scalar case POD,^. On this figure, the extent of the rake is kept constant while the 
number of probes Ny used in the rake decreases from 48 to 11 (here the number 
of modes one can obtain is simply Ny). For mesh sizes varying in a ratio of 4, 
the energy contained in the first mode remains quasi constant (about 42%). The 
level of representation of this mode is then a characteristic of the flow itself and 
is not dependent on the mesh size. However, one given mode becomes more and 
more biased as N decreases, as denoted by the increase of the convergence rate. 
For example, the energy contained in the first three modes is 0.7 for = 48 and 
reaches 0.8 for = 11. 

The same kind of study can be performed in the vectorial_casePODuv. Similar 
results are obtained for the convergence of the global energy However in 

the vectorial case, one can determine the convergence of each term of the Reynolds 
stresses individually (fig. 4b). In this case, one can define the convergence as: 

c-i = j j K^yWj{y)dy 

where 

KiyWjiy)^‘^ = j >^^''Hf)i\‘\yJ)^*^^\y,f)df. 

The components and converge uniformly toward their asymptotic val¬ 
ue. However the zz'z/ Reynolds stress starts to converge vergy quickly and then 
exhibits an overshoot from the third mode. This overshoot is associated with an 
underestimation of the z;'^ component as indicated by the linear slope of the curve 
appearing between modes 3 and 10. This relatively quick convergence of u'v^ is 
retrieved for a wide variety of flow configurations (e.g. Moin & Moser [18] in 
a channel flow or Herzog [12] in the near wall region of turbulent pipe flow or 
Glauser [8] in the axisymmetric jet mixing layer). 

The number of modes obtained from an application of POD is N = Uc x Ny 
where Ny is the number of spatial nodes used. This number is always greater 
than the Nyquist number of the spatial mesh {Ny/2) and one can ask about the 
significance of the extra number of modes obtained. Discussion on this Nyquist 
number effect can be found in the early work of Lumley [15] or more recently 
in Glauser and George [7, 9]. In order to clarify this point, the distribution of 
the relative energy contained in one mode is plotted in Figure 5 in a log- 

log representation. The convergence of POD seems to follow a quasi-universal 
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n/N 



n 


Fig 4 Convergence of POD a) Influence of number N of spatial nodes on POD convergence 
Scalar u POD Experiment II b) Convergence of (lilu') Vectorial PODuv experiment 1 


behavior. For the first modes, up to n ~ iV/2, a first slope close to -5/3 is found. 
The higher modes follow another much higher slope ~ — 12. Moreover, for the 
modes before 7V/2, an overshoot can be seen (Fig. 5a). The first slope can be 
related to a scale law and the overshoot, to an aliasing effect which is unavoidable 
for spatial measurements [7]. The second slope is more related to numerical effects. 

The quasi-universality of this behavior is evident in Figure 5b. For different 
flow configurations (mixing layer, wake, axisymmetric jet), the corresponding 
distributions are plotted for various applications of POD (scalar or vectorial) where 
N is of the same order of magnitude. It can be noticed that the mode N/1 plays 
the same role of cut-off mode for the scalar PODs as well as for the vectorial ones. 
It should be recalled that in these last cases the number of modes obtained is twice 
the number of spatial nodes. Contradictorily, the cut-off mode then seems to be 
related to N rather than to Ny. 
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n 



Fig. 5. Distribution of relative energy (integrated over frequencies and space) for each mode 
of the POD. a) Experiment It. b) Same distribution for various applications of POD (scalar or 
vectorial) and for various flows: [*1 present study, [**] from axisymmetric jet data [8], [***] 
far wake of a flat plate. 
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^ This behavior may be analyzed by analogy with tht harmonic decomposition: 
the modes of POD can be compared with wave numbers or frequencies so that this 
kind of plot can be compared with a classical spectrum. In fact the relationship 
between the mode index n and an equivalent wave number is not trivial. For 
example Knight & Sirovich [14] propose that the mode index n can be related to 
an equivalent wave number kn hy n <x while Moser |19] prefers to define an 
“effective” wave number as oc where is the contribution to the dissipation 
of the mode n. 

The slope of the POD spectrum has already been analyzed in other works; 
Knight & Sirovich [14], Moser [19]. This slope can be related to the existence of 
a Kolmogorov inertial range power-law: E oc , This law was established 

for homogeneous turbulent flows. In the case of inhomogeneous turbulent flows, 
both authors agree on the fact that the POD modes have to be used to characterize 
this inertial range. Through dimensional reasoning, Knight & Sirovich [14] argue 
that the existence of an inertial range is translated on the eigenvalues distribution 
by: oc The slope found in the present study is closer to -5/3 than to 

— 11 /9. In fact the distributions of relative energy plotted in Fig. 5 correspond to the 
summation of the eigenvalues over all the frequencies then they can be smeared 
by this integration. If the same plot is drawn for a POD where the frequency 
dependence is not taken into account i.e. corresponding to the following equation: 

J=\-’ 

where R^j {y, y') is the conventional two-point spatial correlation tensor, a different 
slope is found for the POD spectrum which value is closer to -11 /9 (Fig. 6), Note 
that the two sets of eigenvalues cannot be directly compared for the two different 

PODs(Al"^7^/A(")(/)ry). 

Local spectra reconstruction 

The link between the mode of the POD and the spatial scale which appears from 
the analysis of the convergence of the POD can be analyzed more precisely. For 
this purpose, the contribution of the modes to the conventional frequency spectrum 
is studied on the mixing layer axis; 

= 0,f) = A<'>(/)^i'^(y = 0, = 0, /). 

The contribution of the first three modes of the vectorial POD to the spectrum of 
the longitudinal component u is plotted in Fig. 7 for a probe lying near the mixing 
layer axis {y - 0). By using a f.Euiy, f) vs log(/) representation, the frequencies 
where the modes are dominant are more easily detected: the area under each curve 
remains then directly proportional to the energy in the frequency band considered 
(Fig. 7a). It is then obvious that the higher modes contribute to higher frequencies. 
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Fig. 6. Comparison of the distribution of the relative energy for applications of the PODs 
with and without frequency dependence. Experiment //. 


Thus, if the Taylor hypothesis is assumed they can be thought of as contributing to 
smaller spatial scales. The aim of this paper is not to discuss the validity of Taylor’s 
hypothesis. However, some remarks may be drawn concerning the eventual link 
between modes index and spatial frequencies. One of the first problems that can be 
encountered with this assumption is that even if the Taylor hypothesis can be used 
for the full turbulent flow, applying this hypothesis for one given mode of the POD 
is not straightforward. On the other hand, it is well known that when the index of the 
mode number increases, the number of zero-crossings of the eigenfunctions also 
increases [18] and the eigenfunctions become locally sinusoidal [14]. A limitation 
to this link between spatial scales and mode of the POD can be illustrated when 
looking at the specific behavior of the first two modes plotted in Fig. 7. It appears 
that these modes are interlaced: as the frequency increases, the first mode is more 
dominant then the second one, then the first one again. It may then be difficult to 
relate one mode to only one range of scales. 

In fact these modes toggle to preserve a continuous slope in the total spectrum 
(Fig. 7b). The resulting spectrum, obtained by keeping only these two modes, 
corresponds in fact to the one that can be obtained in the case of the POD^. A 
typical slope {f~^) is obtained [5] in this case. 

Space-time correlations 

Space-time correlations (STC) rebuilt from different POD applications are plotted 
in Fig. 8. These STC are obtained from the eigenmodes by the inverse time Fourier 
Transform of f) where: 
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Fig. 7. Reconstruction on the mixing layer axis {y = 0) of the spectrum of the u component 
velocity. Vectorial POD experiment III. a) J E^(y = 0,/) vs log(/) representation b) 
log-log representation. 


In each case of POD, the first mode always predicts the correlations quite well, 
when the reference probe is located near the mixing layer axis (Figs 8a,b,c and h 
to 1). The prediction of R^u obtained from POD„v is less satisfactory than from 
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PODu, but the overall organization of the STC is preserved. This is due to the 
contribution of v (Fig. 8b). On the contrary, and even Ruv> predicted by the 
first mode of the various PODs are quite comparable (Figs 8h to 1). In fact, this last 
characteristic can be observed, regardless of the location of the reference probe 
within the mixing layer. 

When the reference probe is located near the external part of the mixing lay¬ 
er, the Ritu correlation is not correctly predicted by the first mode of the scalar 
PODu (Fig. 8f and g) and additional modes are required for a correct reconstruction 
(Fig. 8d). Particularly, the antisymmetric organization which is generally consid¬ 
ered as being the trace of the passage of the structures cannot be retrieved from 
only the first mode. One can then question the significance of the first mode of 
PODu in terms of “conventional” structures. However the PODi^i; leads to a better 
representation (Fig. 8e) at this location. In this case, the spatial behavior of the 
scalar POD^^ is weighted by the contribution of the v component and consequently, 
the first mode is able to catch some new information such as the phase opposition 
between the external parts of the flow. 


4.1. Instantaneous reconstruction 

When hot wire rakes are used, the velocity distribution is known simultaneously at 
each time step for the direction in which the POD is applied {y). The instantaneous 
velocity contribution of each mode can then be examined. The Fourier transform 
of the velocity can be retrieved from the eigenfunctions : 


where is found from: 

an(/) = J ni{y,f)^['\yj)<iy- 

In terms of structure identification, the participation of any mode to the instan¬ 
taneous flow field can be considered. Figure 9 shows, for a selected sample, an 
example of the instantaneous velocity field plotted in a frame moving with the 
convective velocity Uc using a Taylor hypothesis based on Uc for the longitudinal 
direction. The sample size is — 18, which corresponds to about 5.5 struc¬ 

ture separations based on the typical Strouhal number St^ = 0.3. The organization 
which can be visually detected from the original velocities (Fig. 9a) is relatively 
well reconstructed by the first mode of the vectorial POD^t; (Fig. 9b). However, 
the spatial extent of the events in the Y direction is generally underestimated, and 
other modes are needed to improve this spatial estimation (Fig. 9c). 
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Fig. 9. Instantaneous flow patterns in the mixing layer, experiment 1\ a) Original directly 
measured velocity field, b) Contribution of first mode of the PODui.. c) Contribution of the 
first three modes. 


4.2. Coupling between modes 

For each time step (or for each realization of the flow), according to the definition of 
the POD, each mode is statistically non-correlated with the other modes. However 
a dynamic relationship can be introduced by considering the “time correlation” 
between the contribution of the modes to the components of the velocity. As an 
example, the coupling between the modes (p) and (g) of the longitudinal component 
u 1 of the velocity can be written: 

-'’-''(r) = + t))/^ {u^^\y,t)~).{u\‘'\y,t)^). 

In other words, a temporal coupling between modes can then be introduced and is 
plotted in Fig. 10. A typical resulting behavior is exhibited for (Fig. 10a). 

The correlation coefficient r\'[^ is estimated only in the turbulent part of the 
flow (I y |< 0.5(5t^) and for y ^ 0. As expected, for zero time-delay (r = 0), 
the correlation between the first two modes is found to be zero. Two extrema of 
correlation with opposite sign appear from part to part of r = 0. For the discussion, 
two optimal time delays are introduced: and t“ which correspond respectively 

to the maxima and minima of correlations. is positive and t~ is negative when 
y < 0 (low speed side) while is negative and r~ is positive when y > 0. 

The temporal scale corresponding to the values of and r“ is one order of 
magnitude smaller than Tp, the one corresponding to the average time separation 
between structures (this last scale is of the order of {Sti^Uc/6uj).Tp = 1). The 
characteristic delays and r“ seem then to represent the behavior of a process 
appearing within the structure itself, or to be related to a phenomenon not directly 
linked to the convection of the structure. 
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-1.0 -0.5 0.0 0.5 1.0 

tUc8u 



-0.4 -0.2 0.0 0.2 0.4 

Fig. 10. Coupling between modes 1 and 2. Mixing layer, scalar u POD, experiment //.a) 
Evolution of the temporal correlation coefficient for = -0.5 to -0.1 and 0.1 to 0.4. b) 
Corresponding evolution of the optimum correlation time delay. 


A quite different behavior is found for the positive and negative correlations: 
For each y location, {St^Ud^w) ■ remains quasi-constant, of the order of ±1 /8, 
while (St^Uc/Su,) ■ r+ is quasi-proportional to y, the distance from the axis with 
a slope —0.5 (Fig. 10b). 

These specific behaviors remain delicate to analyze, due to the nature of the 
signals under consideration. However an explanation can be attempted. 

If the iso-correlation plots of the first two modes of the POD are considered 
(Figs 8a and d), it appears first that ili'j presents a negative tilt. The optimum time 
delay of this correlation evolves proportionally to y (i.e. block rotation). Contrarily 
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for /ziu the optimum time delay remains constant and close to zero (i.e. block 
translation). 

It can be guessed that the correlation between the mode 1 and the mode 2 will 
present the same feature as the one of the first mode alone. This feature is clearly 
evidenced when r'^ is considered. The relation /Tp ~ —0.5y/6i^ is obtained 
experimentally. 

The block rotation due to the mean shear can be expressed AU/6uj, where 
AU = Ua - Ub = {I - r)/{\ r)Uc with r = 0.6; then in the present experiment 
AU ~ [/c/2. The corresponding evolution with y of the optimum time delay is 
Topt/Tp = y/6^[6^/AU] ~ lyStu^/S^ ~ 0.6y/6^. 

The optimum time delay between mode 1 and 2 is then very close to Topt, 
the time delay due to the mean shear, and the proportionality between and y 
may be assumed to be related to this mean shear (or mean large scale vorticity) of 
the flow {AU In fact for the mean shear effect is dominant and probably 
smears other possible effects. 

The fact that t~ remains constant whatever the y location may be linked to a 
different coupling or a time triggering between the first two modes. The present 
results do not allow to clarify this possible coupling and other studies are needed in 
order to analyze more precisely what occurs. However, it has to be recalled that the 
dominant frequencies of the first two modes differ, the second mode appearing in 
average about twice when the first mode appears once (Fig. 7). Then if a triggering 
exists between these modes it will surely not be simple. Nevertheless a typical 
time delay between these two modes of the order of T^/B can be evidenced. The 
dynamic of these coupling remains to be explained. We can hope that studies based 
on dynamical system approaches such as the ones developed by Aubry et al. [21 in 
the near wall region, by Glauser et al. [10] in the jet or more recently by Ukeiley 
et al. [20] in the present flow will bring new information on this behavior. 


5. Conclusion 

The convergence of POD under different scalar or vectorial applications and for 
various flow configurations seems to follow a quasi-universal behavior. A power 
law can be introduced for the modes up to a Nyquist cut-off mode number. This 
feature, combined with the frequency contribution of the modes to the spectra 
on the mixing layer axis, show that the higher modes of POD can be related to 
smaller spatial scale characteristics. From the analysis of the reconstruction of 
space time correlations and of instantaneous velocity profiles, the vectorial POD 
is found to produce a better representation of the organization of the flow in terms 
of “structures” than more simple PODs. Lastly, the temporal coupling between the 
first two modes of POD exhibits an asymmetric behavior when in phase or opposite 
phase couplings are considered. 



SHEAR LAYERS VIA PROPER ORTHOGONAL DECOMPOSITION 


281 


Acknowledgements 

This study has been performed under the Grant DRET/DGA 90-171. The research 
presented here was aided by fruitful discussions with Prof. M. Glauser at Clark¬ 
son University. None of these experiments would have been possible without the 
contribution of H. Garem to the design of the experimental arrangement. 


References 

1. Adrian, R.J., On the role of conditional averages in turbulence theory. Turbulence in Liquids. 
Science Press, Princeton (1977) 323. 

2. Aubry, N,, Holmes, P, Lumley, J. & Slone, E., The dynamics of coherent structures in the wall 
region of a turbulent boundary layer. J. Fluid Mech. 192 (1988) 115-173. 

3. Beilin, S., “Etude Exp^rimcnlale des Structures Cohdrentes d’unc Couche de Melange Plane 
Turbulente de Fluide Incompressible”. Th6se University de Poitiers (1991). 

4. Berkooz, G., Holmes, P. & Lumley, J., The proper orthogonal decomposition in the analysis of 
turbulent flows. Annual Review of Fluid Mech. 25 (1993) 539-575. 

5. Delville, J., Beilin, S. & Bonnet, J -P, Use of the proper orthogonal decomposition a plane 
turbulent mixing layer. In O. Metais and M. Lcsicur (eds), Turbulence and Coherent Structures. 
Kluwer Academic Publishers Dordrecht (1990), pp 75-90. 

6. Delville, J. & Ukeilcy, L., Vectorial proper orthogonal decomposition, including spanwise depem 
dency, in a plane fully turbulent mixing layer. In Proceedings of the Ninth Symposium on “Tur¬ 
bulent Shear Flows". Kyoto, Japan, August 16-18, 1993 16-3. 

7. George, W. & Glauser, M., Flow structure identification from multi-point measurements. Pnj- 
ceedings of the Second World Conjerenre on Fxpenmenlal Heat Transfer, Fluid Mechanics and 
Thermodynamics. Dubrovnik, Yugoslavia, June 23-28, 1991. 

8. Glauser, M., “Coherent structures in the axisymmelric turbulent jet mixing layer”. PhD Disser¬ 
tation, Buffalo University (1987). 

9. Glauser, M. & George, W., Application of multipoint measurements for How characterization. 
Experimental Thermal and Fluid Sciences 5 (1992) 617-632. 

10. Glauser, M.N., Zheng, X. & Docring, C.R , The dynamics of organized structures in the axisym- 
rnetric jet mixing layer. In O. Metais and M. Lcsieur (eds), Turbulence and Coherent Structures, 
Kluwer Academic Publishers, Dordrecht (1989), p. 253. 

11. Glezer, A., Kadioglu, A.J. & Pcarlstcin, A.J., Development of an extended proper orthogonal 
decomposition and its application to a time periodically forced plane mixing layer. Physics of 
Fluids A. 1 (1989), p. 1363. 

12. Herzog, S., The large Scale Structure in the Near-Wall of Turbulent Pipe Flow. PhD Dissertation, 
Cornell University (1986). 

13. Zaman K.M.B.Q & Hussain, A.K.M.F, Taylor hypothesis and large-scale coherent structures. 
J. Fluid Mech. 112 (1981) 379-396. 

14. Knight, B. & Sirovich, L., Kolmogorov inertial range for inhomogeneous turbulent flows. Phys. 
Review Utters (1990) 1356-1359. 

15. Lumley, J.L. 1967 The structure of inhomogeneous turbulent flows. In Atmospheric Turbulence 
and Radio Wave Propagation (ed. A.M. Yaglom & V.l. Tatarski), pp. 166-178, Moscow: Nauka. 

16. Lumley, J.L., Stochastic Tools in Turbulence. Academic Press, New York (1970). 

17. Lumley, J.L., Interpretation of time spectra in high intensity shear flows. Phys. of Fluids 8 (1965) 
1056-1062. 

18. Moin, P. & Moser, R.D., Characleristics-eddy decomposition of turbulence in a channel. J. Fluid 
Mech. 200(1989) 471-509. 

19. Moser, R., Kolmogorov inertial range spectra for inhomogeneous turbulence. Phys. of Fluids 6 
(1994)794-801. 

20. Ukeiley, L., Delville, J., Bonnet, J.P. & Glauser, M., “A Dynamical Systems Model for Large 
Scales in a Plane Turbulent Mixing Layer”. Proceedings of the ]2ih U.S. National Congress of 
Applied Mechanics. Seattle, June 1994, 364. 




Applied Scientific Research 53:283-290, 1994. 

© 1994 Kluwer Academic Publishers. Printed in the Netherlands. 


283 


The Application of Classical POD and Snapshot 
POD in a Turbulent Shear Layer with Periodic 
Structures^ 

D. HILBERG, W. LAZIK and H.E. FIEDLER* 

Hermann-F ottinger-lnstitut, Technische Universitdt Berlin, Germany C author for correspondence) 
Received 8 September 1993; accepted in revised form 15 February 1994 

Abstract. The classical and snapshot proper-orthogonal-decomposition was applied to data taken in 
a one-stream mixing layer in a narrow channel. Due to this particular geometry the flow develops 
large periodic structures. POD-analysis of simultaneously measured velocity components in spanwisc 
direction identify as largest mode not only their periodic fraction, but also higher Fourier modes of the 
two-dimensional fluctuation. The energy content of the plane motion reaches values of about 90%. 
The amplitude of small three-dimensional vortices embedded in higher POD modes is correlated with 
the phase of the large structures, which indicates their influence on the entire turbulent motion. 
Application of scalar snapshot POD on phase averaged data of the entire flow field allows sep¬ 
aration into modes. Tbe eigenvalues and eigenvectors show identical distribution for the u- and 
f/-component. Comparison of streakline plots of the reconstructed velocity field from different 
numbers of modes with flow visualization exhibits that the largest physical structure is described 
by only the first two modes. This is also supported by calculation of the vorticity component in 
2 -direclion. The total energy content of the largest structure is approximately 60%. 


1. Introduction 

The classical POD as introduced by Lumley (1967, 1981) and Sirovich (1989) and 
the snapshot POD suggested by Sirovich (1987) and Sirovich and Kirby (1987), 
both based on the Karhunen-Loeve expansion (Loeve, 1955), were applied to hot¬ 
wire measurements taken in the turbulent region of a one-stream mixing layer with 
small sidewall distances B, where B is typically less 1/10 of the test section of 
length L. Due to this geometry this flow develops periodic structures of large scale 
corresponding to the test section length. The periodicity is caused by the feedback 
of coherent acoustic waves originating at the trailing edges of the two sidewalls, 
when a dominating structure leaves the test section. These waves travel upstream, 
where they trigger a new wave at the trailing edge of the mixing layer. Accordingly, 
the Fourier spectrum shows a strong peak with a periodic fraction of about 30- 
45% of the total u'-value. Correlation measurements and flow visualization in 
spanwise direction exhibit the two-dimensionality of the periodic motion (Hilberg 
and Fiedler, 1989; Fiedler and Hilberg, 1992). 
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2. The Classical and Snapshot POD Method 

The POD methods applied here are based on a scheme suggested by Glezer et al. 
(1989). Assuming ii'-fluctuations to be measured simultaneously at M-positions 
in space and at iV-points in time, the time series of the data is to be combined in a 
matrix A as columns 


A = i = 1,2, = 1,2, ...,N 

, u[2, . ■ ■, u'yv) i = 1,2,..., M. 


For optimal representation of the time series an orthogonal basis ^ is searched, 
for which the mean quadratic scalar-product 

M 

fc - 1,2,..., M 

1= 1 

is maximized. This leads to an eigenvalue problem 
{A^ k = \,2,...,M. 


EISPACK routines were used for the numerical solution and decomposition 
of the signals into orthogonal POD modes of number M. The corresponding 
eigenvalues denote the energy content. The flow field corresponding to a POD 
mode is calculated from 


= AE(^\ 


A- = 


where the coefficients at are functions of time only. Summation over the flow-fields 
allows the reconstruction of the original velocity field. 

This method is known as the classical POD. By exchanging rows and columns 
of the matrix A the snapshot POD is obtained, where one column corresponds to 
one instantaneous ‘snapshot’ of the flow field. In this case then, the eigenvectors 
S are functions of time and the coefficients at are functions of space. 


3. Application of Classical POD 

The classical POD method was applied to 7x'-time series measured simultaneously 
with a rake of four hot-wires at different transverse positions, each 5 mm apart, in 
a narrow mixing layer with B = 30 mm and L = 1200 mm. The nozzle velocity 
was t/o = 8 m/sec. The test section with adjustable sidewalls is shown in Fig. 1. 
TVpical dimensions are displayed in the sketch. Rake measurements were done at 
the streamwise positions x = 200, 400, 600, 800, 1000 and 1200 mm and at 41 
different lateral positions with a resolution of Ay = 10 mm. 
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h = 650 mm 

Fig. Sketch of the test section 


Figure 2 shows the distribution of four eigenvalues over the 7y-axis at different 
streamwise positions, where b denotes the local width of the shear layer. At all 
positions the normalized energy content of the first POD mode is significantly 
higher than that of the other modes, reaching maximum values of 65-90%. This 
indicates that more than just the periodic energy is captured in the first POD 
mode. The ^-position of the maximum within the mixing layer is identical with the 
location of the largest periodic fraction. 

At streamwise positions close to the splitterplate the first eigenvalue shows a sec¬ 
ond maximum outside the mixing layer at negative 7/-positions. Closer inspection 
shows that the corresponding eigenvectors differ from those within the shear-layer. 
At positions further downstream this behaviour is no longer observed. The calcu¬ 
lated components of the eigenvectors H within the mixing layer have nearly equal 
distribution for each vector at all streamwise and lateral positions. An example 
is shown in Fig. 3 for x = 1000 mm. Small differences of the components of 
respective eigenvectors at different lateral positions ai x < 400 mm are vanish¬ 
ing further downstream, being independent of y. Particularly, the components of 
the first eigenvector are identical also in spanwise direction, which points at the 
two-dimensionality of the large structures depicted by the first POD mode. This is 
in agreement with correlation measurements of the periodic part of the turbulent 
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Fig. 2. Eigenvalues at different x-positions as functions of y. 



Fig. 3. Eigenvectors at x = 1000 mm. 
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motion. In relation to the corresponding eigenvalues the two-dimensional fraction 
of the turbulent fluctuations describes most of the turbulent motion within the 
narrow shear-layer. 

Figure 4 shows the coefficients at t = 1000 mm and y = 40 mm, where the 
first eigenvalue has its maximum. The large periodic fraction is found only in the 
coefficient of the first mode. However, also higher Fourier modes are embedded in 
this mode, indicating a two-dimensionality of higher spectral fractions. Especially 
the small scale fluctuations near the maximum of the large scale motion suggest 
that the small three-dimensional vortices are partly stretched by the large structures, 
thereby becoming essentially two-dimensional. 

The other POD modes include only higher Fourier modes. Obviously, there is 
a correlation between the phase of the large fluctuation and the amplitude of the 
motion captured by the higher modes. This is elearly seen in the third and fourth 
modes, showing the influence of larger structures on the entire turbulent motion. 
Due to this phenomenon the mixing process in the shear-layer may be different 
from that in more or less stochastic turbulence. The large vortex rolls up layers of 
potential fluid from both sides, where the mixing between those is generated by 
scale vortices. This is supported by measurements of intermittency, which 
shows considerably smaller values than those obtained in the wide shear layer. 


4. Application of Snapshot POD 

For the application of snapshot POD phase-averaged u- and v-data were taken with 
an X-wire probe in a field of 451 lateral and streamwise positions in the centre 
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Fig. 5. First and second eigenvector. 



number k ol POD-modes 

Fig. 6. Eigenvalue distribution. 


plane between the sidewalls. The inherent periodicity of the flow was stabilized by 
weak forcing to simplify the eduction of data. 

A total of 180 snapshots at equidistant phase positions were calculated. The 
components of corresponding eigenvectors of the u'- and ?/-data show strong sim¬ 
ilarity. The eigenvectors of the first and second mode show the same periodicity 
of one wavelength, however, with a phase shift of about 180 degrees (Fig. 5). 
Corresponding normalized eigenvalues reach vales of 30%. Higher modes have 
exponentially decreasing eigenvalues (Fig. 6) and the components of the eigen¬ 
vectors exhibit smaller wavelengths, decreasing by integer fractions. The first four 
modes alone describe about 80% of the total energy. According to the previous 
results of the classical POD analysis, the energy containing modes of the snapshot 
POD should be two-dimensional. The application of the snapshot POD at other 
spanwise locations show, that the first four modes are independent of 

Velocity and streakline plots were calculated from the reconstructed flow field 
with different numbers of modes. Thus, reconstruction from the first ten modes 
provides a reconstruction quality of 96%, according to a criterion by Sirovich 
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Fig. 7. Streakhne reconstruction and flow visualization. 

and Kirby (1987). Comparison of streakline plots and flow visualization enables 
the identification and association of physical patterns to POD modes, showing in 
particular the largest physical structures to be contained m the first four modes 
(Fig. 7). 

Calculation of the vorticity component uj^ ~ -du/dy of the original and 
reconstructed velocity field by use of different number of POD modes (fc = 2, 4 
and 180) shows that only 2 of 180 modes contain the largest fraction of coherent 
vorticity (Fig. 8). Also streakline plots identify the largest visible structure to be 
represented by only the first two POD modes. 


5. Conclusions 

Both, classical and snapshot POD, were applied to data measured in a shear-layer 
with small sidewall distance. The classical POD showed that the major portion, 
up to 90%, of the turbulent energy within the shear-layer is typically of two- 
dimensional character. This fraction is described by the first POD mode. This 
mode includes, however, not only the periodic part of the fluctuation referring 
to the significant peak in Fourier spectra, but also higher Fourier modes. It was 
shown, that the coherent physical structures are described by only the first mode. In 
principle, those results may also be obtained by extracting coherent Fourier modes 
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Fig. 8. Comparison of vorticity component, Wz of original and reconstructed velocity field 
at x = L as function of phase (POD modes: = 2, 4 and 180). 


by correlation calculations. However, the POD does not require pre-information 
about the correlation functions, so that the computation time is reduced. In contrast 
to methods requiring a given base, POD is an objective analysis (Lumley, 1981). 

Application of snapshot POD on phase-averaged data permits unambiguous 
separation of modes, which are related to physical patterns. The first four modes 
contain about 80% of the energy. The reconstructed velocity field from 10 modes 
out of 180 shows less than 4% overall deviation when compared to the original 
data. Comparison of streakline plots with flow visualization identifies the first four 
modes to be included in the typical structure. 
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Abstract. Mean square estimation methods can be applied to the approximation of conditionally 
averaged turbulent fields to educe mean structure of the fields. The mathematical procedure is 
reviewed, and the results obtained by selecting events of increasing complexity are summarized. 

Key words: turbulence structure, stochastic estimation, conditional eddies 


1. Introduction 

In a general sense, stochastic estimation is the approximation or estimation of a 
random variable in terms of some other random variables which are known. In 
the context of turbulent structure identification the estimated variable is typically 
the velocity field u' = u(x',t') for some domain of positions and times, and the 
known variables are associated with the occurrence of certain events at one or more 
points in the field. Their totality is referred to as the event data vector, E. We shall 
denote the estimate of u' by u'. 

The best mean square estimate of u' given the data E is the conditional average 
of u'given E, (u' | E). That is, of all possible estimates u' = F(E), ([it' -Fi(E)]^) 
is a minimum whenF = (u' | E).In general, (u' | E) is a non-linear function of E, 
but under the condition that the elements of u' and E are joint normally distributed, 
it is well known that (u' | E) is a linear function of E (Papoulis, 1984). Often, this 
property is applied approximately to non-normal random variables by postulating 
an estimate of u' in the form of a linear combination of the event data. Then one 
speaks of linear mean square estimation. This is a well-known subject, thoroughly 
discussed in the literature of stochastic theory (Papoulis, 1984; Deutsch, 1965). 
The mean square error of the linear estimate must be greater than or equal to that 
of the conditional average. 

The application of linear mean square estimation to a turbulent field u' raises 
certain objections, in part because the linear approximation seems unlikely to be 
able to describe a strongly non-linear phenomenon, and in part because the joint 
normal property has not enjoyed much success as an approximation in turbulence. 
Another objection is that any estimate of u' in terms of event data E must become 
erroneous as the location x' moves away from the location of the event data, 
because u' will become uncorrelated with the event data for large spatial (or 
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temporal) separations. However, this latter objection is easily answered because 
the conditional average (u' | E) also has this same property, and we traditionally 
accept its consequences. 

Instead of estimating u' as a function of E, it is more straightforward conceptu¬ 
ally to estimate (u' | E), which can always be interpreted as random variable since 
it is a function of E, and E is random. Then, it is natural to expand (u' | E) in a 
Taylor series about E = 0 and truncate at some level (Adrian, 1977, 1979). When 
the series contains only first order terms, we refer to this as the linear stochastic 
estimation (LSE) to distinguish it from linear mean square estimation. In fact, the 
linear stochastic estimate of (u' | E) and the linear mean square estimate of u' are 
numerically equal, so the principal difference is one of interpretation. In particular, 
while the mean square error of the linear estimate of u' must be large when u' is 
uncorrelated with E, due, for example, to a large separation between x' and the 
location of the event data, the error of the linear stochastic estimate of (u' | E) 
may be small because (u' j E) also vanishes as the separation becomes large. 

The equations for linear stochastic estimations of the zth component of u' are 

M 

u' = linear estimate of (t/' | E) = ^ (1) 

where M is the number of event data, and Lij = Li^(x,x'). The estimation 
coefficients L^J are chosen so that the mean square error 

[{a[ I E) - ^LijEj]^i = minimum, ? = 1,2,3 and j = 1,... ,M.(2) 

j ! 

A necessary condition for minimization is the orthogonality principle which states 
that the errors {u[ \ E) - L^^Ej are statistically orthogonal to the data: 

l{u[\E)-y2L^JE,]E^\ =0, ? = 1,2,3 j,k = \,...,M. (3) 

J I 

Simple manipulation leads to the Yule-Walker equations, an M x M system 
of linear algebraic equations for the coefficients Lij whose coefficients are the 
correlations between each event datum and every other event datum and the quantity 
being estimated, 

M 

3 -\ 

If the data consist of velocity vectors Uq = u(Xrt,to) at a set of space- 
time points {xojfa}, OL = l,...,Ar, then {EjEk) involves only the second- 
order, two-point space-time correlation iijfc(xQ, x^, and {Eku[) reduces to 
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y ). Thus knowledge of suffices to fully deter¬ 

mine any linear estimate in terms of velocity data. Likewise, if the event vector 
contains derivatives of the velocity fields, (dui/dxj) at points x^, the resulting 
two-point correlations that appear in Eq. (4) contain correlations between velocities 
and derivatives, and derivatives and derivatives. Since each type of correlation can 
be expressed in terms of it follows that knowledge of Rjk{x,x\ t,t^) again 
suffices to determine fully the linear estimate of in terms of velocity data and 
derivatives of any order. This is a powerful result, as it states that very complicated 
conditional averages can be approximated once Rij is known. 

The accuracy of LSE has been evaluated by direct comparison to experimentally 
measured conditional averages in a number of flows, such as grid turbulence, 
axisymmetric jets, wakes, plane shear layers and pipe flow (Adrian et al., 1989). 
Usually the agreement is surprisingly good, even for large values of the event data. 
To improve accuracy, it has been suggested that (1) be generalized to include higher 
order terms in E (Adrian, 1977). Often, higher order terms have little effect for 
probable values of the events, but sometimes they improve accuracy (Pecseli and 
Trulsen, 1989; Brereton, 1992). Interestingly, Brereton (1992) has also suggested 
a Laurent-type expansion which contains negative powers of the event data, and 
he shows improved estimation for low amplitude events. 


2 . Conditional Eddies 

The foregoing discussion shows how conditional averages can be linked to two- 
point correlation functions through the process of stochastic estimation. Thus, 
conditional averages and stochastic estimates can be considered to contain approx¬ 
imately the same information about the structure of the flow, and this information 
is given by a proper combination of the structure information contained in the 
two-point spatial correlation tensors and the event data. It is absolutely essential to 
distinguish conceptually between the structure of any particular conditional aver¬ 
age and the structure of coherent elements of the flow, should they exist. There is no 
a priori guarantee that any conditional average (or indeed, the structure extracted 
by any other pattern recognition procedure that yields average or probable struc¬ 
tures) must coincide with individual, random realizations of portions of the flow 
field. The conditional averages are well-defined mathematical quantities, and they 
should be treated the same as the mean or correlation, which exist for any flow. 
In contrast, while some flows contain readily recognized coherent patterns, in the 
sense that similar patterns occur repeatedly, we have no rational basis for asserting 
that all turbulence flows contain such structures (although we may suspect this to 
be true). To avoid confusing conditional averages with realizations of the random 
field (and to avoid the problem of defining ‘coherent structure’) the flow fields 
described by conditional averages have been referred to as ‘conditional eddies’. 
There are many types of conditional eddies depending upon the conditional event. 
They always exist, and the same type of conditional eddy can be used to compare 
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the structures of different flows. However, the relationship between conditional 
eddies and random realizations of the flow can only be established by empirical 
comparison. Thus, the interpretation of the structure found in a conditional eddy 
should be done by performing ‘calibration’ experiments. (Methods such as proper 
orthogonal decomposition do form a representation that converges to a realization, 
but the representation through any partial sum of modes is a projection of a random 
realization onto a set of basis function, and is not therefore an averaged quantity.) 

Conditional eddies are defined by the event. One of the simplest and best known 
events is the quadrant analysis method of Wallace et al. (1972) and Willmarth and 
Lu (1972) in which there are only four events corresponding to the four quad¬ 
rants of the u-v plane. There are, however, infinitely many alternative choices. It 
seems clear that the definition of the conditional event for a particular application 
must be determined by the ultimate goals of the conditional structure analysis 
in that application. For example, it is well known that the equation governing 
the probability density function of the velocity at one point /i(v,x,/) contains 
terms which are two-point conditional averages given the velocity at the point 
X : (u(x',<) I V < u(x, t) < V -h dv) (Adrian, 1977). Thus, if one is interested in 
closure approximations for the one-point pdf equation, it is natural to examine the 
structure of the one-point conditional eddies (u' | u). If closure approximations 
at the two-point level are of interest, the two-point conditional eddy (u' ] uj, U 2 ) 
is relevant, and so on. Obviously, the two-point conditional eddy will more faith¬ 
fully reproduce the random field than the one-point eddy (u' | u) because of the 
additional information contained in the second velocity, but for the purposes of 
one-point closures, the governing equation for /i does not require this information. 

This approach to the selection of events seems more rational than searching 
for a very likely non-existent magic condition that will extract the most faithful 
representation of the coherent structure. After all, the best representation of a 
particular structure is given by the event that describes that structure completely, 
e.g., the structure itself. It is clear that what we really want is a good representation 
of the structure subject to certain constraints, and one method of defining those 
constraints is by recourse to governing equations which define the amount of 
information that is just adequate to close the theory. 

In addition to one- and two-point events, conditional eddies have also been 
studied for multi-point events (Cole et al., 1992; Bagwell et al., 1993) and for 
events involving the velocity u(x, t) and the local deformation tensor d^j{x, t) = 
dui{x,t)/dxj (Adrian and Moin, 1988; Ditter, 1987). The latter is referred to 
as a one-and-one-half point event in the sense that d^j contains a subset of the 
information embedded in the behavior of the flow at two neighboring points. 

3. Structures Found by Stochastic Estimation of Conditional Eddies 

In isotropic turbulence the LSE of (u' | u) is a vortex ring oriented axisymmet- 
rically about the given velocity, u(x, t) (Adrian, 1979). Thus, specifying a vector 
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Fig. I. Conditional eddy given u(x) = (u,0,0) in isotropic turbulence. Streamlines are 
shown in the light ink and vortex lines in heavy ink (Ditter, 1987). 


direction in an isotropic field results in an axisymmetric field. Higher order esti¬ 
mates produce more complex ring structure, but do not significantly alter the basic 
structure for probable values of the velocity fluctuation (Tung and Adrian, 1980). 
Although the flow is a ring on a scale of order many integral scales, Fig. 1, most 
of the flow around the ring is very wecik, except in the vicinity of the conditional 
vector where the flow more nearly resembles a jet of fluid. Thus, observations of 
random isotropic turbulence are not likely to be able to see the weak outer structure 
of the ring and one expects to see long, thin jets at locations where the velocity fluc¬ 
tuations are large. Axisymmetric structures have zero helicity, u u; « 0, unless 
they are also spinning around their axis of symmetry. It is therefore of interest 
to impose the local deformation tensor as an additional condition. Ditter (1987) 
studied the conditional average (u' | u,d) and in isotropic turbulence u found a 
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linear estimate of the form 

(u' I u,d) = Ui(x + r) 

7? Irl 2A^ 

= - ^2 ~ ~ {■^fcM(r) + 4i?j,,fc(r)}rfjfc(x). (5) 

The first term corresponds to the usual translation event, and the second gives the 
contribution of defornnation. The Taylor microscale is A and = {u^Ut)/3. 

Setting u = 0, implies that x is a critical point of the flow. The local structures 
at such a point can be found by the methods described in Perry and Chong (1987), 
since the linear estimate is a solenoidal vector field. If the flow at x is purely 
rotated about the x^-axis (with no translation), the streamlines and vortex lines are 
as shown in Fig. 2. In the vicinity of x the flow field is essentially a long, thin 
vortex tube whose length is of order of several longitudinal integral scales, L\ j and 
whose diameter is of the order of the Taylor microscale, A. As before, the strength 
of the flow is small at larger distances from x, making the total flow pattern difficult 
to observe when the eddy is immersed in an environment of random eddies. For 
example, the vorticity in the vortex tube at the origin is of order ?//A, whereas the 
vorticity of the large scale conditional vortex is of order u/L[\. The latter is, of 
course, substantially smaller at large Reynolds number. These considerations may 
explain the tendency of visualizations based on thresholded vorticity to observe 
long, thin vortex tubes, or ‘worms’, but fail to observe the much weaker large scale 
motions induced by the concentrated vorticity. It is also possible that the large scale 
motions of the conditional eddies are the average motion of many smaller vortices, 
e.g., a collective pattern. 

The conditional average (u' | u,d) has also been stochastically estimated for 
homogeneous shear flow using Bij computed from direct numerical simulation 
(Adrian and Moin, 1988). In this case the conditional eddy has the form of a 
hairpin vortex inclined at 45° to the flow when the conditional vector corresponds 
to the value that contributes the largest amount to the mean Reynolds shear stress. 
If the mean shear flow is subtracted the hairpin vortex becomes a vortex ring. 

Single-point conditional eddies have been estimated for turbulent channel flow 
using the two-point spatial correlation tensor computed from DNS simulations 
(Moin, Adrian and Kim, 1987; Adrian, Moin and Moser, 1987; Moser, 1990). 
The vector events were chosen to be the second- and fourth-quadrant u-v event 
that contribute most to the mean Reynolds shear stress by minimizing the product 
vi}f]{n,v). Consider the Q2 event. Very close to the wall the structure is a low 
speed streak under the given vector with two counter-rotating streamwise vortices 
on either side of the given vector. Farther above the wall a bridge of vorticity forms 
between the streaks, resulting in a hairpin geometry. Fig. 3 shows the contours 
of constant enstrophy of the LSE of (u' | u) for = 103. The legs of the 
hairpin lay back along the wall with spacing of approximately 100 viscous wall 
units. The conditional vector is positioned between the legs and just under the 
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Fig, 2, Conditional eddy given pure rotation about the r^-axis. Streamlines in the ri-rz plane 
and vortex lines in ri-r 3 and planes demonstrate symmetry about the ri-axis (Dilter, 
1987). 


head of the hairpin. Robinson et al. (1990) report observations of ‘canes’ or one- 
legged hairpins rather than symmetric hairpins. Such structures are obtained from 
stochastic estimation by letting the given velocity have a sufficiently strong w- 
component of velocity so that the streamwise vorticity associated with dw/dy 
enhances the vorticity of one leg and cancels the vorticity of the other. Farther still 
from the wall, e.g., at the centerline of the channel, the one-point LSE becomes a 
vortex ring. 

The one-point hairpins found by LSE possess many of the features observed in 
experiments and direct numerical simulations. However, they do not have the thin 
shear layer that has been observed in computations and experiments to lie above 
the space between the legs. The shear layer is believed to be the part of the flow 
that creates the VITA signature. To obtain this element, it is necessary to combine 




Fig 3 Hairpin structure resulting from a Q2 event specified at i/"'" = 103 in turbulent channel 
flow at low Reynolds number The index marks on the axes are in increments of 20 viscous 
wall units. 


a downstream Q2 vector with an upstream Q4 vector in close proximity. The Q2 
event creates a hairpin as in Fig. 3, and the Q4 event creates a fast downward flow 
that collides with the upward motion from the Q2 event. The result is a stagnation 
point flow on a thin strip above the hairpin’s legs. The fact that two events are 
required to represent the shear layer suggests that it should be considered as arising 
from the interaction of two separate conditional eddies that are colliding. It also 
suggests that closure of the pdf equation at the two-point level may be intrinsically 
superior to closure of the one-point pdf, because conditions at two-points may be 
essential to represent important flow interactions. 

Single-point estimation of the log-layer in the x-y plane of Re = 50,000 pipe 
flow yields cross-stream vortex patterns that are consistent with a large hairpin 
vortex (Adrian, 1990b). 

Single-point estimation of a plane shear layer yields a cross-stream vortex, but 
not one that is particularly rich in detail. Multi-point estimation of the shear layer 
using points along a streamwise line yields relatively detailed vector fields (Cole et 
al., 1992). Guezennec (1989) has shown how one-point space-time estimates can 
be used to study evolution of the boundary layer. 

Multi-point LSE of the form (u' | U| , U2, ..., u^v) is best viewed as a means of 
stochastic interpolation or extrapolation. If the locations x j,..., xat are grid points 
in a numerical algorithm, (u' | ui,..., Un) can be interpreted as the best estimate 
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of the subgrid field given the resolved scale data (Adrian, 1977, 1990a). An effort 
is currently underway to use this approach to estimate the fluctuating pattern of 
subgrid wall shear stress in a large eddy simulation (Bagwell et al.. 1993). The 
velocity vectors computed on the lowest grid plane are used to estimate the shear 
stress on the wall. 


4. Detection of Structures in Random Realizations by Stochastic Estimation 

The greatest single virtue of LSE is that it makes it easy to estimate conditional 
averages for complex events. Even a relatively simple event like {u, d} constitutes 
a twelve-dimensional space in which it would be almost impossible experimentally 
to find a reasonable number of realizations that satisfy the condition by conditional 
sampling. Once the LSE coefficients are found for a given flow and given type 
of event, the event can be changed quantitatively to cover the full range of prob¬ 
able values without re-calculating the coefficients or re-sampling the data. This 
flexibility places more emphasis on the selection and definition of the events than 
is encountered in conditional averaging, where the events must be constrained to 
have simple forms for the sake of feasibility. We have seen that certain events are 
indicated naturally by the theory, and it has been argued that the fidelity with which 
they represent the structure should be considered enough for the purpose of that 
particular theory. In this sense the problem of event definition is solved. 

However, suppose we consider the classical coherent structure detection prob¬ 
lem in which one attempts to find events which serve as accurate detectors of the 
presence of a coherent structure. How well can LSE address this problem? First, it 
should be pointed out that the simple one-point event {u(x, f)} is already signif¬ 
icantly more specific than the quadrant detection methods which have been used 
extensively. Even so, it may not be good enough if the flow contains structures that 
have the same velocity vector at several points in their volume. Then, the condition¬ 
al average will average over all of these events indiscriminately. A simple example 
is the conditional average {'u{t^) | u{i)) where u(t) = sincjf. If —1 < < 1 is 

the prescribed sampling level, v{t) = v at two different times during any cycle, 
one with positive slope and one with negative slope. The conditional average aver¬ 
ages over these two different events and predicts a cosine wave, e.g., a sine wave 
whose phase is the average of the two events. To define one event uniquely, more 
information must be specified. This can be done by adding the slope as an event, 
analogous to specifying d. 

In principle, a sufficiently detailed list of events will define a structure uniquely. 
The list is sufficient if the addition of more events results in negligible reduction 
of the mean square error. An example of this process is that of estimating u{x') 
from uniformly spaced events u{Ax), u(2Ax), u{3Ax). ... It can be shown that 
as the sample spacing decreases the mean square error decreases until it vanishes 
at the Nyquist sampling limit. In this case the linear estimation functions become 
the sine function of the Nyquist sampling theorem. 
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Fig. 4. (a) Contours of the instantaneous u-component in the x-z plane passing through Xi 

at y'^ = 30 in turbulent channel flow, (b) Linear estimate of v-component in the x-y plane 
passing through X| given the Q4 event at xi and the Q2 event at xj. Note how the pattern of 
alternating positive and negative velocities is made apparent (Adrian, Moin and Moser, 1987). 


Clearly, Nyquist sampling is too detailed for eddy structure identification, so 
we must constrain the set of given data by another principle. One approach which 
has been investigated to a limited extent is to identify points of interest in a random 
field and use the actual random values of the flow variables at those points as data 
for the LSE. The result is a smooth structure that is free from random background 
noise, and represents the average structure that is present when those events occur. 
Figure 4 illustrates the procedure. Two points xi and X 2 were located by searching 
for the location of maximum in the fluctuating Reynolds shear stress on a y = 
constant plane of turbulent channel flow. The random field does not exhibit a 
readily recognized pattern, but the LSE using u(xi) and u(x 2 ) shows a clear 
pattern of alternating signs in the r;-component of velocity that corresponds to the 
average footprint of a Q4 event interacting with the back of a Q2 hairpin. 
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5. New Directions 

Several new ways of using stochastic estimation have been proposed recently, or are 
under development. Balachandar and Adrian (1993) consider the use of adaptive 
events as a means of replacing a priori definition of events with algorithms that 
are iteratively adapted to give the best representation of the flow. An example is 
given from thermal convection between horizontal parallel plates in which it is 
known that the large scale motion is a roll-cell. By specifying a vertical velocity 
at one point on, say, the horizontal mid-plane, a roll cell is obtained from the 
linear stochastic estimate, but its horizontal width is incorrect. By spiecifying three 
vertical velocities, one down, one up, and one down, a clearer pair of roll-cells is 
predicted. If the spacing of the data is larger than the full width of the roll cell, 
the estimated cell has a smaller spacing, and vice versa. Thus, one can use the 
roll spacing to form new events and gel an improved estimate. Iteration rapidly 
converges to a stable estimate which has the correct spacing. 

Balachandar and Adrian (1993) also investigated the problem of determining 
structure when the turbulent field contains distinctly different types of vortices. The 
example chosen was again thermal convection between parallel plates. In addition 
to large roll cells, this flow contains smaller scale motions in the form of mushroom¬ 
shaped thermals. The latter are predicted by LSE when the event is very close to a 
thermal boundary where the thermals are stronger than the rolls. The rolls rapidly 
dominate the LSE as the location of the event (e.g., a vertical velocity) is moved 
away from the boundary. A non-linear filtering scheme is developed in which the 
roll cell predicted by the event located far from the boundary is subtracted from 
the total LSE based on an event near the boundary. The strength of the roll cell 
is found by projecting the combined estimate onto the estimate of the large scale 
motion. After subtracting the large scale roll cell, the smaller, weaker mushroom 
vortex is revealed very clearly. 

Bonnet et al. (1994) have developed an interesting combined method in which 
LSE and proper orthogonal decomposition (POD) are used together to obtain very 
compact representations of the total velocity field. The idea is to project the linear 
estimate, using many event locations, onto the first few modes of the POD, which 
are known to contain most of the energy of the flow field. 

Another idea for filtering the coherent structure out of a more random pattern 
is to specify deformation data at the critical points of the vector field. This appears 
promising because the spacing of critical points is of the order of the eddy size so 
that data at these locations identify different eddies and their interactions. 


6. Summary 

Linear stochastic estimation is essentially a method of approximating conditional 
averages in terms of correlations between the conditional data and the variable being 
averaged. When the given data are velocity vectors at several different locations, 
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and the estimated variable is the velocity field, the estimate is fully determined by 
the two-point spatial correlation tensor of the velocity field. This provides a means 
of interpreting velocity correlation tensors. The simplicity of the linear estimation 
procedure also makes possible the use of very complicated events. 
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Abstract. A novel application of the stochastic estimation procedure is used to examine the three- 
dimensional structure of the turbulent wake of a cylinder at x/d = 100 and Rcd = 5000. The basis for 
this method is the measurements of the full 3-D correlation tensor for all components across the width 
of the wake. Using this large data base, events contributing most to the Reynolds stress are identified 
and the most likely ensemble-averaged structures corresponding to these events arc reconstructed 
using the stochastic estimation procedure. This powerful technique offers the distinct advantage that 
multi-point conditional averages can readily be estimated. An extension of this multi-point conditional 
average estimation is presented in this paper in the form of a pseudo-dynamic reconstruction of the 
flow field. To that effect, measured time sequences of "conditions" at several points in the wake are 
used to estimate the three-dimensional structures most likely associated with these events, hence 
providing a useful tool to reconstruct the evolution of the large-scale flow structures. 


Identifying coherent structures in turbulent (lows has been successfully accom¬ 
plished in the past using several techniques. Among them are flow visualization, 
proper orthogonal decomposition (POD), conditional averaging, pattern recogni¬ 
tion, and stochastic estimation. Each of these methods has advantages, but the 
stochastic estimation is exceptional in its flexibility, objective nature, and ease of 
validation. As an illustrative problem and application of the stochastic estimation, 
the turbulent wake of a cylinder at Rcd = 5()(X) is examined at x/d = 100. Single 
and multiple point conditionally averaged structures will be estimated and a quan¬ 
titative three-dimensional flow-reconstruction technique will be used to study the 
flow dynamics. 

Three-dimensional structures in the turbulent wake of a two-dimensional body 
wake were first identified by Townsend (1956) and Grant (1957). After noting 
the structure in the transverse velocity correlations measured by Townsend, Grant 
extended Townsend’s measurements to include spanwise and normal velocity com¬ 
ponent correlations. Based on the structure of the space-time correlation tensor, 
Grant proposed that the far-wake contains pairs of counter-rotating eddies, rotat¬ 
ing in the plane of the wake with axes inclined with the mean shear. Supporting 
evidence for the existence of double-rollers was found by Lumley (1965), Payne 
(1966), and Payne and Lumley (1967) by using the correlation data of Grant to 
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compute the first POD mode. The structure computed in this way was identical to 
that postulated by Grant with the exception that Payne and Lumley’s eddies had 
a V component of velocity while Grant’s original eddy model did not. To explain 
the absence of the normal velocity component in Grant’s large eddies, Townsend 
(1970, 1978) proposed that along with the rollers, the wake contains jets that eject 
turbulent fluid into the mean flow. Using the stochastic estimation procedure, single 
and two point estimates of conditionally averaged structures can be computed to 
be compared to these jet and double-roller flow patterns. A similar comparison 
between estimated velocity fields and actual experimental instantaneous velocities 
can be found in Cole et ai (1992). 

The description of far wake turbulence as a distribution of rollers and jets has 
been generally accepted as an accurate depiction. Many supporting studies have 
been conducted to determine more about the distribution of eddies and their role 
in the turbulent dynamics (Keffer, 1965; Barsoum et ai, 1978; Townsend, 1978; 
Wlezien, 1981; Mumford, 1983; Antonia era/., 1987;FeiT^, Giralt, 1989;Ferrfe et 
ciL, 1990). Despite the extensive research in this field, no conclusive evidence has 
been found for a preferred distribution of eddies. Most studies indicate that they 
appear in groups and several have suggested that eddies causing entrainment of 
irrotational fluid are less important than those causing ejection of turbulent fluid. 

The stochastic estimation procedure can be used to help answer questions about 
the distribution of large eddies and to estimate their temporal evolution. A technique 
called pseudo-dynamic reconstruction will be developed and used to reconstruct 
an estimate of the time evolution of turbulent velocity fields from experimental 
data. Structures can be identified in the estimated velocity fields by visualization of 
physical quantities which will aid in identifying preferred distributions of eddies in 
the wake. In addition, the dynamics of these eddies can be inferred from the fields 
because the fields are based on measured realizations of the actual evolution of the 
far-wake turbulence. 


I. Description of Experiment 

The experimental portion of this study was conducted in the subsonic wind-tunnel 
in the Department of Mechanical Engineering at The Ohio State University. The 
wind-tunnel is an open-return type, the inlet of which consists of a bellmouth 
followed by a plastic-tube honeycomb, three steel wire screens, and a settling 
chamber. A 9 to 1 contraction leads to the test section. The test section has the 
internal dimensions 0.46 m wide by 0.61 m high by 3.66 m long. A 0.635 cm 
diameter steel cylinder was mounted horizontally in the center of the test section 
and was fitted with end-plates near the tunnel walls with a 10° angle to the mean 
flow. With the end-plates, the model has an aspect ratio L/d ^ 55. The coordinate 
system in the test section has its origin at the center of the cylindrical model. The 
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streamwise direction is x, the normal direction is y, and z is the spanwise direction 
completing the orthonormal set. 

Two precision traversing mechanisms are mounted on tracks on the top of the test 
section. The traversing mechanisms are powered by computer controlled stepper 
motors. The first traversing mechanism has the capability of motion in all three 
coordinate directions. The second traversing system, mounted 21 cm downstream 
of the first, is capable of independent vertical motion only. The two mechanisms 
are mounted to the same carriage and therefore move together in the streamwise 
direction. Additional rigid probe supports are mounted through holes in the test 
section walls. 

A Masscomp 55-S-05 computer with a 12 bit, 16 channel A/D interface and 
two D/A channels are used to control the traversing mechanisms and to acquire 
data from various instruments. Sampling of multiple channels was conducted in 
bursts at the maximum sampling rate of the A/D system. This sequential sampling 
resulted in a delay between channel samples of 3 micro-seconds. The resolution 
of both the A/D and the D/A systems was 4.88 mV per bit which compares to a 
typical r.m.s. of a fluctuating quantity being measured of roughly 0.24 V. Fourth 
order Butterworth analogue filters with a cut-off frequency tuned to 6.2 kHz are 
used as anti-aliasing filters for the data acquisition system. The cut-off frequency 
was selected slightly above the Nyquist frequency so as to improve the gain 
characteristics in the frequency pass range. The gain of these filters at the Nyquist 
frequency was 0.8 which is a slight improvement over a gain of 0.5 which would 
be the case for similar filters tuned to exactly the Nyquist frequency. By tuning the 
filters in this way, the filter gain in the frequency pass range is improved while also 
providing adequate removal of very high frequency noise well above the frequency 
range of interest. 

Turbulence measurements were made using triple hot-wire probes connected 
to custom made constant temperature anemometers. Each anemometer has its own 
variable overheat setting, frequency compensation, and analogue linearizer. The 
two models of probes used were the TSI model 1295-20 and custom-made Auspex 
probes. 

The experimental portion of this study was divided into two parts. The first 
part was designed to measure the space-time correlation tensor dtxfd = 100 and 
Rcrf = 5000. Auspex triple-wire probes were mounted on each of the traversing 
mechanisms and they were traversed over a sampling grid, as shown in Figure 1. 
TTie grid was defined to span the width of the wake, -3.52 < y/h < 3.52, and 
an equivalent spanwise scale, 0.00 < z/b < 3.52. Here b is the wake half-width, 
defined as the distance in the cross-wake direction from the wake centerline to the 
point where the mean streamwise velocity defect is half of its maximum value. 
The grid spacing was 0.446 which was sufficiently small to capture the spatial 
structure in the correlation function. The probes were positioned at each spatial 
separation on this grid. At each point, time histories of the anemometer signals 
were simultaneously recorded. A total of 65536 samples were collected at 10 kHz. 
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Fig. 1. Illustration of the measurement grid and probe movement with a summary of the 
experimental parameters. 


These parameters were selected based on the convergence and the curvature of 
the autocorrelation function. Periodically during the course of the experiment, the 
hot-wires were calibrated against the freestream velocity to provide a function 
relating the anemometer output to cooling velocity. Using this calibration data, the 
anemometer outputs were converted to cooling velocities which were corrected for 
drifts in the ambient temperature and mean velocity. 

To determine the three components of velocity based on cooling velocity mea¬ 
surements, the procedure given by Gieseke (1990) and Gicseke and Guezennec 
(1992) was used. 

For each probe separation, the temporal correlation between the velocity com¬ 
ponents was computed using an FFT approach. The original data was broken into 
64 blocks of data which translates to calculating the correlation function at 1024 
temporal separations. This significantly longer than the typical large scales which 
scale with b. Based on the free-stream velocity as an advection speed, 512 positive 
temporal offsets span approximately 356. Owing to the flow symmetries, a total of 
four redundancies exist in the spatial correlation measurements. Therefore the cor¬ 
relation functions represent the average of 256 separate 1024 point measurements. 
The wake mean statistics have been measured on a more finely resolved grid and 
are shown in Figure 2. Cross-wake symmetry has been used to smooth the curves 
and some scaling has been used to improve readability. 
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Fig 2. Statistics al j/d = 100 and jfferf = 5000: 

-Gaussian profile, o (1 — U/Uoc){^/d)~^^^, 

+-^ K/^7«)(T/^)-'/^ X-X (c^„/r/«.)(TAi)-'/^ 

*-♦ -(<j^/Ua.Kx/d)-^^\ and -h --+ 20(m7/f/^)(a-/f/)-* 


The second part of the experiment was designed to measure time traces of the 
three velocity components at three physical locations simultaneously. One Auspex 
probe was positioned at y/b = 0.88 (point B in Figure 2), the other at y/b = 0.0 
(point C), and the TSI triple-wire probe, at y/b =-0.88 (point A). All three probes 
were at the same z location. The velocity histories were recorded and stored for 
use in the pseudo-dynamic reconstruction technique. 


Turbulent Events 

In order to identify coherent turbulent structures, some quantities must be defined 
that is indicative of their presence. From an experimental standpoint, these must 
be a measurable quantities, the realization of which during the course of an exper¬ 
iment should indicate the occurrence of the coherent structure of interest. Such a 
realization is termed an event. 

The quantity or quantities that constitute an event can be determined based on 
physical arguments and consideration of the statistical properties of the turbulence. 
The structures that contribute most to the Reynolds stress are those that contribute 
to turbulence transport. To associate events with these structures, specific detection 
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Fig. 3. Joint probability density function of u and v weighted by the Reynolds stress 
P(u, v)uv. The contours are on a linear scale, have an arbitrary magnitude, are shown with 
solid lines when positive, and with dashed lines when negative. 


points were chosen corresponding to peaks in the Reynolds stress profile. These 
points arc labeled A, B, and C in Figure 2. 

Following the Quadrant technique used by Wallace et al. (1972) and Willmarth 
and Lu (1973) in the turbulent boundary layer, the joint probability density functions 
(PDFs) of the velocity fluctuations were used to identify events at the points of 
interest. Figure 3 shows the joint PDF of u and v weighted by uv at point A. Two 
types of events can be clearly identified: a first quadrant event (which entrains 
irrotational fluid), and a third quadrant event (which ejects turbulent fluid away 
from the wake center). Similar events can be identified on the opposite side of 
the wake, where the entraining motions are found in the fourth quadrant and the 
ejecting motions are found in the second quadrant. 

These events are based on very localized information and do not provide any 
information about the relative locations (in space or time) of various types of 
events. Events can also be defined by quantities simultaneously measured at two 
locations. To determine the importance of events that contribute to the Reynolds 
stress on both sides of the wake, a joint PDF of the velocity directions can be 
defined. Figure 4 shows the joint PDF of the flow angle defined by 6 = tan~ * (v/u) 
at points A and B weighted by the contributions to the Reynolds stress at each point. 
Peaks in the function P{6a, Ob)uvauvb indicate what combinations of events are 
most likely to contribute to the Reynolds stress simultaneously on both sides of the 
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Fig. 4. Joint probability density function of the flow angles at points A and B weighted 
by the Reynolds stress at both points, P(0a, The contours are on a linear scale, 

have an arbitrary magnitude, are shown with solid lines when positive, and with dashed lines 
when negative. 


wake. The cell associated with simultaneous ejection motions illustrates that these 
are important types of motions. 


2 . Stochastic Estimation of Coherent Structures 

Conditional and phase averaging are the traditional approach to determining the 
flow structures associated with turbulent events. The stochastic estimation was 
originally proposed by Adnan (1976) as a way to estimate conditionally averaged 
structures without having to pre-select an averaging condition or event. This work 
was followed by many related studies testing and applying the theory (Adrian, 
1979; Adrian etaL, 1987; Guezennec, 1989; and others). 

The procedure can be summarized by the statement, given velocities at some 
coarsely distributed points in space and/or time, the velocities at all other points 
in space and/or time can be estimated as functions of the known velocities. 

Single point conditionally averaged flow fields are computed with the stochastic 
estimation procedure by fixing the velocity at a single location and computing the 
velocities in a neighborhood around that point. The resulting field can be considered 
the most likely state of the field, in a least square error sense, given the prescribed 
condition. The corresponding conditionally averaged field is the average state of the 
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field given that the velocity at the condition location is within a small neighborhood 
of a prescribed value. Despite the difference in definition, fields computed using 
the two methods have been found to be qualitatively similar (Adrian, 1987). The 
stochastic estimation approach has two major advantages over the conditional 
average approach; it can be extended from the single condition estimate to a multi¬ 
condition estimate very easily and the conditions used for the field reconstruction 
need not be fixed before the required experiment is conducted. 

The procedure is built from the premise that given a set of Ng realizations of 
(A^ -h P) stochastic variables, some of the variables (y^ ■ • ■, y^) can be estimated 
by functions of the others (xi, ■ ■, x^) having the form 

y' « F'(X|,’ • ■ ,x„) = a'/j(xi, - •• ,x„) . (1) 

The basis functions /j and the number of them can be chosen arbitrarily. The 
constants must be determined such that the function predicts y^ as best as is 
possible based on the available statistical sample. 

The error for a given variable y^ is defined as the sum of the square of the 
difference between and y^ 

= {(^y‘ ~ ^jfj) ) ’ ( 2 ) 

where ( ) denotes averaging over all realizations. This error can be minimized 
with respect to each of the coefficients by taking the partial derivatives of with 
respect to each aj and setting the result equal to zero, 

|| = ((-2//; + 24 /i/'))= 0 . (3, 

Sets of simultaneous equations are generated that can be solved for the coeffi¬ 
cients 

4/fc/i = y‘fl ■ (4) 

The functions F^ can be expanded as polynomials, here limited to the linear terms, 

F'(xi, • ■ ■ ,x„) w + o',X| + • ■ai.Xn ■ (5) 

Substituting these definitions for fj into Equation (4) and defining correlation 
matrices Ljk = {^k^j) and Djt = the simultaneous equations can be 

expressed as a matrix problem: 


AL = D 


( 6 ) 
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This problem can be solved for all of the coefficients A so that the variab^les y 
^ can be predicted based on values of the variables x using a matrix multiplication; 

y - Ax. ( 7 ) 

The procedure can be used to estimate the coherent structures associated with 
the turbulent events defined in the preceding section by considering space and time 
dependent perturbation velocities u(r, t) as the variables that are to be estimated. 
The perturbation velocities are defined as used in the Reynolds decomposition. 
The simplest application of the stochastic estimation is the estimated single-point 
conditional average. For this calculation, the three components of velocity are 
prescribed at a single point in space. This velocity vector is called the condition 
and noted Uc- Near this condition, the estimated flow field Ue(r, r) is the most likely 
state of the field given the condition. Here r represents the time delay between the 
occurrence of the condition and the time when the velocities are to be estimated. 
The field can be considered the coherent structure associated with the condition 
and is reconstructed using the formulas 

Ue(r,T) = an (r,T)7i^-f «12 (r,r)7v + ttn(r,T)?i;c, 

(r, r) = a 2 i (r, r) Uc a 22 (r, r) iv + a 2 i (r, r) (8) 

av(r,r) = an (r, + a 32 (r, r)i;c-F «33 (r, r) 

or more concisely by 

Ue(r,r) = A(r,r)Uc . (9) 

Here, the estimated variable vector is y (r, r) = [iXp, (r, r) and the condi¬ 

tions are x = \uc, Vc, iCcf . In these expressions, the regression coefficients have 
been presented as functions of spatial and temporal separation. This extension of 
the procedure simply requires that the regression analysis be conducted for each 
point in space and time offset where the reconstruction formulas are to be applied. 
To construct the matrix of coefficients A(r, r), the two-point space-time correla¬ 
tion tensor is required between the velocities at the condition location and each 
location at which the reconstructed velocities are needed. These correlations are 
available for the turbulent wake as measured in the experimental portion of this 
study. 

An example estimated perturbation velocity field associated with a third quad¬ 
rant event at point A is shown in Figure 6. The velocities shown are the u and v 
components in the x* — y plane in which the event condition was fixed. Notice 
that the mean velocities have been removed. Using Taylor’s hypothesis, an advec- 
tion speed equal to the free-stream velocity has been used to relate the temporal 
development of the flow field to the stream wise structure. Taylor’s hypothesis was 
validated by measuring space-time correlations for probes separated in the stream- 
wise direction (with a small spanwise spacing). There was little decay in the peak 




Fig. 6. A two-dimensional slice in the x — y plane of the estimated velocity field based on a 
simultaneous Q3 event at point A and a Q2 event at point B. 
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Fig. 7 A side view of a surface of constant enslrophy with slx* —y plane of velocity vectors 
for the Q2-Q3 event 


in a{x, t)u{x -h Ax, f -h r) for Ax up to 46. The location of the peak indicated 
that the advection speed was very close to the free-stream velocity. A symbolic 
representation of the space-time relationship is given as x* = UccT. In the fig¬ 
ures, the flow is from left to right. The information obtained from this single-point 
estimate is very localized, suggesting that multiple point estimates would be more 
informative. 

Extending the reconstruction technique to estimate the most likely velocity field 
given the velocities at two or more points in space requires the redefinition of Uc and 
computation of the required coefficients. For a reconstruction based on conditions 
at points A and S, Uc is defined as 

Uc = ■ (10) 

The matrix of coefficients can be computed from the space-time correlation tensor 
using Equation (6). 

The estimated field for the event associated with simultaneous ejection on both 
sides of the wake is shown in Figures 7, 8, and 9. The two point estimation 
reconstructs the flow across the entire width of the wake much better than the 
single point estimation of Figure 6. The three-dimensional topology is illustrated 
in Figures 7b and 7c using an iso-surface of constant perturbation enstrophy, 
represented as a solid object, supeiposed on a selected planar cut through the field 
showing the velocity vectors. The structure suggested by this analysis is a pair of 
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Fig 8 As above but viewed at an oblique vic»v from above with an — 2 plane of vectors 



Fig 9 Illustration of the pseudo-dynamic reconstruction technique to reconstruct a single 
y — z plane of velocity vectors The process is used to construct a three-dimensional velocity 
held by repeatedly advancing the time record one step and estimating additional planes of 
velocities 
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Fig. 10. A short time history of a reconstructed field; A side view of an iso-surface of 
constant vorticity magnitude with velocity vectors. B. side view of the velocity vectors only. 
C. top view of the same reconstructed field, iso-surface and velocities. D. top view with only 
the velocities shown 

counter-rotating eddies, inclined approximately 55° in the direction of the mean 
shear. 
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Pseudo-Dynamic Reconstruction 

In an effort to estimate the dynamics of the turbulent motions and the interactions 
between neighboring events, the stochastic estimation procedure was extended 
to the pseudo-dynamic reconstruction technique. In this technique, time histories 
of conditions are measured using a coarsely distributed array of hot-wire probes. 
Within that history, short time series of simultaneously measured conditions are 
considered at each of the probe locations. The condition vector of Equation (9) is 
defined as 


Uc = • ,U3, -• • (11) 

Each condition velocity in this vector is given at the location of one of the hot-wire 
probes and at some time within the short time segments. The velocity field in 
the y - 2 plane is estimated based on these measured conditions, the regression 
equations of Equation (6), and the space-time correlation tensor (illustrated in 
Figure 5). The condition histories are then advanced in the time record thus defining 
a new set of conditions to estimate another plane of velocities. This process is 
repeated until a complete time history of reconstructed two-dimensional velocity 
fields is obtained. Using an optimization procedure, the best temporal spacing 
of conditions was found to be approximately 6 samples (0.46). The accuracy of 
the estimated field increases with the number of conditions in time. In this case, 
9 temporal conditions were considered at each probe location for a total of 27 
conditions for each y — z reconstruction plane. By panning a window several 
integral lengths long over the data set, the dynamics of the turbulence can be 
approximated. It should be noted that in this pseudo-dynamic reconstruction, the 
kinematics are provided by the stochastic estimation procedure, while the dynamics 
is measured in the actual flow. 

Figure 10 contains views of one instant of a reconstruction made using simulta¬ 
neously measured velocities at points ^4, B, and C. Flow is from left to right in the 
figures and the mean velocity has been removed. These figures illustrate the com¬ 
plex distribution of eddy structures. The streamwise direction is to the right so the 
sequence of events is from right to left. At the far right of the figures, a set of double 
roller eddies are observed which are nearly identical to those shown in Figure 7. 
They are strongly symmetric about the wake centerline, appear in relative isolation, 
and have a fairly large streamwise scale. Immediately to the left is an interaction 
between a symmetric entraining event and a strong ejection on the bottom of the 
wake. A similar combination of events is found slightly upstream on the opposite 
side of the wake. In contrast to the entraining motions, these front-like structures do 
not appear in symmetric configurations and are not clearly associated with rollers. 
Still further upstream, a combination of strong jet motions can be seen. No clear 
association with rollers is observed and the motions are anti-symmetric. Just off 
the left edge of the figure are wavy motions with strong spanwise components of 
velocity. 
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The sequence of events shown in these figures are specific to this selected time 
segment. However, the elements of this sequence are generic and representative of 
the remainder of the data. 

There does not appear to be any single pattern of structure distribution, but some 
characteristics do appear to be repeated throughout the data. Entrainments tend to 
be symmetric across the wake center. In this sample, ejections appear isolated on 
one side of the wake or on both sides with a phase delay. It should be noted that 
in other sample data sets, strong symmetric ejection motions were found but the 
staggered configuration was found more repeatedly. In all of the data studied, the 
entrainment motions are associated with rollers while ejection motions generally 
are not. Jets tend to occur with very strong spanwise components of velocity and 
in more chaotic turbulent regions. 


Conclusion 

Coherent structures can be identified using the stochastic estimation technique as 
has been illustrated here and in many other studies. With those structures estab¬ 
lished, a new technique, the pseudo-dynamic reconstniction, was developed to 
estimate the evolution of three-dimensional velocity fields from experimental data. 
This new technique has several very useful properties. The most important is that 
three-dimensional velocity fields can be estimated from several point measure¬ 
ments. This data can then be analyzed using many techniques. The most direct is 
to visualize the data to look for flow structures and repeated flow patterns. The 
very strongly three-dimensional nature of turbulent motions is preserved by this 
type of reconstruction and visualization. In addition, this type of visualization 
overcomes the ambiguity found in normal flow visualization results as to what 
physical quantities are correlated with the concentration of smoke, dye, etc. Here 
the visualized quantities are relevant physical quantities so the observed structures 
can be interpreted literally and identifying structures is much more direct. 

Using the pseudo-dynamic reconstruction to determine flow dynamics may be a 
useful application of the technique. However, the current approach of determining 
these dynamics through visualization does not appear to be a fruitful one. No clearly 
observable patterns were visualized in the data sets for the wake flow. If there is 
some identifiable dynamics pattern, it will be present in the reconstructed field as 
these fields are generated using experimental data. Extracting these patterns may 
require a more sophisticated numerical approach than the present visual analysis. 
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Abstract. We present brief pr6cis of three related investigations. Fuller accounts can be found 
elsewhere. The investigations bear on the identification and prediction of coherent structures in tur¬ 
bulent shear flows. A second unifying thread is the Proper Orthogonal Decomposition (POD), or 
Karhunen-Lo6ve expansion, which appears in all three investigations described. The first investiga¬ 
tion demonstrates a close connection between the coherent structures obtained using linear stochastic 
estimation, and those obtained from the POD. Linear stochastic estimation is often used for the 
identification of coherent structures. The second investigation explores the use (in homogeneous 
directions) of wavelets instead of Fourier modes, in the construction of dynamical models; the par¬ 
ticular problem considered here is the Kuramoto-Sivashinsky equation. The POD eigenfunctions, of 
course, reduce to Fourier modes in homogeneous situations, and either can be shown to converge 
optimally fast; we address the question of how rapidly (by comparison) a wavelet representation 
converges, and how the wavelet-wavelet interactions can be handled to construct a simple model. 
The third investigation deals with the prediction of POD eigenfunctions in a turbulent shear flow. We 
show that energy-method stability theory, combined with an anisotropic eddy viscosity, and erosion 
of the mean velocity profile by the growing eigenfunctions, produces eigenfunctions very close to 
those of the POD, and the same eigenvalue spectrum at low wavenumbers. 


1. Introduction 

Coherent structures are observed in most turbulent flows. Their relative intensity 
depends on inflow and boundary conditions, flow geometry and streamwise position 
in the flow. It is tempting to think that they may represent instability modes either 
of a laminar precursor or of the turbulent flow, which have grown to non-linear 
maturity. Dynamical models can be constructed using these coherent structures, 
which can then be used for many purposes: prediction of transport or noise, active 
control of the flow, and so forth. Such possibilities raise several questions; how 
best to identify structures in experimental data; how to predict structures in flows 


* Prepared for presentation at International Union of Theoretical and Applied Mechanics Sympo¬ 
sium “Eddy Structure Identification in Free TXirbulent Shear Flows”, Poitiers, France, 12-14 October 
1992. Supported in part by: the U.S. Air Force Office of Scientific Research, The U.S. Office of Naval 
Research (Mechanics Branch and Physical Oceanography Program), and the U.S. National Science 
Foundation (program in Physical Oceanography). 
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that have not been extensively documented; what mathematical choices to make in 
implementing such models. 

The Proper Orthogonal Decomposition or Karhunen-Lo^ve expansion has been 
used for the identification of coherent structures (Aubry et al., 1988). It has been 
shown in many respects to be optimum. However, other techniques have also been 
put forward, in particular linear stochastic estimation (Adrian, 1979). We would like 
to know what connections there may be between these two methods for identifying 
coherent structures. Below (in Section 2) we explore this. 

Many flows are homogeneous in one or more directions. In a homogeneous 
direction, the POD reduces to a Fourier representation. Such a representation is 
optimum, in the sense that it converges no slower, and usually faster, than any other 
representation. However, a Fourier representation is not particularly well suited to 
phenomena in a turbulent flow. Fourier modes are of infinite spatial extent, while 
eddies in a turbulent flow are quite finite in their spatial extent. A much more 
attractive possibility would be the wavelet, since it also is of limited extent, but 
this is not optimum. Just how far from optimum is it? If we use wavelets, we 
will have wavelet-wavelet interactions in space, and we have to make a decision 
regarding appropriate truncations of these interactions. In Section 3 we examine 
these questions. 

Obtaining the POD eigenfunctions for a given flow either requires exten¬ 
sive experimental measurements (Herzog, 1986), or extensive post-processing 
of data from direct numerical simulation of the flow. Either is expensive and 
time-consuming. We would like a simpler way of obtaining the eigenfunctions, 
particularly in flows for which neither DNS nor extensive measurement exist. In 
particular, we can implement our suspicion that the coherent structures may (at 
least in some circumstances) result from a disturbance of the turbulent profiles of 
mean velocity and stress, a disturbance which is unstable, and which grows non- 
linearly, leading the system to a new attractor, consisting of the flow plus coherent 
structures (Poje and Lumley, 1991, Leibovich, 1991). In this new stable state, we 
may hope that the coherent structures will resemble the non-linear growth phase 
of the instability mode. We pursue these questions in Section 4 below. 


2. Linear Stochastic Estimation 

In this section we comment on the connection between the POD and linear stochas¬ 
tic estimation, as applied by Adrian and coworkers in Adrian (1979), Adrian and 
Moin (1988), Adrian, Moin and Moser (1987) and Moin, Adrian and Kim (1987). 
Elaboration of this material can be found in Berkooz (1991). Suppose one wanted 
to find an estimate for u{x) given u{x') (at some other point), an estimate which 
would minimize the mean square difference between u{x) and the estimate. For 
the sake of simplicity of exposition, we limit ourselves to complex scalar functions 
of a single variable. Suppose, moreover, that one seeks an estimate linear in u{x')\ 
this is called a linear stochastic estimate. We are examining V(x^xJ) such that 
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V{Xyx')u{x') will be the estimate for u{x), and we want to search through the 
^ class V (x, x') to find A{x, x') such that: 

min (lu(x) - y(x,x')u(a:')l^) = (W^:) - >l(x, x')u(x')l^) (1) 

V{x,x’) 


is achieved by A{x,x'). We indicate by {•) an ensemble average. We use the 
. classical calculus of variations (cf. Adrian, 1979), which leads directly to: 

A{x,x') = {u{x)u*{x')) ■ {u{x')u*{x'))~K (2) 

In (2) the two point correlation tensor R{x, x') = (u(x)u*(x^)} appears with a 
normalization. Using classical results for the POD, we can write (Berkooz, 1991) 


A(x, x') 




Y^(l>i{x)fr{x), 

i= 1 


(3) 


where fi(x') = We may interpret /i(x') as the relative 

contribution of (pi to u{x') on the average. 

It is remarkable, and is the point of this section, that we get exactly the same 
result from a simplified PDF model based on the POD. Here we assume that the 
coefficients a; in a modal expansion ii{x,t) = Ea,(t)(p,(x) are jointly normal 
and independent, with zero mean and variance A,. Let us compute the estimator 
(u(x} I u(x')}. Since we have an expression for the PDF (through our assumption 
on the a,) we can compute this explicitly. Recall from probability theory that if the 
Xi are independent and normal with zero mean and variance for i = I,..., m 
then 


Xj — C 2 

J = l ^.7 = 1 

(See the formula for the conditional expectation of joint 
1957.) Using (4), we have 


(4) 


normal variables in Feller, 


ar(pi(x') I ^a,(Pj(x')^u(x')) 

J=^ 


^il<P,(x')l^u(x') 

I Aj|</';(.X')P 


(5) 


which gives (Berkooz, 1991) 


(u(x) I u(x')) = - 


-^ il(pi(^')l^u ( x') <p,(x)/(f>i(x') 
^ Ef=i A,|<Ai(x')‘p ^^ 


This is exactly the same result obtained from linear stochastic estimation: (3). 

This single result helps to place linear stochastic estimation in context: it is not 
a different animal altogether, but is just the POD with a simplifying assumption 
on the PDF of the coefficients. As long as we are not discussing transport (which 
probably requires non-zero third moments) the assumption on the coefficients is 
physically not unrealistic. 
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3. Wavelets 

All the flows of interest to us have one or more homogeneous directions. We 
are accustomed to use in these directions the Fourier transform, which is the 
homogeneous equivalent of the POD. However, the Fourier transform is not nearly 
so appropriate in the homogeneous case as is the POD in the inhomogeneous case. 
This is because the Fourier modes are not confined to a neighborhood, but extend 
to infinity without attenuation. All disturbances in fluid, and coherent structures in 
particular, are localized. There is therefore considerable motivation to find another 
representation that is more appropriate. 

In Tennekes and Lumley (1972) it was suggested that a more appropriate quan¬ 
tity would be the energy surrounding a wavenumber k, say from k/o to a/c, where 
a = 1.62. In physical space, this packet with appropriate phase relations is confined 
to a region, essentially dropping to zero in about Itt/k. from the origin. Tennekes 
and Lumley called these ‘eddies’, but the are an example of what are now called 
wavelets. 

While wavelets appear to make more physical sense, we might worry because 
we would be discarding the optimality of the Fourier representation; would conver¬ 
gence be much slower, so that we would need many more terms, or would we lose 
considerable energy if we used the same number of terms? A main result of a recent 
paper (Berkooz et al., 1992) is that very little energy is lost when using a wavelet 
basis instead of a Fourier basis. Although wavelets are physically appealing, it 
would also be nice to have reassurance from calculations that physical behavior 
would be preserved in a wavelet representation in which interactions are truncated. 
To set our minds at rest on this point, Berkooz et al. (1992) also display a rela¬ 
tively low-dimensional wavelet model of the Kuramoto-Sivashinsky equation with 
truncated interactions that shows dynamical behavior similar to the full equation. 

Without getting involved with mathematical details, an orthonormal wavelet 
basis is constructed by starting with a function, say \^(x), similar to the eddy 
suggested by Tennekes and Lumley (1972). From this, construct a set = 

{x2'>), j = ], 2,... Each of these is shrunk affinely, but is geometrically similar to 

the original function. Now consider the translates of 

A'= 1,2,... 

Berkooz et al. (1992) consider a periodic, homogeneous stochastic process. 
It is then obvious that the POD decomposition becomes identical to the Fourier 
decomposition. Now, if, for a given c, we need N{e) POD modes in order to satisfy 

N{e) 

1<1 T=1 


( 7 ) 
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then, if the {6^} are the coefficients in a wavelet basis, they show that, for some 
^ constant C, depending only on the process (and not on f); 

- E I ^ (8) 

i>i 1=1 

for some Af{E) > N{6) only slightly bigger than N{£) (the precise statement is 
given in Berkooz et al., 1992). This suggests that we will not be too much worse off 
using a wavelet basis, but it would be reassuring to have numerical confirmation. 

3.1. Numerical RESULTS 

Berkooz et al. (1992) wished to apply these ideas to a simple situation. The three- 
dimensional, three component Navier-Stokes equations are too complicated for a 
first effort. 

The one-dimensional, scalar Kuramoto-Sivashinsky (K-S) equation appears in 
a variety of contexts, such as quasi-planar fronts, chemical turbulence, etc. It shares 
some properties with Burgers’ equation and the Navier-Stokes equations, but is 
much easier to deal with. Up to a rescaling, this equation can be written as: 

Ilf -}- 'll XT 0 ^ X ^ L (9) 

It periodic on [0,L], where L, the length of the spatial domain, is the only free 
parameter in the problem. 

Although the dynamical behavior for small values of L is fairly well understood 
(see Hymans and Nicolaenko, 1986 for an overview), many open questions remain 
concerning the limit L ^ oo (Zale.ski, 1989; Pomeau et al., 1984). As can be seen 
from the numerical simulations, for L > 30, a chaotic regime involving both space 
and time disorder occurs (see Fig. 1, where we plot a space-time representation of 
a typical solution, L = 400, 0 < f < 100; the grey scale represents the magnitude 
of u). 

In order to check the estimate (8), we compare the energy resolved by a given 
number of modes using either a Fourier (POD) or wavelet basis. Note that, to 
compare the Fourier and wavelet bases, all the translates in the wavelet basis 
must be considered. Here are some results (see Fig. 2; the numbers indicate the 
percentage of the mean of ip- that is captured by the indicated number of modes): 


Number of modes 

wavelets (rn = 6) 

wavelets (in = 8) 

Fourier 

64 0 = 6) 

70.84% 

71.5% 

72.2% 

96 U = 6, 5) 

79.1% 

79.43% 

83.3% 

127 (0< j < 6) 

84.1% 

84.9% 

89.7% 

255 (0 < j < 7) 

99.9% 

99.9% 

99.9% 
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Time 



Space 


Fig. 1. A typical solution of the periodic Kuramoto-Sivashinsky equation (L = 400). 


The scale j = 6 which captures most of the energy on the average, corresponds 
to a characteristic length 2~^L ^ q~^\ which is also the length scale associated 
with the most unstable wavelength Qm- In agreement with the general shape of the 
energy spectrum, the scales 0 < j < 5 are shown to capture more energy than the 
scales in the dissipative range (j > 7). The above figures show that (for sufficiently 
smooth splines) the wavelet projection captures almost the same amount of energy 
as the Fourier (= POD) decomposition (within 5%). 

These results prompted Berkooz et al. (1992) to conclude that from an average 
energy point of view wavelets were a reasonable candidate for a modal decompo¬ 
sition of the K-S equation. The localized nature of the wavelets may give a unique 
view of the spatial attributes of the coherent structures. We outline their approach. 
They conjecture the existence of a dynamically relevant length scale Lc such that 
interactions between physical regions of distance greater than Lc are dynamically 
insignificant (a dynamical St, Venant principle). Determining the validity of this 
conjecture is part of their study. They use this conjecture to remove terms in a 
wavelet-Galerkin projection that correspond to interactions between regions of 
distance greater than Lc- To study whether the dynamics of coherent structures are 
indeed locally determined they construct truncations corresponding to a small box 
size Ljj in the larger box of size L, 
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Partial traces 



Fig. 2. The energy resolved by the Fourier (POD) basis (upper curve) and the wavelet basis 
(lower curve), as functions of the number of modes. 


They need to address the role of unresolved physical space (i.e. modes located 
outside the box of size Ly). It is obvious that the Dirichlet type of boundary condi¬ 
tion imposed will create a boundary layer which will affect the dynamics, especially 
in small boxes which are of interest to us. There are two plausible approaches to 
remove this effect. One approach uses a stochastic boundary condition (which is 
hard to implement numerically and treat analytically). The other approach appeals 
to the conjecture on the existence of Lc- One takes a box of size Lb greater than 
2Lc so that one can periodize the small model using resolved relatively distant 
modes instead of unresolved ones. They opted for the second approach. 

We present some preliminary results of the integration of one such model. They 
resolved a box of size Lb = 50 (this is 1/8 of the original box). Figure 3 shows the 
spatio-temporal evolution of the full system, with a Fourier basis. Figure 4 shows 
the spatio-temporal evolution of a (rescaled) model with Lc = 50 x 3/8, which is 
in excellent qualitative agreement with the dynamics of the full system. As in Fig. 1, 
Figs 3 and 4 indicate by grey scale the magnitude of u. If Lc is too small, after a 
long initial transient, the system eventually settles down to a periodic oscillatory 
state, in which no interaction between the localized structures is observed. This 
can be avoided by an increase in Lc, which adds significant non-linear interactions 
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Space 


Fig 1 Full simulation of the Kuramoto-Sivashinsky equation (Fourier basis) 



Space 

Fig 4 Wavelet simulation of the K-vS equation (4 mode) with L/j = ^0 (rescaled) 


between relatively distant physical space locations. It might also be avoided by a 
stochastic boundary condition 

Thus we see that, we do not lose any significant amount of energy by changing 
from a Fourier to a wavelet basis, and it is possible to use a wavelet basis with 
truncated spatial interaction to reproduce complex dynamical behavior reminiscent 
of that governed by the Navier-Stokes equations 


4 Eduction of Coherent Structures 

Ideally, one would like to apply the POD approach to a wide range of flows where 
coherent structures are known to play an important role in the dynamics The 
POD procedure, however, requires the two-point velocity autocorrelation tensor as 
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input, thus necessitating complete documentation of the flow before the analysis can 
proceed. For flows with very high Reynolds numbers or complicated geometries 
this can be prohibitively expensive given current computational and experimental 
capabilities. In this section we will describe an analytic procedure for extracting 
basis functions (structures) which approximate those given by the POD but which 
requires much less a priori statistical information about the flow. 

The method presented here is based on energy stability considerations put 
forth by Lumley (1971). A fuller description can be found in Poje (1993); Poje 
and Lumley (1994). First, the instantaneous flow field is decomposed into three 
components in order to isolate the large scale structures. Evolution equations can 
then be written for the coherent velocity field and the coherent kinetic energy. 
A procedure can then be formalized to search for the structures which maximize 
the instantaneous growth rate of coherent energy, the rationale being that the 
structures which on average have the largest growth rates will compare well with 
the structures which contribute the most to the average turbulent kinetic energy 
(POD eigenfunctions). 

As an example we consider turbulent channel flow assumed statistically homo¬ 
geneous in both the downstream (x’l) and cross-stream (. 7 * 3 ) directions. In order to 
extract spatial structures from the total velocity field, we avoid traditional Reynolds 
averaging and instead decompose the instantaneous velocity field into three com¬ 
ponents: the spatial mean ([/), the coherent field (v) and the incoherent background 
turbulence (u'). 

= U{x2) 4- H- u'(x,0- (*0) 

The spatial mean is an average over the Xi-:r 3 plane; we will indicate it by [...]. 
We introduce a second averaging procedure, denoted by ( ■.), which eliminates 
the small-scale turbulence while leaving the coherent field intact. 

= ( 11 ) 

Practically this can be accomplished in several ways (Reynolds and Hussain, 1972; 
Liu, 1988; Brereton and Kodal, 1992; Berkooz, 1991). We will refer to this average 
as a phase average. For our purpose here it is sufficient that the phase average and 
space average commute, and that the cross-correlations be negligible. 

= 0 - (^ 2 ) 

It is possible to devise various models to support Equation (12). Given these 
averaging procedures, we can manipulate the Navier-Stokes equations to arrive at 
evolution equations for the coherent velocity field. 

Dvif Dt " 1 " VjVi j = TT^i 4" 4" SijVj 4" (1^) 

where D/Dt denotes the mean convective derivative, Sij the mean rate of strain, 
and V the kinematic viscosity, represents the rectified effects of the small scale 
fluctuations on the coherent field and is defined by 

= \U'iU\ — {u[uj). 


(14) 
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This can be thought of as a perturbed Reynolds stress, which is unknown and 
will ultimately require modeling. In the limit of a complete random turbulence 
containing no structure (i.e. (...) = 0) this quantity is equal to the usual Reynolds 
stress. In the case when the turbulence is completely structured so that (...) = [...], 
r^J is identically zero. 

We now follow classical energy method stability analysis for the coherent field. 
First, the growth rate of the volume averaged coherent energy E is defined as a 
functional of the coherent velocity field. 

\{v,U,v,t) = {\l2E)dElAt. (15) 

Integration by parts and continuity are used to eliminate the non-linear convective 
and pressure terms. We seek the solenoidal velocity field which maximizes A. 
Application of the calculus of variations then gives the Euler equations for the 
maximizing v field in the form of an eigenvalue relation. 

\Vi “1“ SijVj — TT I “|- “h 

(16) 

We consider coherent fields which are periodic in the homogeneous directions. 
This allows a decomposition into poloidal and toroidal components which satisfy 
continuity exactly (Joseph, 1973) 

= ^,12 “■ ^^2 = “(^,11 + = ^,21 + (17) 

The two scalar functions are then expanded in normal modes in the streamwise and 
spanwise directions. 

^(x) = ^(j’2) exp{i(fciTi -f-^3X3)} 

i;(x) = exp{z(A'i.ri -h A:3 J^*'i)}. (18) 

Substituting the above into Equation (16) and eliminating the pressure tt results in 
two coupled equations, forming a differential eigenvalue problem. 

In order to proceed we need to specify a mean velocity field and a model for 
the unknown stress terms. 

4.1. Closure MODELS 

We have investigated two different models for the unknown stress terms appearing 
in the eigenvalue relation. It should be noted that, modulo the modeled terms, 
Equation (16) is linear in the coherent velocities, providing an inexpensive means 
of determining basis functions. This linearity is an essential advantage of the 
method and for this reason we will constrain any stress model to be both linear and 
homogeneous in the v field insuring that the governing equation remains a regular 
eigenvalue problem. Tensorially this requires 


'T.J - Tfcfcfi.j/S = T^jkl{Vk,l + Vl^k)- 


(19) 
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Fig. 5, Isotropic eddy viscosity model. •••• POD;-isotropic model; (a) = 3.00, 

(b) ht = 6.00. (c) fci = 12.00, (d) spectrum. 


The nature of the averaging procedure implies that the scales of the coherent 
field and the background turbulence are different. Assuming that the background 
turbulence evolves on much shorter time and length scales than the structures, 
it seems plausible that a Newtonian stress-strain relationship like that for the 
molecular stresses will provide the basis for a model. We set 

Tij - Tkk^j/'i = ( 20 ) 

Due to the inhomogeneity of the turbulence in the wall normal direction, we specify 
Uf as a function of X 2 corresponding to experimentally determined values of the 
traditional eddy viscosity. We will refer to this basic model as the isotropic eddy 
viscosity model. 

Using the basic stress model and an analytic expression for the fully turbu¬ 
lent mean profile (Reynolds and Tiederman, 1967) we have solved the resulting 
equations numerically. Figure 5 shows comparisons between the calculated first 
order eigenvectors and the POD results of Moin and Moser (1989) obtained from a 
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numerical data base; the results are shown as a function of distance from the wall, 
for three different values of the cross-stream wavenumbers (recall that the stream- 
wise wavenumber is zero). Figure 5d compares the first order eigenvalue spectrum 
obtained both ways, as a function of cross-stream wavenumber. Although there are 
qualitatively similarities in the shape of the structures, the modes predicted by the 
stability method fail off much more rapidly away from the wall than do the POD 
functions. The eigenvalue spectrum clearly shows that the stability analysis favors 
modes which have a much higher wavelength than the maximum energy modes of 
the POD. 

Although there may be a number of reasons for this discrepancy, we choose to 
first examine more closely the closure model. We find that the isotropic eddy vis¬ 
cosity model creates no coupling between the different components of the coherent 
velocity. When there is no streamwise variation of the coherent field the only cou¬ 
pling terms in the equations are those multiplying the mean gradient. For realistic 
mean profiles, regions of high shear are confined to thin regions near the wall, and 
the structures predicted may be expected to fall off as quickly as the shear. 

We now seek to develop a stress model that allows for some anisotropy in the 
eddy viscosity, and thus couples the component equations through the stress terms. 
We begin with the evolution equation for the Reynolds stresses, where we are 
obliged to model a number of terms to obtain a closed system. We use standard 
second-order turbulence models. We model the pressure-strain correlation by a 
return-to-isotropy term and an isotropization-of-production term (Naotet al., 1970); 
we use an isotropic dissipation. We assume the stresses are in local equilibrium: 
D[iliUj]/D f = 0. This reduces the evolution equation for the Reynolds stress to 
an algebraic expression. 

Now we set up a perturbation expansion in terms of mean field quantities, 
taking the coherent field as an order e perturbation to the spatial mean. On physical 
grounds, we argue that the perturbed stress field is due entirely to the presence of 
the structures and consequently we restrict the model to include only production 
due directly to coherent velocity gradients. This is in agreement with a cascade 
analogy for the complete flow: the coherent structures are fed energy directly by 
the mean gradients while the small scale turbulence is in turn fed by gradients 
of the coherent field. If we identify the 0th order stresses with an eddy viscosity 
tensor, then the closure model can be written as 

T~ij 1^ ~ ^ik^kj ( 21 ) 

where the tensor viscosity has the following structure in this specific case: /^i 3 = 

= 0 , 1^33 = 1 ^ 22 - 

Despite the absence of mean production terms, this model is still a major 
improvement over the isotropic eddy viscosity formulation. In the simple model 
the effects of the mean field have been neglected entirely. Here we have allowed 
for modulation of the perturbation stresses by the mean field through the 0th order 
stresses appearing in the production terms. Also we have unconstrained the model 
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Fig. 6. Anisotropic eddy viscosity model: •••• POD;-isotropic model; ■ 

anisotropic model; (a) k-\ = 3.00, (b) A :3 = 6.00, (c) /ci = 12.00, (d) spectrum. 


in an important way since the tensorial form of the eddy viscosity allows the 
principal axes of the stress tensor to be unaligned with the axes of the rate of strain. 
This is more realistic considering the three-dimensionality of the coherent held. 
This model leads to the expected cross-coupling of the equations through the stress 
terms. 

Figure 6 shows eigensolutions for several values of (see the description 
of Fig. 5 for clarification). The results compare well with the POD eigenval¬ 
ues, especially for wavenumbers at or below the peak in the POD spectrum. The 
improvement with decreasing wavenumber is expected given the modeling con¬ 
siderations. The separation of scales between the background turbulence and the 
coherent structures increases as the wavenumber decreases adding to the expected 
accuracy of the stress model. The comparison of the two models indicates signifi¬ 
cant improvements in the results given by the anisotropic eddy viscosity form. The 
energy method procedure with the more refined closure model appears capable of 
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extracting structures which closely approximate those given by the POD at least at 
the energy containing scales of motion. 

Despite the general improvement, it is still clear that more needs to be done. 
From Figs 5 and 6, it is evident that the eigenspectrum produced by solution of 
Equation (10), while improved by the use of the anisotropic closure model, still 
predicts structures with maximum growth rate that are a factor of 2 smaller than 
those containing the most energy (as given by the POD). We next consider the 
effect on the spatial mean velocity field of the growing coherent perturbation. 

4.2. Interaction with the mean 

At this point we consider the role of the mean velocity in the two methods. The POD 
structures are derived from solutions to the non-linear Navier-Stokes equations 
which allow for complicated interaction between the different scales of motion. 
The structures evolve in a mean velocity field that is changing due to the presence 
of the structures themselves. Conditionally averaged mean profiles clearly show 
the evolution of the local shear in the presence of coherent structures (see Fig. 7). 
It is clear from Fig. 8 that profiles with a larger region of high shear also have 
eigenfunctions which are non-negligible in a broader region. We see that structures, 
in the relatively long period before bursting, act to erode the shear that they see. 
The POD eigenfunctions are given by averages of contributions from different 
mean profiles. 

The stability method on the other hand does not allow for any interaction 
between the mean and the coherent field. The mean flow is imposed and the resulting 
structures are calculated. The mean profiles we have used are time averages which 
mask any contribution from the coherent field. As such the stability analysis predicts 
that the highest growth modes are those which can best extract energy from the time 
averaged mean shear which is concentrated in the small near-wall region. Since 
the structures have an aspect ratio of about 1, the narrow region of high imposed 
shear leads to a peak in the eigenspectrum at a large wavenumber. 

To allow the mean field to evolve under the influence of the coherent field, we 
follow Liu (1988) and write time evolution equations for the energy density of the 
coherent field. We allow the mean profile to depend on the coherent velocity as 
it does in reality. We expect that equilibrium solutions for the energy density as a 
function of cross-stream wavenumber will approximate the average energy content 
as given by the POD spectrum. 

We assume that the coherent field is given by the eigenmodes of the stability 
problem, but we now allow them to vary in time 

Vi{x.,t) = (22) 

{uiUj)(x,t) = E{i)B^j{x) (23) 

where 4'i = vexp{ifci 3 }, ^2 = ifc^'exp{ifcx 3 }, 4^3 = —D4'exp{zfcx3}. By 
examining the evolution equation for Vij = {uiUj) - [uiUj], the forcing terms are 
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Fig. 7. Conditionally averaged velocity profiles before and after a burst, showing the influence 
on the local shear of the coherent structures (Blackwclder and Kaplan, 1976). 



Fig. 8. The eigenfunctions generated by the anisotropic eddy viscosity model with various 
mean velocity profiles, 


of the form {uiUj)vij. Consequently, we assume the perturbation stresses also to 
be a product: 

rij{x,t) = A{t)Eit)Rij{x). (24) 

Since we have used an eddy viscosity in obtaining the coherent forms we further 
assume that: 


i?ij(x) = + '^k,j) (25) 

where i^n = 1^22 = t /33 = = *^21 — = '^23 = 0. All that remains is 

to model the mean profile. For this we adopt the quasi-steady model used in Aubry 
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Fig. 9. •••• the POD eigenvalue spectrum;-the eigenvalue spectrum generated by 

the anisotropic model without mean flow interaction;-the eigenvalue spectrum generated 

with mean flow interaction. 


et al. (1988). This allows the mean to respond to growing structures providing the 
necessary feed-back to the evolving modes. Using the friction velocity, Vr, and the 
channel half height, a, the scaled equation for the mean gradient is: 

dU{X2,t)/dX2 = Rer{(U|1t2) -h “ ^ 2 }- (26) 

The rate of dissipation of turbulent energy is given by a simple model adopted from 
second order closure schemes, 

DejDi = - C 2 e^lk -f Transport. (27) 

Substituting these various models into the energy equations results in a set of three 
coupled ODEs for the temporal evolution of the energies and dissipation. 

In order to evaluate the integrals appearing in these equations, we need to assume 
the spatial form of the averaged turbulence quantities B^j and the dissipation D{x 2 ). 
For this simple model we have assumed that while the intensity of the turbulence 
varies its spatial dependence remains unchanged. We use experimental data for 
fully developed turbulent channel flow to determine both B and D. The coherent 
structures are found by energy stability analysis, as described above. 

5. Conclusions 

The POD has played a central role in identifying coherent structures in experimental 
or computational data, and in constructing low-dimensional models of turbulent 
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flows, models which resolve only the coherent structures and their interaction, and 
parameterize the smaller scale, less organized turbulence. However, use of the POD 
raises a number of questions: is it the best way to identify the coherent structures? 
When we construct low-dimensional models, are we tied to Fourier decompositions 
in homogeneous directions, or can we use wavelets, and get away from periodic 
boundary conditions and periodic arrays of structures? Can we find cheaper ways 
to obtain the forms of the POD eigenfunctions, the coherent structures? 

We have shown here that linear stochastic estimation, the other popular method 
for identification of coherent stmctures in experimental or computational data, is 
equivalent to the POD with the assumption that the coefficients in the POD are 
jointly Gaussian. For many purposes (so long as only second order quantities are 
being considered) this is a physically realistic assumption. 

When we construct low-dimensional models using the POD, if there are homo¬ 
geneous directions we have been accustomed to use Fourier decomposition. This 
is awkward physically, since the Fourier modes are not confined to a neighborhood 
while the disturbances to the real flow are. Here we have shown in connection with 
a one-dimensional equation that wavelets can be used instead with a negligible 
sacrifice in efficiency; and that simple assumptions regarding spatial interaction of 
the wavelets permits a relative simple model that reproduces the dynamics. This 
suggests that similar things are probably true of the Navier-Stokes equations, and 
that we will be able to construct low dimensional models for real flows, like the 
wall region of the boundary layer, using the more realistic wavelet representations, 
with reasonable truncations of the spatial interactions, thus freeing ourselves from 
periodic boundary conditions, and periodic arrays of coherent structures; we will 
thus be able to consider soliton coherent structures, which are much more realistic. 

In order to construct these low-dimensional models, it is necessary to have at 
hand the POD eigenfunctions. Up to the present, this required extensive .statistical 
documentation of the flow, either experimental or computational. Clearly, the flow 
with coherent structures represents a new attractor for the flow. We do not know how 
to analyze this new attractor to find the coherent structures. The coherent structures 
are extracting energy from the mean velocity profile, modifying it, and giving up 
energy to the small scale turbulence, also modifying it. We have suggested simple 
models for both modifications, and have shown that, with these adjustments, the 
form of the instability in its non-linear growth phase is essentially the same as the 
POD eigenfunctions, and the peak of the eigenvalue spectrum is in the same place. 
The flow whose instability we consider, of course, is the real flow with the coherent 
structures already present - we do not know how to remove them before we have 
them. Fortunately, it does not seem to make any difference. We may hope that, in 
poorly documented flows, we will have the same luck, and will be able to extract 
the eigenfunctions by a similar, relatively cheap, procedure. 
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Abstract. Vortical structures play an important role in the kinematics and dynamics of turbulence, but 
in order to understand this role we require techniques to identify and classify them. Proper Orthogonal 
Decomposition (POD), conditional sampling with ensemble statistics, and conditional sampling with 
conditional statistics are applied to a simple test function and the results are compared to determine 
the strengths and weaknesses of each approach. The second method gives the closest approximation 
to the test signal and is the easiest to use, although it is sensitive to the choice of conditions. None of 
these techniques can give much insight into the dynamics of turbulence, or into the organisation of 
eddies with complex, fine-scale structure. 

New methods for investigating complex (self-similar) structures based on fractal and wavelet analyses 
arc presented. Methods of distinguishing between locally (accumulating) and globally (fractal) self¬ 
similar structures are suggested. 


1. Introduction 

There has been much interest recently in the identification of characteristic struc¬ 
tures in turbulence as a way of understanding its dynamical properties such as 
intermittency, the transfer of energy between length scales and the dispersion of 
contaminants. Experiments and Direct Numerical Simulations (DNS) have provid¬ 
ed evidence that turbulence is not random, but contains structures with complex 
internal organisation (Vincent and Meneguzzi, 1991). Statistical approaches to 
turbulence are capable of predicting some quantities averaged over many realisa¬ 
tions of a turbulent flow, but they are not able to provide insight into dynamical 
quantities that are directly related to the flow structures of a given realisation. In 
order to be effective the structural approach requires mathematical tools capable of 
unambiguously identifying complex turbulence structures according to appropriate 
kinematical and dynamical criteria. Once different sorts of structures have been 
identified it is possible to determine which of them play important roles in the 
dynamics of turbulence. 

Many mathematical techniques have been used to identify and describe struc¬ 
tures, e.g. the Fourier transform, Karhunen-Loeve orthogonal decomposition 
(Lumley, 1967; Aubry et al., 1988), functional/pattem recognition (Mumford, 
1982), non-functional conditional sampling (Hussain, 1986), kinematic classifi¬ 
cation (Chen et al, 1990; Kevlahan, 1992; Wray and Hunt, 1990), and, more 
recently, fractals (Vassilicos and Hunt, 1991) and the wavelet transform (Brasseur 
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and Wang, 1992; Farge, 1992; Hunt et al., 1993). Each of these techniques breaks 
down the flow in different ways and places a different emphasis on the various 
aspects of turbulence (usually velocity, pressure, and their gradients). The ques¬ 
tion then arises: which methods are best able to detect, classify and describe eddy 
structures which may contain significant complexity? This paper has two parts: the 
first is concerned with the identification and eduction of large coherent structures. 
The second presents and discusses subtler tools capable of identifying small scale 
complex eddy structure. 

We evaluate three common eduction techniques for coherent structures, namely 
Proper Orthogonal Decomposition (POD), conditional sampling with ensemble 
statistics, and conditional sampling with conditional statistics by applying each of 
these techniques to a simple test function that is asymmetric and whose energy is 
not contained in a single mode (i.e. f{x) = (a -h xb) exp — (x^)). Then we assess 
the strengths and weaknesses of each approach. Some of these techniques have 
been tested before on actual turbulent flows (e.g. Guezennec, 1989), but the goal 
here is to assess these techniques on mathematically simple test signals so that the 
precise differences between the techniques are brought out. Differences between 
the techniques and the reasons for those differences may be obscured when they 
are applied to more complex flows. The results show that these techniques can lead 
to quite ambiguous and erroneous inferences as to the structure of eddies. 

In the second part of this paper we address the problem of identifying and 
analysing eddies with significant internal complexity; none of the traditional 
approaches described above are capable of giving this sort of information. By 
‘complex structure’ we mean eddies with a self-similar or singular internal stnic- 
ture. The usual Fourier transform can provide some limited information about the 
existence of such singular regions or structures in the flow. A non-integer power law 
energy spectrum (e.g. Kolmogorov’s B(k) oc for the inertial range of isotrop¬ 
ic turbulence) implies that the velocity field must contain singularities ‘worse’ than 
discontinuities (Moffat, 1984; Hunt and Vassilicos, 1991; Zel’dovich and Sokolov, 
1985). These singular structures could be cusps, accumulating discontinuities or 
oscillations (e.g. functions of the form /(.r) = .r^ sin(T“^)), fractal functions 
(e.g. the non-differentiable Weierstrass function /(x) = sin(A^a^)), 

or some more complex superposition of these. Both the accumulating and frac¬ 
tal functions are self-similar, however the accumulating functions are self-similar 
only about a specific point while fractals (characterised by a non-integer Hausdorff 
dimension) are self-similar everywhere. Accumulating and fractal structures may 
be considered globally and locally self-similar respectively. Turbulence models 
have been developed using both these types of structures as building blocks (e.g. 
the fractal /3-model of Frisch et al. (1978) and the strained spiral vortex model of 
Lundgren (1982)). 

To detect whether or not the structure of eddies actually corresponds to that 
assumed by these models requires a method for unambiguously determining and 
distinguishing between global and local self-similarity. The differences between 
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Fig. 1. Typical eddy structure from the test function u(x) = (a -h bx) cxp(-x^). 

these classes of self-similar structures are investigated by applying Fourier, wavelet 
and fractal methods to an accumulating test function as f{x) = sin 27 r/T^ (which 
is locally self-similar) and a related function constructed from the random super¬ 
position of its Fourier components (which is globally self-similar). Finally, gener¬ 
al analytical methods of distinguishing between locally and globally self-similar 
structures are proposed. 

2. Comparison of Methods for Large Eddy Eduction 

In this section we investigate the relative strengths and weaknesses of methods for 
eduction based on unconditional, or ensemble, statistics compared to those based on 
conditional sampling by applying each of them in turn to a simple one-dimensional 
test function. 

Methods based on invariants of the deformation tensor and/or pressure (e.g. 
Wray and Hung, 1990; Chen et al., 1990) are in a different class, since unlike the 
above approaches they classify each point of the flow in a given realisation and do 
not extract whole eddy structures. Invariant/pressure methods do, however, have 
the advantage of being equally applicable to both large and small scale coherent 
structures. The invariant/pressure approach also requires more sophisticated and 
physically realistic test signals for evaluation, and for this and the previous reasons 
these methods are not included in the comparison. 

The test function u{x) we use is a simple sum of the Gaussian profile and its 
first derivative, both having random amplitudes, viz.: 

u{t) = {a bx)exp{-x^) (2.1) 

where a and b are normally distributed random variables with zero mean. This 
is representative of the velocity profile across a flow (e.g. a free shear flow) in 
which there are different kinds of eddies that are asymmetrical about the centre 
line .T = 0 (see Fig. 1). If the eddies are uncorrelated with each other a and b are 
also uncorrelated. It is assumed that the variances al of a and b are of similar 
magnitude. Each of the structure eduction techniques will be judged on its ability 
to pick out these typical eddies with the least amount of subjective manipulation. 
This is a more demanding task than in many flows, where the dynamics leads to a 
selection of a few dominant modes or types of eddy (Hussain, 1988). 
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2.1. Proper Orthogonal Decomposition (POD) 

POD decomposes a signal onto a basis of non-specified functions chosen to rep¬ 
resent the energy of the signal in the fewest number of modes. This method is 
completely objective (no possibility of subjective bias or control in the process), 
and it optimally efficient. The attempt to find the structure that is best correlated (in 
terms of energy) with the random turbulence field reduces to a problem of maximi¬ 
sation (Aubry et al., 1988). The calculus of variations reduces this maximisation 
problem to the solution of a Fredholm integral equations of the first kind 

j Rij{x^x^)(j)j{x') dx' = A0i(x), (2.2) 

where Rij{x^x') is the autocorrelation tensor and (f)i{x) are the eigenfunctions, 
or modes (which are often interpreted as independent eddy structures). Then the 
signal Ui{x) may be written as the sum of the eigenfunctions <p\^\x) with random 
amplitudes 

uu 

TXi(x) = (2.3) 

n= 1 

The turbulent kinetic energy is the sum over the n eigenvalues 

j{uiUi)dx = f^X^^\ (2.4) 

Tl= I 

because of the orthogonality of the eigenfunctions and the statistical independence 
of the amplitudes, i.e. 

J dx = 6nm and (2.5) 

where ( ) denotes the ensemble average. In the case of discrete data, solving 
Eq. (2.2) reduces to a matrix inversion problem. Note that although (2.3) converges 
optimally fast, some signals require many POD modes to capture a significant 
portion of the energy. POD is only useful for those signals where the energy can 
be captured in a few modes, or where the coefficients decrease abruptly after 
a certain mode. 

The correlation function of the test signal (2.1) is 

R{x, x') = (cTq -h alxx) exp(-x^ — x'^), (2.6) 

where a and b are taken to be random uncorrelated variables with standard devi¬ 
ations (Ta and (Tfe. For this simple correlation function Eq. (2.2) can be solved 
analytically by the separable kernel method (Arfken, 1985, p. 872) to give 

u{x) = “J" (/>^^\x), = y/ir (tr^ -f al) (2.7) 
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where the two modes are symmetric and anti-symmetric, 

TTa: exp(-a:^), = 7r“'/'‘exp(-x^). (2.8) 

Note that neither (/>(') nor describes the asymmetrical form of the general 
eddy (see Fig. 1). It is evidently misleading to interpret the largest mode, 0^'^ 
as a typical eddy of the flow. The problem of interpreting the first mode arises 
here because the energy of the signal is fairly evenly distributed between the two 
largest modes. If the majority of the energy is not captured by the first mode it 
is more appropriate to consider the truncated series for which an 

increase of iV by 1 results in little increase in energy, but for which a decrease of 
N by 1 removes a large portion of the energy. The first N modes together are then 
interpreted as the typical flow structure. It is important to remember that signals 
are possible for which even this method of interpreting the POD is not suitable 
(e.g. the complex eddies studied in Section 3). 

2.2. Conditional sampling with ensemble statistics 

The goal in conditional sampling is to estimate u(x,t) given that the velocity 
at (x',t) assumes a specific value u(x',/). It can be shown (see Adrian et al., 
1988) that the best estimate of the profile u(x, t), which is defined as u(x), is the 
conditional average 

u(x) = (u(x,f)lu(x',()). (2.9) 

The conditional average (2.9) can be approximated in terms of second-order (linear) 
and third-order (non-linear) two-point spatial correlations by 

u,(x) ~ A,(x',x)u,(x') + 0(v\x% (2.10) 

where and B,jk are found by requiring that the mean-square errors C; = 
{{ui{x) - Ui{x))^) be minima. Setting the derivatives of e; with respect to Aij 
and Bijk equal to zero and carrying out the indicated averages gives the following 
equations for the components of Aij and B^jk for inhomogeneous, anisotropic 
turbulence 

Aij{x' ,x){ujui){x') + B.jkix' ,x){ujUkUi){x') = {uj(x)'w,(x)) (2.11) 

Aijix' ,x){UjUlUm){x') + Bijk{x' ,x){UjUkUlUm){x') 

= {ui{x')um{x')uiix)). (2.12) 

In the case of homogeneous, isotropic turbulence these relations simplify to 

Aij{x',x) = {uj{x')uiix))/v}, 


(2.13) 



344 


N.K.-R. KEVLAHAN ET AL. 


5ijfc(x',x) = 3{uj{x')uk{x')ui{x))/2Ku^ 


(2.14) 


where = l/3{uiu,), and K is the kurtosis. Note that these correlations are 
unconditional, and they are not selected for particular ‘eddies’; they are ensemble 
statistics. The Linear Stochastic Estimation (LSE) for u(x, t) retains only the first 
term on the right-hand side of Eq. (2.10). 

From (2.10), (2.11), and (2.12) the LSE for our lest function is 


u(x) 


R(x, x') 

Wj) 


u{x'), 


(2.15) 


which, using (2.6), becomes 


u{x) 


{al + (Tlxx')t\p{-x'^+ x'^) , 

{al + alx^ ^ 


(2.16) 


This purely statistical estimate may be combined with conditional sampling 
to determine the form of all eddies whose maximum amplitude is negative, i.e. 
u < 0. Conditional sampling governs how the reference point (in space and 
time) is chosen. In general, conditions are placed on both the location of the 
reference point, i', and the value of the velocity at that point, u{x'). If the location 
of the maximum (xmi) is taken as the reference point x' then (2.16) shows that if 
Umx < 0 the point u = 0 lies at x = -a^l{alx'). Therefore the location of the 
‘zero point’ always has the opposite sign to that of the location of Umx- This is a 
significant improvement over POD: the conditional eddy correctly represents the 
qualitative characteristics of the typical physical eddy as shown in Fig. 1. 

How robust is the conditional eddy to changes in the sampling criteria? Con¬ 
sider a purely conditional approach (not based on the correlation tensor). If the 
conditional average is based on the criterion Xn.^ > 0 then the conditional eddy 
becomes 


('u(x)^ I Xmx > 0) = (Tbxexp(-x^). 


(2.17) 


This conditional eddy has lost all information about the symmetrical part of the 
velocity field (and half the energy)! If we now add an additional criterion iz(0) > 0 
the conditional eddy becomes 

(u(x)^ 1 x„i > 0, u(0) > 0) = {al + al) exp(-x^). (2.18) 


'fhis is again a very different structure from the one obtained by conditioning only 
on XmT > 0. These examples show how sensitive the LSE method can be to the 
conditions chosen: slight changes in conditions can lead to the identification of 
completely different eddies. 
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2.3. Conditional sampling and conditional statistics 

The Coherent Structures method (Hussain, 1986) is an interactive and iterative 
from of conditional sampling. In this approach one first defines the signal, its 
nature and the relevant length scales of the coherent structure for there to be a 
conditional event. The location of the structure is adjusted until an optimal mean 
structure pattern is obtained. If the spread of structures is too great one reclassifies, 
introducing more structure classes. This process continues until an optimal mean 
structure pattern with minimum spread is obtained. 

Consider our test signal (2.1). Initially we may decide that there is only one 
coherent structure, and then filter the signal to remove white noise. On examining 
the signal we could then split the structures into two classes based on the sign of the 
maximum velocity: Umx > 0 and /w < 0. This classification would still allow 
too great a spread of structures so we would reclassify further into four groups 
based on the sign and position of the maximum velocity: Umx > 0, Xmx > 0, 
i mT < 0, Umx < 0* > 0, Umx < 0, Xmx < 0. Thesc structure classes can be 

further divided by the magnitude of the maximum velocity: e.g. 1 /2 < Umx < 1. 
1 C! 'li'jjix 3/2, 3/2 <C Umx 2, 2 <C Umx ^ 5/2, 5/2 <C Umx’ Finally, by this 
iterative, subjective process we have ended up with twenty structure classes. Thi^ 
example shows that the coherent structures approach can require a large amount 
of manipulation to obtain representative structures, but also permits a great deal of 
fine control and sensitivity. An advantage of this approach is that, unlike LSE, it is 
able to separate out the incoherent noise of the signal. 


3. Small Scale Complex Eddy Structures 

How can small scale structures with complex internal organisation (e.g. the accu¬ 
mulating oscillatory signal from a cut through a spiral vortex) be identified? The 
continuous spectrum and accumulating structure of these eddies makes them diffi¬ 
cult to represent in a few terms of a series (their energy is not concentrated in the 
first few POD modes). Conditional sampling is also inappropriate since it is diffi¬ 
cult to extrapolate on such a highly oscillatory function. New tools are definitely 
needed to identify and analyse eddies with complex fine scale structure. 

In this section we introduce some new tools for the analysis of complex eddy 
structures and apply them to two test signals: a sin(27r/a:) ‘spiral’ which is an oscil¬ 
latory locally self-similar function, and the Fourier phase scrambled version which 
is a globally self-similar fractal function. We use two new tools: the box-counting 
algorithm and the wavelet transform, and one old tool: the Fourier transform. The 
problem we address here is how to determine whether turbulence has a local¬ 
ly self-similar (‘spiral’) structure, or a globally self-similar fractal structure. The 
long term goal of the analysis of complex eddy structures is to find the relation 
between the quantities a (the exponent of the self-similar Fourier energy spectrum), 
(f>{k) (the Fourier phase spectrum), (the Kolmogorov capacity, a measure of 
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Fig. 2. The relation between quantities important for the analysis of the fine-scale structure 
of turbulence: the exponent of the Fourier energy spectrum cv, Fourier phase spectrum 
Kolmogorov capacity Dk, and Hausdorff dimension Dh^ The solid lines indicate primarily 
fixed relationships, while the dotted lines indicate that the relationship is determined by the 
dynamics of the turbulence. 






self-similarity), Dh (the Hausdorff dimension, a non-integer Hausdorff dimension 
defines a fractal) and the dynamics and geometry of the flow (see Fig. 2). 

The box-counting algorithm gives a number (the Kolmogorov capacity) which 
characterises the self-similarity of a signal. A non-integer Kolmogorov capacity 
means that the signal is in some way self-similar, however both locally and globally 
self-similar functions will have a non-integer dimension. The Kolmogorov capacity 
alone cannot tell us whether the turbulence is fractal or spiral. 

The general form of our accumulating ‘spiral’ test function 

/(.t) = sin(27rx“^) (3.1) 

is locally self-similar; its zero crossings form a set of points which Hausdorff 
dimension = 0, but a non-trivial Kolmogorov capacity = i{t -f 1) (Hunt 
et al., 1993). Using the method of stationary phase, one finds that for large k the 
energy and phase spectra of (3.1) are given by (Hunt et al., 1993) 

E{k) oc (3 2 ) 

2p = (Is + \){\ - D'j,) + } (3.3) 

(/•(fc) (X (3.4) 

provided that 1 < 2p < 2, -f < s < 1, and ^ > 0. 

Orey (1970) showed that Gaussian sample functions with an energy spectrum 
E{k) = k~^P are fractal and that their zero crossings have a Hausdorff dimension 

Di, = i(3-2p). (3.5) 

Notice that the two functions just mentioned differ in three aspects: (i) = 0 for 

(3.1), D'fj 0 in (3.5), (ii) they have different relations between p and respectively 
and (iii) they have different phase spectra - the phase spectrum of a 
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Gaussian random function is random. A question which then arises is whether the 
phase spectrum can discriminate between local and global self-similarity. 

To study the relation between an ordered phased spectrum </>(fc) and the type of 
self-similar structure we took the Fourier transform of the accumulating function 
(3.1) with s = 0 and f = 1, scrambled the phases and then transformed back 
to physical space. This procedure destroys the spatial organisation of the original 
signal and produces a function that is quantitatively and qualitatively indistinguish¬ 
able from a fractal in the Hausdoiff sense. The Kolmogorov capacity of the signal 
was significantly altered by this operation! In fact it is then given by Eq. (3.5) 
for Gaussian random functions. This property appears to be generally true for 
power-law spectra with random phase (Osborne and Provenzale, 1989), but may 
not hold for practical reasons related to the scrambling procedure when s ^ 0 in 
the initial signal. By considering both the scrambled and original versions of the 
signal we will try to find analytical ways capable of distinguishing between such 
localised and global self-similar structures that we have the same energy spectra 
or Kolmogorov capacities, but different phase spectra and Hausdorff dimensions. 

3.1. Box COUNTING ANALYSIS AND KOLMOGOROV CAPACITY 

The Kolmogorov capacity (Dk) of a curve is calculated by finding the slope on a 
log-log graph of the plot of the number of boxes required to cover the curve as a 
function of the size of the box. The range of length-scales which need to be resolved 
to calculate Oft- is in certain cases much smaller than that required to obtain a good 
estimate of the exponent of the energy spectrum (Vassilicos and Hunt, 1991). 

Thus, the Kolmogorov capacity is a more practical measure of self-similarity 
than the energy spectrum. Although Oft alone cannot distinguish between the orig¬ 
inal and scrambled signals, the overall shapes of the curves do differ significantly. 
In the case of the scrambled signal the transition from a slope of -1.5 (the true 
dimension of the function) to 0 (caused by the finite number of points in the repre¬ 
sentation of the function) is very abrupt, while in the case of the original signal the 
transition is much more gradual (see Fig. 4). This difference is due to the fact that 
in the original signal the points representing the function are distributed evenly, but 
the increasingly smaller scales emerge only as one near the origin. The scrambled 
signal is self-similar at every location, so the box-counting algorithm suddenly 
saturates everywhere at a particular length-scale whereas in the original signal the 
saturation occurs at different length-scales at different positions, thus smoothing 
the transition of the box-counting curve. This result may give a practical way of 
distinguishing between locally and globally self-similar structures, 

The on-off function generated by the zero-crossings, i.e. the function that jumps 
from 0 to 1 and from 1 to 0 at the zero-crossings, but remains constant elsewhere, 
has a Fourier power spectrum r(fc) ~ 2p = 2 - (Vassilicos and Hunt, 
1991), whether the zero-crossings are of a fractal or a spiral signal. Two such 
different signals with the same value of D'^ will have the same p, but different p. 
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Fig. 3. (a) Original, and (b) scrambled versions of the accumulating function f{x) = 

s\n{2‘n/x). 


In the case of Gaussian sample functions, p = 2p - Xjl (see (3.5)); in the case of 
spiral functions, such as (3.1), the relation between p and p is different. A good 
understanding of this relation may again lead to new practical ways of detecting 
whether = 0. 
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Fig. 4. Calculating the box-counting dimension, (a) Spiral function sin(27r/3;), lower curve 
is xe' V (b) Scrambled spiral, lower cure is Xf' Note the much more gradual transition 
between emm (the lower limit of the power-law section of the curve) and co (the minimum, 
spacing between points in the signal) for the locally self-similar spiral. 


3.2. Wavelet ANALYSIS 

A more systematic tool for obtaining local information about spectral quantities 
is the recently developed wavelet transform (Grossman and Morlet, 1984; Farge, 
1992) 

f{X,xo) = A-'/^ £° f{x)r (3-6) 

The wavelet transform allows one to investigate the structure of the signal f{x) 
at different scales A and different positions xq simultaneously. Because we are 
interested in what are essentially local fractal dimensions and fractal dimensions 
are related to energy spectra the wavelet transform would seem to be a good way 
of determining whether a flow contains locally self-similar accumulating functions 
or global fractal structures. In this section we use the wavelet analysis to develop 
another way of distinguishing between our locally and globally self-similar test 
functions. 

Using the Morlet wavelet, 

iix) = , (3,7) 

the squared modulus of the wavelet transform of the sin(27rx“^) spiral is 


(3.8) 
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where A is the length-scale and xq is the location. The wavelet transform of the 
spiral is thus peaked around xq = (t A)' . By contrast, the wavelet transform of 

the scrambled spiral shows no spatial organisation, although, of course, it reflects 
the overall distribution of the energy of the signal between different length-scales 
(see Fig. 5). This difference is brought out most clearly by looking at the local 
wavelet energy spectra at various locations. The local wavelet energy spectrum 
is obtained from the modulus of the wavelet transform by taking a slice through 
length-scale space at a particular location. The difference between the scrambled 
and spiral test functions is obvious in Fig. 5. The scrambled spiral has essentially the 
same local energy spectrum everywhere (on average oc where 

D'j^ is the capacity of the original spiral), but the spiral test function has different 
ranges of spectrum depending on the location. Looking at the 

way the local energy spectrum varies from position to position may provide another 
way of determining whether turbulence has a ‘spiral’ or fractal structure. 

It has been claimed that branching in the wavelet transform indicates the signal 
is fractal (e.g. Amdodo et al., 1989), however this is not necessarily the case. If a 
signal holds only one singularity of the type (3.1) and is totally regular elsewhere, 
then (3.8) shows that the wavelet transform will point towards xq = 0 since most of 
the power I/(A, xo)P is concentrated around a curve To ~ in the xq-A plane 

of the wavelet transform. The exponents t and s or and s characterising this 
singularity can be extracted from the examination of that curve and of the scaling 
of the wavelet transform along that curve. Problems arise when the signal carries 
an unknown distribution of singularities of the type (3.1), thereby producing a 
plethora of intertwined inverse branchings which may not be easily distinguishable 
from the branching pattern obtained when a fractal or multifractal signal is wavelet 
transformed (or even when random noise is transformed). It is then not a trivial task 
to untangle the local scaling exponents from the wavelet transforms of a complex 
signal, let alone interpret them. A simple example of the way this sort of fractal-like 
branching may arise is shown in Fig. 6. 

Note also that one must be careful in applying real wavelet transforms to deter¬ 
mine scaling exponents (related to Hausdorff dimension). Vergassola et al. (1991) 
have shown that spurious scaling exponents can be obtained from the Mexican Hat 
wavelet transform of a fractional Brownian signal. The same conclusion is reached, 
for other reasons, on the basis of a different example; the spiral accumulation func¬ 
tion sin27rx“*. From (3.8) it can be seen that the closer xo is to 0, the centre of 
the accumulation, the smaller the range over which |/p is dominated by the power 
law rather than by the Gaussian filter. A calculation of the 

scaling over the wrong range will give misleading results. Furthermore, even in 
the correct range, the detection of a power law does not prove that the signal is 
fractal; it can evidently also be a spiral accumulation. These two examples show 
the difficulty of determining the precise self-similar nature of a signal. 




Fig. 5. Distinguishing between locally and globally self-similar signals using the wavelet 
transform, (a) Wavelet energy spectrum averaged over all locations for the spiral (upper curve 
is xk^ *'). (b) Wavelet energy spectrum averaged over all locations for the scrambled spiral 
(upper curve is xfc* '*). (c) Local wavelet spectra xfc' of the spiral at locations (I) 0.05, 
(II) 0.1, (III) 0.2, (IV) 0.4, (V) 0.8. The flat regions indicate the locations of spectrum, 
(d) Typical local wavelet spectrum of the scrambled spiral at location x = 0.4 (upper curve is 


4. Conclusions 

By applying the POD, conditional sampling with conditional statistics (Linear 
Stochastic Estimation), and conditional sampling with conditional statistics (Coher¬ 
ent Structures) to a test signal we have clarified the strengths and weaknesses of each 
approach. First, the physical interpretation of POD is unclear: the first eigenmode 
will not be a typical flow structure unless it contains most of the energy. Secondly, 
conditional sampling can give a qualitatively accurate physical representation of 
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Fig. 6. Branching pattern in the modulus of the Morlet wavelets transform produced by a 
random superposition of four sin(27r/T) spirals. 


the flow structures, but the resulting eddy may be sensitive to the precise condi¬ 
tions chosen. A combination of ensemble statistics with conditions determining 
the location (in space and time) of the reference point gives physically realistic 
results with a minimum of manipulation. Thirdly, the Coherent Structures method 
requires significant manipulation to obtain representative structures, although the 
interactive nature of this approach also makes it the most flexible and least liable to 
misinterpretation. The Coherent Structures approach also gives a way of separating 
out the incoherent noise of the signal. 

Approaches based on invariants of the deformation tensor and pressure can 
give information about the relative number and location of regions with particular 
dynamics, but say nothing about their shape or internal structure. No clear way of 
interpreting invariant plots exists yet! 

None of the above methods are incapable of analysing or identifying the local 
fine-scale structure of the flow. 

The new techniques of fractal analysis and the wavelet transform have been 
applied to the problem of distinguishing between globally (‘fractals’) and locally 
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table I. The differences between signals with random and 
non-random phase spectra 


4>{k) random 


non-random 


Dh = Dk = 5(5 — a) 

- no energy cascade 

- no structures 


Dh, Dk, (k - no fixed relation 

- allows for cascade 

- allows for structures 


(‘spirals’) self-similar signals. The Kolmogorov capacity gives one parameter for 
describing the average degree of convolutedness within a coherent structure where 
the fields are self-similar over a range of length scales that may be quite small 
compared to those necessary for conventional Fourier methods. Alone among the 
methods examined, the wavelet transform is able to provide a simple functional 
description in terms of local length scales and position of the typically complex 
distribution of velocity and vorticity within turbulence structures. Three methods 
of distinguishing between fractals and spirals have been suggested: the first is based 
on the box counting algorithm (the variation of the range over which a Kolmogorov 
capacity is clearly defined), the second exploits the difference between the Fourier 
power spectrum of the original function and the on-ott function obtained from the 
zero-crossings, and the third uses the variation of the local wavelet energy spectrum 
with position. 

The long term goal of the development of new techniques to analyse complex 
structure is to clarify the relationship between the Fourier energy spectrum (expo¬ 
nent tt), the Fourier phase spectrum ((^(fc)), the Hausdorff dimension (Z?//), and 
the Kolmogorov capacity (/?/<■). This knowledge will have far-reaching implica¬ 
tions for a deeper understanding of the dynamics of turbulence. A major part of 
this investigation is a study of the differences between signals with a non-random 
0(fc) (‘spirals’) and those with a random <p{k) (‘fractals’). The phase spectrum 
of turbulence largely determines its dynamics and structure. For example, if the 
phases of a DNS are randomised the characteristic small-scale vortex tubes vanish. 
The nature of the energy cascade also depends crucially on the phase spectrum, 
in a velocity field with random phases there can be no net cascade of energy. The 
phase spectrum also changes the relationship between Dk and £>//. In a sin 1/x 
spiral Dk = 1-5 and Dk = 1. while if the phases of the spiral are scrambled 
Dk = Dk = 1.75- The fixed relation between Dh and a given by Orey’s formu¬ 
la (3.5) holds for a Gaussian (random phase) signal. It is interesting to note that 
the Kolmogorov cascade in turbulence implies a non-random <p{k) which in turn 
means that Dk in turbulence is probably not given by (3.5), i.e. if a = 5/3 then 
Dk ^ 2.67 in three-dimensional turbulence (contrast with results of Procaccia et 
al., 1991). Some differences between signals with random and non-random phases 
are summarised in Table I. 
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This investigation has helped to quantify the differences between the many 
methods of analysing a turbulent flow into turbulence structures, and has sug¬ 
gested optimum structure types for elucidating the dynamics of turbulence. The 
results obtained will give greater power and precision to the structural approach to 
understanding turbulence. 
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Abstract. Some applications of critical point theory are shown for the description and identification 
of eddying motions in turbulence and in vortex shedding. This includes both large scale and fine scale 
motions. Difficulties in the interpretations of flow topology are outlined with some examples, 

1. Introduction 

In turbulence research the term eddying motions has long been used without any 
precise definition in mind and means of identifying and classifying these motions 
have been arbitrary and ad hoc. It is only in recent times that rigorous mathematical 
techniques and concepts adopted from topology have been applied to flow fields 
and eddying motions. In the past we have been forced to examine fields described 
only with smoke or dye or be content with single point measurements from a small 
number of probes. However with the aid of massive computers, computer-aided 
data acquisition systems applied to experiments with scanning probes and rakes 
and new optical techniques and with full direct numerical simulations (DNS) of 
the Navier-Stokes equations, entire flow fields for a series of time frames can be 
generated. In the case of simulations one has the choice of many quantities for 
describing the field and its eddying motions such as velocity, vorticity, pressure, 
pressure gradient and the various components of the velocity-gradient tensor. With 
such an explosion of information one asks. What do we do with all these numbers? 
What quantities do we plot? What will give us the best insight into the physical 
processes occurring? The answer to some of these questions will be addressed here 
in the form of case studies. 

2. Flow Visualisation and Velocity Vector Fields 

The most basic and primitive indicators of flow patterns are smoke and dye. If 
judicially introduced at places where vorticity is generated (e.g. at solid boundaries 
in the case of incompressible uniform density fluids) then such dye will follow 
the vorticity since vorticity like dye or heat is locked in the fluid. This of course 
is true only if we can neglect viscous diffusion and this will be true in the initial 
roll-up of vortices and in the early stages of development of a jet, wake or boundary 
layer. Dye then is useful in indicating the position and geometry of vortex sheets 
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but there are innumerable counter examples where dye is introduced incorrectly, 
giving erroneous interpretation of the flow field. 

Perry and Lim (1978), Perry et al. (1980) and Perry and Tan (1984) were able 
to relate smoke patterns with phase-sampled velocity vector fields for periodically 
perturbed coflowing wakes and jets. Provided an appropriate convection velocity 
was chosen large stream wise lengths of the instantaneous streamline patterns can be 
related to the smoke patterns. The topology of the velocity fields and instantaneous 
streamline patterns can be described qualitatively in terms of critical points, i.e. 
points in the flow field where the velocity is zero and the streamline slope is 
indeterminate. These critical points have been identified and classified below. 

3. Critical Point Classification Using Phase-Plane Techniques 

The velocity field about a critical point can be expanded in terms of the space 
coordinate Xj using a Taylor series. Asymptotically close to the critical point, we 
can neglect the higher order terms giving 

Xi = Ui — A-ijXj. ( 1 ) 

By integrating this equation with respect to time we obtain solution trajectories in 
Xi space. This corresponds to instantaneous streamlines for the given Aij. If the 
eigenvalues of the velocity gradient tensor A^J are all real, then it can be shown 
that there will exist three planes (which are not necessarily orthogonal) which will 
contain solution trajectories. These are the osculating planes or eigenvector planes 
and these will contain saddles or nodes. If the eigenvalues of Aij are complex then 
there will be only one plane which contains solution trajectories and in that plane 
we have a focus. In each of these planes we can use simple phase plane analysis, 
i.e. 


X = u = Fx (2) 

where F is a 2 x 2 matrix. The phase-plane portrait of the critical points can be 
classified by the two invariants, p and q, of F. The classification of all possible 
points can be mapped out on the so-called p-q chart (see Perry and Chong, 1987). 
The eigenvectors may be orthogonal or nonorthogonal. Nonorthogonality can occur 
if there is vorticity present. 

The basic patterns of nodes, foci and saddles can be related to phenomena such 
as vortex stretching or contraction and the stretching of vortex sheets. This has led 
to the construction of simplified vortex skeletons which describe the patterns in a 
simple and compact way. Just as Prandtl could describe the essential features of 
flow about a finite span wing with a vortex skeleton consisting of a bound vortex 
and two trailing vortices, so also can simple coflowing jets and wakes be described 
in terms of vortex skeletons (see Perry and Tan, 1984). Perry and Homung (1984) 
applied the vortex skeleton technique to three-dimensional separation patterns. 
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Fig. 1. (a) Externally illuminated jet in cross-flow, (b) and (c) Instantaneous phase-averaged 

velocity field and streamline pattern at the same phase as seen by an observer moving at two 
different velocities. Flying hot-wire measurements. After Kelso (1990). 
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Fig. 2. (a) Positive bifurcation lines, (b) Negative bifurcation lines, (c) A combination of 

bifurcation lines produced by a vortex close to a surface, (d) Stable limit cycle, (e) Unstable 
limit cycle. 


The important transport properties of the velocity field can be constructed using 
the Biot-Savart law. 

Features of turbulent spots and the statistical features of fully developed wall 
turbulence can also be described in terms of representative vortex skeletons (e.g. 
see Perry and Chong, 1982) which serve the same purpose as the representative 
eddies of Townsend (1976). This has led to the idea that perhaps vorticity might be 
a much better quantity to study than velocity fields. For a start, the vorticity field 
is Galilean invariant whereas the velocity field and its associated distribution of 
critical points depends on the velocity of the observer. It is only when Galilean frame 
of reference can be found which gives an almost steady velocity field that we have a 
velocity pattern with some useful physical meaning. Transport processes and other 
properties can then be correctly interpreted. For example, large streamwise lengths 
of a Kdrmdn vortex street at moderate Reynolds numbers can yield velocity fields 
which are steady with a correctly chosen Galilean frame of reference as was shown 
by Perry et al. (1982). Dye introduced at the source of the vorticity generation 
tends to align with the eigenvectors of the saddle points and accumulate at the 
centre points which are the centroids of vorticity. On the other hand, there are 
patterns, e.g. jets in cross-flow examined by Kelso (1991) where there is no single 
Galilean frame which can be chosen to see all the eddies at once. Here the eddies 
are accelerating and for a given frame of reference only local parts of the pattern 
become steady and eddies appear as foci and then only for a short time (see Fig. 1). 

Another salient feature of flow patterns besides critical points are bifurcation 
lines (Perry and Homung, 1984) or asymptotic trajectories. In the case of velocity 
fields these are streamlines to which other streamlines asymptote exponentially. 
These occur in a variety of free shear flows and in wall turbulence. Figure 2 shows 
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Plane of 
symmciry 




Fig. 3. (a) Vortex flows for Sullivan’s two-celled vortex solution and Burgers’ one-cellcd 

solution, (b) Typical vortex line for the Sullivan vortex. After Perry and Steiner (1987). 


some examples. If the bifurcation line is closed, then we have a limit cycle as 
shown in Figs 2d and e. 

In many of these flow fields taken along planes of symmetry, limit cycles occur in 
the vortices shed from nominally two-dimensional bluff bodies (e.g. see Steiner and 
Perry, 1987). A possible explanation is that this may be due to spanwise waviness 
in the roll-up of the vortex sheets. An example of this is the Sullivan vortex as 
illustrated in Fig. 3 (see Sullivan, 1959). Perry and Steiner (1987) calculated the 
integrated vorticity field and one typical vortex line is shown plotted. One can see 
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that on one side of the plane of symmetry the vortex line is a right-handed helix 
and on the other side it is a left-handed helix. Such vortex line windings have 
been observed by Professor Fazle Hussain (private communication). This vortex 
field feature is consistent with slight spanwise waviness in the vorticity field. It is 
conjectured that this waviness then becomes magnified as the vortex is formed. 

Vorticity vector fields and associated plots of vortex lines have their own set of 
critical points which have the same basic classification as the velocity field. How¬ 
ever, computed vorticity fields tend to be extremely complex which is somewhat 
disappointing. However, since the induced velocity field a short distance away 
from a vortex filament is insensitive to detailed complexities, perhaps some form 
of spatial filtering might be permitted to aid in forming a simpler but essentially 
correct interpretation. This at least would be valid for the large scale motions. Such 
fields might give more insights if used in conjunction with the grad p field (i.e. Vp), 
where p is pressure, as was done by Chen et al. (1989). One very appealing property 
of grad p field is that it has the features of an irrotational velocity vector field, i.e. 
it has zero curl and therefore all associated critical points have real eigenvalues 
and all eigenvectors are orthogonal. Thus the integrated field, i.e. the lines-of-force 
field tends to be simple and may reveal features about eddying motions in a more 
apparent way. Also, such a field is Galilean invariant and being a force field makes 
it an excellent quantity for forming physical interpretations. 


4. Examples of Misinterpretations 

In order to know fully the topology of a flow pattern about a critical point it is of 
great importance to have full three-dimensional information. In some work it has 
been tempting to simply look at sectional-streamline patterns in a plane through 
a critical point and make physical interpretations on this basis. This is fraught 
with danger. A sectional-streamline is defined as the integrated vector field of 
the vectors at the sectioning plane resolved onto the sectioning plane. Figure 4a 
shows an example of a stretched vortex described by a critical point with complex 
eigenvalues. There is really only one plane which contains solution trajectories 
(i.e. the x\~X 2 plane, 6 = 0). This is a plane of symmetry and the stable focus in 
that plane indicates correctly that we have vortex stretching. As 0 is increased, the 
sectioning plane invariants move down the p-q chart as is shown in Fig. 4b and there 
are cases where we have an unstable focus, i.e. a focus where trajectories spiral out, 
which could be incorrectly interpreted as a vortex undergoing contraction. Such 
problems might occur in particle-image velocimetry. Thus, it is only on planes of 
symmetry and other eigenvector planes that sectioning streamline patterns can be 
safely interpreted. 

Another example of misinterpretation occurs with the Burgers vortex. This is 
simply a vortex with a Gaussian distribution of vorticity undergoing axisymmetric 
stretching in the direction of the vortex axis (Burgers, 1948). A sectioning plane 
at the plane of symmetry would show a stable focus. If however the sectioning 
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Fig. 4. (a) Definition of sectioning planes, (b) Variation of sectioning plane invariants as 6 

increases. 


streamline pattern on a plane titled at 60° to the vortex axis is plotted, an unstable 
focus occurs at the origin surrounded by a limit cycle as shown in Fig. 5 and could 
be misinterpreted as a Sullivan vortex discussed earlier. This again illustrates that 
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Fig. 5. (a) Sectional velocity field and integrated streamline pattern around a Burgers vortex 

cut by a sectioning plane through the origin n = 0, where xi is in the direction of the vorticily. 
The planes intersect at 60°, (b) The sectioning plane now intersects the vortex away from the 
origin, i.e. xi 0. After Steiner and Perry (1987). 


if one is off a plane of symmetry, interpretations from sectional streamlines are 
most dangerous. 


5. No-slip Critical Points and Application of Isoclines 

A critical point is a point where the velocity is zero. More importantly it is a point 
where the streamline slope is indeterminate. This is particularly relevant to no-slip 
boundaries since all points at a no-slip boundary have zero velocity. At the no-slip 
boundary we have to use the concept of limiting streamlines or trajectories. These 
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are trajectories with directions obtained by approaching the boundary from above 
and extrapolating to the boundary. Such trajectories correspond to skin friction 
lines and they are orthogonal to vortex lines at the boundary (see Lighthill, 1963). 
By Taylor series expanding about a critical point on the boundary, the lowest order 
term is quadratic in order that the no-slip condition on the boundary is satisfied, i.e. 


o Xf Ui 

.T,= _ = _ = B,jX, 
. 7:3 . 1-3 


(3) 


where is the coordinate normal to the boundary (and the orthogonal coordinates 
.v\ and .r 2 define the no-slip boundary). Hence ► 0 as.r 3 0 but remains 
finite for finite x\ and :r 2 as —► 0 . Dij is the appropriate tensor to use in place 
of Aij given earlier for free-slip critical points and the same rules apply regarding 

the properties and classification of critical points. The quantity could be thought 
of as a derivative with respect to a transformed time given by dr = X 3 di, where 
f is real time. On a no-slip boundary, a critical point in velocity is also a critical 
point in vorticity but this is not true elsewhere. 

A useful concept from phase-plane analysis of nonlinear dynamical systems is 
the isocline. This is a curve along which the trajectory slope is constant. Figure 6 
shows two isoclines (with trajectory slope M = 00 and trajectory slope M = 0) 
intersecting. The intersecting point must be a critical point since the streamline 
slope at this point is indeterminate. In the Taylor series expansion solution of the 
Navier-Stokes equations given in Perry and Chong (1986), in the early stages 
of development some three-dimensional separation patterns were synthesized by 
constructing higher order polynomials which gave sets of isoclines as shown in 
Fig. 7a. By shifting the two ellipses of fixed size and shape relative to each other, 
the three standard separation patterns (the simple U-separation, the owl-face of 
the first kind and the owl-face of the second kind) can be generated as shown 
respectively in Figs 7b. c and d. The flow patterns which occur above the surface 
have also been computed and are discussed in Perry and Chong (1986). 

The authors have often wondered what the limiting instantaneous streamlines 
would look like in a turbulent boundary layer. Figure 8 a shows such a pattern com¬ 
puted using the DNS data of Spalart (1988) for a zero pressure gradient boundary 
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Fig. 7. (a) Isoclines (ellipses and a straight horizontal line) used to generate simple U- 

separation, owl-face of the first kind and owl-face of the second kind shown respectively in 
(b), (c) and (d). 


layer. One can see a spectacular display of bifurcation lines. The question is: do 
critical points occur? At such critical points there would exist a streamline at a 
finite angle to the wall (all limiting streamlines are parallel to the wall except at 
critical points). Perry and Spalart (unpublished) attempted to locate these critical 
points. It is very time consuming to seek such critical points, particularly at low 
Reynolds numbers, but using the isocline method these were located rapidly. At low 
Reynolds numbers, such points were rare but as the Reynolds number increased 
from Re = 670 to Re = 14(X), the number of points increased. This is complete¬ 
ly consistent with the attached eddy hypothesis of Townsend (1976) as further 
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Fig. 8. (a) Instantaneous streamlines in a zero pressure gradient turbulent boundary, Re = 670, 
from Perry and Spalart (unpublished), (b) Blow-up of circled region shown in (a). 


developed by Perry et al. (1986). With increasing Reynolds number, the turbulence 
intensity (based on local mean velocity) at a fixed x^Urjv in the logarithmic region 
increases and so flow reversal and critical points at the wall are inevitable. Here 
Ur is the friction velocity and v is the kinematic viscosity. Figure 8b shows criti¬ 
cal points which are made clearer by a blow-up of the localized region shown in 
Fig. 8a. 

These surface pattern features are undoubtedly vortical structures which extend 
away from the boundary as shown in Fig. 9 where some sectional instantaneous 
streamlines have been plotted. In some recent work by Spalart and Coleman (unpub¬ 
lished), the surface trajectories for an adverse pressure gradient boundary layer were 
computed and are shown in Fig. 10. Here the critical points are most obvious. There 
is even the suggestion of owl-faces. The important point which the authors wish 


A50 wall units 
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Fig. 9. Surface streamlines and vertical plane sectional streamlines, from Spalart and Perry 
(1987) (unpublished). 



Fig. 10. Surface streamlines for adverse pressure gradient boundary layers, from Spalart and 
Coleman (private communication). From simulations given in Spalart and Watmuff (1992). 


to make is that a turbulent boundary layer should be looked upon as a forest of 
three-dimensional unsteady separations. 
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6. Classification Based on Three Invariants and Application to l\irbiilent 

Motions 

Critical points have been classified by Perry and Fairlie (1974) using the concept 
of eigenvector planes and simple phase-plane analysis. However, an alternative 
approach has been given in a paper by Chong et al. (1990). Here, three invariants 
of the velocity gradient tensor are used for the general classification of critical 
points and the various restrictions for compressible and incompressible flows away 
from and at no-slip boundaries are derived. This analysis shows how important 
it is to have full three-dimensional information about a flow field before correct 
topological classification can be made and this reinforces what was stated earlier 
in Section 3. 

The three-invariant topological classification can be applied to every point in 
the flow field. If an observer moves in a nonrotating frame with any particle in the 
field, then the flow surrounding the particle can be described in terms of the nine 
components of the velocity gradient tensor The velocity gradient tensor may be 
broken up into a symmetric and an antisymmetric part, i.e. H- 

where — {dujdxj 4 - dUjld2\)/2 and Wij = [dujdxj - duj/dXj)/2 
are the late-of-strain and rate-of-rotation tensors respectively. The eigenvalues of 
satisfy the characteristic equation 

A-'' + + Q\ + R = 0. (4) 

The three invariants P, Q and E form a space which is divided into various 
topological classification and these are Galilean invariant (see Chong et al., 1990). 
In the P-Q-R space the surface which divides regions with three real solutions for 
the above characteristic equation and that with one real and two complex solutions 
is given by 

27P^ + (4P^ - 18PQ)P + (4Q^ - P^Q^) = 0. (5) 

The above classification serves as an excellent means of defining a vortex core. 
A region of vorticity need not necessarily be part of a vortex. When does such a 
region cjuulify os being port of o vortex.^ It is asserted here that a particle belongs to 
a vortex core if its velocity gradient tensor A^J has invariants such that it is above 
the surface shown in the P-Q-R space. This is effectively the same definition used 
by Cantwell (1978) and later by Vollmers (1983) and Dallmann (1983), Any such 
point will have a flow pattern with a plane containing trajectories in the form of a 
focus. Perhaps subconsciously this is what we have all meant by the term eddying 
motions. For some reason inexplicable to the authors, some workers oppose this 
definition. 

For incompressible flow, P = 0 and so we are confined completely to the Q-R 
plane and Fig. 11 from Soria et al. (1992) shows the topological classification on 
this plane. Below the tent-like curves, the eigenvalues are real and the eigenvectors 
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Fig. 11. Three-dimensional topologies in the Q-R {P = 0) plane. From Soria et al. (1992). 

are not orthogonal if the flow has vorticity. The classifications shown are (read¬ 
ing from top right corner counter-clockwise) unstable focus/contracting, stable 
focus/stretching, stable node/saddle/saddle and unstable node/saddle/saddle. 

From these basic quantities other quantities can be derived, e.g. the invariants 
of the rate of strain tensor, P 5 , Qs and i? 5 , can be formed from S^j . The mechanical 
dissipation for kinetic energy due to viscous friction is 

(j) = li'SijSij = -^lyQs. (6) 

Another important quantity is which is the second invariant of the rate of 
rotation tensor Wij. This is nonzero and is given by 

Qu. = -l W^JWJi = P- . (7) 

This is proportional to the enstrophy density. 

At two recent Center of Turbulence Research Summer programs, DNS data for 
plane mixing layers and other shear layers were examined. The second and third 
invariants for Aij, Sij and Wij were calculated using all nine components of the 
velocity gradient tensor for every grid point in the flow field. Scatter diagrams of Q 
versus R, Qs versus Rg and —Qs versus Q^jj were produced (see Chen et al., 1990 
and Soria et al., 1992). Some typical results are shown in Fig. 12 for a plane mixing 
layer with Reynolds number of 3000 based on velocity difference and vorticity 
thickness. 
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Fig 12. Scatter plots of (a) Q vs. R, (b) Q, vs and (c) - Q^ vs. Qu< for incompressible 
mixing layer. From Soria et al. (1992). 


Large positive values of Q indicate large enstrophy density which dominates 
over the rate of strain effect. This is because -S^Sji = is always negative 

(= Qs) and W^JWJ^ = - W^JW^J and is always positive (= Qu,). One can see from 
Fig. 12a that such points are most likely to have topology of stable focus/stretching. 
Motions which have large -Qs have high dissipation and tend to lie along curves 
on the Qs versus Rs plot as shown. Such curves are scaled vertically from the 
boundary curve and denote curves of constant ratio of the principle rates of strain 
a : /3 ; 7. The boundary curve is 1 : 1 : -2 whereas the data shown is 3 : 1 : -4. 
However, from the work of Soria et al. (1992), this result was not found to be 
universal. 

The plot of -Qs versus Rs is most interesting as shown in Fig. 12c. Figure 13 
shows the physical interpretation for various regions of the plot. It can be seen from 
Fig. 12c that a large number of points appear to belong to vortex sheets but there 
are a very large number of points which belong to vortex tubes. Figure 14 shows 
a most intriguing result of Chen et al. (1990) for a plane mixing layer. This flow 
is slightly compressible but indicates that most of the motion belonging to vortex 
sheets (i.e. a high enstrophy density also corresponds with a high dissipation). 
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-Qs = \SijSij Dissipation 



Qw — ^ Ensiropy density 

Fig. 13. Physical interpretation of various regions in the —Q^ vs. Qu> plot. 

-Q, 


Fig. 14. 



Figure 15 shows a plot of —Qs versus from some preliminary work on 
turbulent boundary layers using the DNS data of Spalart. Although the plot has 
poor resolution (the figure is a blow-up from another plot) it indicates that most 
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Fig 15. Plot of —Qs vs Qu. for turbulent boundary layer using DNS data of Spalart. 


high velocity gradient motions are sheet like. All these intriguing results should be 
pursued in future work. 

7. Conclusions and Discussion 

In the study of the topology of flow patterns and eddying motions, instantaneous 
streamlines have found considerable use even though they are not Galilean invariant 
and appear to lose physical meaning if the flow is unsteady. However, cases have 
been identified where they are of some use in describing the large scale motions 
of turbulence and the vortex shedding processes. Much of their use stems from 
the fact that they are the easiest to measure and are the most accurate feature to 
compute. 

The usefulness of other vector fields needs to be explored. Now that we have 
DNS data almost any quantity can be mapped out and studied. Unfortunately this 
situation does not hold at the moment with experimental data. With DNS data, not 
only can the large scale topology be examined but also the fine scale dissipating 
motions. The concept of critical points for velocity fields can be applied to every 
point in the flow field by chosing a nonrotating observer fixed to a particle at the 
chosen point. The local instantaneous streamline patterns give a geometric meaning 
to the concepts of the symmetric rate of strain tensor and the antisymmetric rate of 
rotation tensor. By definition, the observer does not need to be specified. Applying 
this to all points of a DNS data set with scatter diagrams of the tensor invariants has 
shown some intriguing results which need to be pursued. No matter what vector 
field is chosen the same critical point concepts outlined here will be needed for 
describing and understanding what we are looking at and this after all is what our 
job as researchers is all about. 
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Abstract. This paper describes a method for identifying and visualising the three-dimensional geom¬ 
etry of focal (vortex) structures in complex flows. The method is based primarily on the classification 
of the local topology as it is identihed from the values of the velocity gradient tensor invariants. The 
identification of the local topology is reference frame invariant. Therefore, focal (vortex) structures 
can be unambiguously identified in these flows. A novel flow visualisation method is introduced 
whereby focal structures are rendered using a solid model viev of the local topology. This new 
approach is applied to the identification of focal structures in three-dimensional plane mixing layer 
and plane wake flows. 


1. Introduction 

The success in direct numerical simulation (DNS) of three-dimensional free shear 
flows at moderate Reynolds number has made available large data sets of transition¬ 
al and turbulent flow fields. Topological methodology has recently been identified 
as a useful tool in the study of the geometry of the kinematics of these unsteady 
flows. Examples of studies which have used this approach are Chen et al. (1990) 
and Sondergaard et al. (1991), who applied this methodology to the study of the 
local topology of small scale motions in turbulent compressible and incompress¬ 
ible shear flows. Soria et al. (1994), have studied the topology of the dissipating 
motions in turbulent mixing layers evolving from different initial conditions. 

Although the local flow patterns are described using critical point theory (Chong 
et al. (1990)), one does not have to rely on stationary points in the flow to apply the 
topological identification and classification to the entire fluid flow. At each instant 
in the flow field evolution, each point can be considered to be a stationary point if 
an observer moves in a non-inertial, non-rotating frame with the fluid particle at 
that point. It is thus possible, to characterise the local topology of the kinematics 
of the entire fluid flow by calculating the invariants of the velocity gradient tensor 
at each point and applying the topological classifications proposed by Chong et al. 
(1990). It is important to note that since the velocity gradient tensor is reference 
frame invariant, and it is the values of the velocity gradient tensor components 
which are used for the local topological characterisation of the flow kinematics. 
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this identification of topological structures is in fact independent of any particular 
observer. 

Note also, that the velocity gradient tensor is not the only quantity that can be 
used to classify the geometry of the flow kinematics; other quantities such as the 
vorticity, derived quantities from the rate-of-strain tensor and the rate-of-rotation 
tensor or the pressure gradient can also be used in the topological analysis of the flow 
field. The pressure gradient field was used by Chen (1991) to study the topology 
of a compressible mixing layer. The relative usefulness and applicability of any 
particular quantity as the input to this type of analysis remains to be explored. This 
paper considers exclusively the characterisation of the geometry of the kinematics 
as derived from the velocity gradient tensor for an incompressible fluid flow. The 
approach of identifying and classifying topological structures in turbulent flows is 
illustrated by its application to moderate Reynolds number free shear flows. 


2. The Local Topology of Three-Dimensional Incompressible Flows 

Let the velocity gradient tensor 


A ( \ 


( 1 ) 


be divided into a symmetric and an anti-symmetric part. The symmetric part is 
known as the rate-of-strain tensor and is given by 


<? 1, dUj 

~ dxi^' 


( 2 ) 


while the anti-symmetric part is known as the rate-of-rotation tensor, and it is given 
by 


2^ ax. axi^’ 


(3) 


Aij, Sij and Wij are second order tensors. The second order tensor, A(x) has 
eigenvalues A|, A 2 and A 3 and corresponding eigenvectors ei, 62 and 63 , given by 
the eigenvalue problem 


(A - AI)e = 0. (4) 

The eigenvalues can be determined by solving the corresponding characteristic 
equation 

det[A - AI] = 0 , (5) 


which, for a second order tensor yields 
-I- + QA -I- = 0. 


( 6 ) 
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The invariants P, Q and R characterising the Aij{x) tensor are 


P = -Sii, 

( 7 ) 

Q = - WijWji), 

( 8 ) 

p = \{-P^ + ^PQ - S,JSJkSk^ - 3W,jWjkSki). 

( 9 ) 


Solutions of the characteristic Equation (6) determine the local, linearised flow 
patterns. It can be shown that in the (P, Q, R) space of the tensor invariants the 
surface which divides characteristic equations with three real solutions for the 
eigenvalues from characteristic equations with one real and two complex solutions 
is 


21R^ -h (4P^ - 18Pg)P -h (4g^ - P^Q^) = 0. (10) 

A detailed discussion of the properties of this surface and a guide to the various 
possible flow geometries and their terminology which can occur in the entire 
(P, g, R) space (includes compressible flows) is given in Chong et al. (1990). At 
each point x in a general compressible flow field the values of the triplet (P, g, R) 
specify the local topology of the fluid motion. 

For an incompressible fluid, P = 0 and the (P, g, R) space is reduced to the 
(g, P) plane with P = 0, Thus, Equations (7)-(9) reduce to 

Q = -^{Si,SJ, + W^JWJ,), (11) 

R = + 3Wi,W,kSki), (12) 

and the discriminant of A can be defined from Equation (10) for P = 0 as 

D = Q^ + (13) 

Figure 1 shows the two-dimensional (g, R) space with the four possible non¬ 
degenerate topologies. The tent-like curve indicated in Figure 1 is a cut through 
the surface defined by Equation (10) at P = 0 and corresponds to P = 0. Below 
this curve the eigenvalues of the velocity gradient tensor are real, while above it 
the velocity gradient tensor has one real eigenvalue and a complex conjugate pair 
of eigenvalues. 

Strain-rate dominated regions in the flow field are areas which have local 
topologies denoted by either stable-node/saddle/saddle (SN/S/S - below the 
tent with P < 0) or unstable-node/saddle/saddle (UN/S/S - below the tent with 
P > 0) according to the terminology of Chong et al. (1990). Vortex-like structures 
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Fig. 1. Identification of local non-degenerate flow topologies in the plane P = 0. 


are a conglomerate of local regions which have as their local topology stable- 
focus/stretching {SF/S - above the tent with i? < 0) or unstable-focus/contracting 
(UF/C - above the tent with R > 0). 

In the compressible flow considered by Chen et al. (1990) only two additional 
topologies were found to be vortex-like in nature for this more general flow, name¬ 
ly stable-focus/contracting (SF/C) and unstable-focus/stretching {JJF/S). Colour 
coding the different topologies has been found to be the most appropriate method 
for the visualisation of the geometry of the different topological structures which 
exist in the flow. Figure 1 includes the different colours which have been assigned 
to the four possible non-degenerate incompressible fluid flow topologies. 

In the degenerate case when R = Q which corresponds to two-dimensional 
flow, regions which are focal in nature can be established from the second invariant 
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alone. Closer inspection of the second invariant as given by Equation (11), shows 
jr that (i) SijSji gives a measure of the local strength of the irrotational stretching 
and is a positive quantity because Sij is a symmetric tensor and (ii) WijWji gives 
a measure of the local strength of the voiticity (enstrophy) and is negative because 
Wij is an anti-symmetric tensor. Thus, in the restricted case when R = 0 focal-like 
regions exist only if the strength of the local voiticity dominates over the strength 
of the irrotational stretching. In the more general case when R 0 the change 
from focal to nodal behaviour occurs across the line D = 0. 

Implicit in this definition of regions which are vortex-like {focal) in nature 
is the concept that whether a region of voiticity appears as a vortex structure 
or not depends also on its environment, i.e. it depends on the local strain field 
induced by motions outside the region of interest as pointed out by Chong et al. 
(1990). Again, it is important to re-emphasise that the present definition of a vortex 
structure is independent of the observer, since its characterisation depends entirely 
on the properties of the velocity gradient tensor. Therefore, the classification and 
identification of focal regions in the flow is unambiguous and accurately calculable 
from the invariants of the velocity gradient tensor. 


3. Application of Local Topological Classification to the Identification of Focal 
(Vortex) Structures 

The topological classification and identification just described can be used as a flow 
visualisation tool for large DNS data bases. It is quite difficult, if not impossible to 
load a complete DNS flow field for one instant in time (e.g. more than 2 million data 
points) into the computer for three-dimensional flow visualisation. The computation 
of instantaneous streamlines (which are not reference frame invariant and depend 
on an observer) and the graphical manipulation is a computationally intensive task. 
Contrast with this, the visualisation of the flow field using one characteristic (e.g. 
one colour code) per data point. Although this still represents a large amount of data, 
it is manageable and it is possible to visualise interactively the three-dimensional 
geometry of the kinematics. 

The identification of the geometry of reference frame invariant structures in free 
shear flows by identifying the local topology at each point in the flow is illustrated by 
applying it to two numerically computed data bases: one a temporally-developing 
plane mixing layer and the other a temporally-developing plane wake. In both cases 
the emphasis is on the identification of focal structures in the flow. 

3.1. Focal structures in a time-developing mixing layer 

A data base of a time-developing plane mixing layer computed by Rogers and 
Moser (1990) was used for the visualisation of the topologies and the identification 
of focal structures in this type of shear flow. The data presented here is for a 
time frame which corresponds to Re = 30(X), where Re is based on the velocity 
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difference and vorticity thickness. At this time frame, the flow has undergone 
pairing and post-mixing transition. 

The simulation was calculated by solving the vorticity equation with periodic 
boundary conditions of period Lx and in the streamwise (a:) and spanwise 
(z) spatial directions respectively. The domain was doubly infinite in the cross¬ 
stream direction with Lx and corresponding to the size of the computational 
box in the streamwise and spanwise directions. The initial conditions supplied to 
the simulation comprised a mean velocity profile (a function of y only) plus the 
corresponding most unstable two-dimensional fundamental eigenfunction plus the 
sub-harmonic of this fundamental plus streamwise vorticity distributed uniformly 
in the streamwise direction. The initial Re in this computation was 500. The 
direct simulation of the Navier-Stokes equations was a fully de-aliased spectral 
calculation. Further details on this simulation are described in Rogers and Moser 
(1993). 

Figure 2 shows the cross-sectional topology visualisation of this three- 
dimensional time-developing plane mixing layer. Only topologies with |cl;| > 
01|^<^|max are shown. Included in this figure are equally spaced contour lines of 
vorticity magnitude for |a;| > 0.5la;|max- All the regions which are yellow and blue 
in Figure 2 correspond to focal regions. Note that a significant amount of this flow 
field has |cj| < 0.5|a;lmax but still forms part of a focus. 

The topological maps in Figures 2(a) and (b) show two different ziz-planes. 
Figure 2(b) shows streamwise structures which are topologically focal/stretching 
in nature. In fact, these regions of the flow are dominated by rotation. They contain 
the largest vorticity magnitude and very little strain as identified by Chen et al. 
(1990), and correspond to streamwise stretching vortices. Figures 2(c)-(e) show the 
topologies in ^z-planes of this flow. Figure 2(c) corresponds to a cross-sectional 
cut through the middle of the streamwise stretching vortices. The topological 
visualisation of these structures shows them to have an elliptical cross-sectional 
geometry at this yz-p\dne. In contrast, the cross-sectional geometry of the same 
structures is circular towards their extremities (Figure 2(e)). 

Figure 3 shows a three-dimensional flow visualisation of regions in the flow 
which are focal in nature by showing iso-surfaces with \uj\ = 0.3|Lt;|max- This visu¬ 
alisation clearly identifies the dominant focal structures in this flow as streamwise 
vortices. It is curious to note the helical nature of these streamwise focal struc¬ 
tures at their extremities. At these locations there is an intertwining of topologies 
which are SF/S and UF/C. The evolution of the spiralling nature of the streamwise 
vortices in this mixing layer flow has been the subject of a recent study by Lopez 
and Bulbeck (1993). A double-helix structure in a plane turbulent mixing layer has 
previously been observed experimentally by Chandrsuda et al. (1978) and more 
recently in direct numerical simulations studies of the mixing layer by Comte and 
Lesieur (1990). These double-helix structures were associated in both investiga¬ 
tions with helical vortex pairing of the spanwise Kelvin-Helmholtz vortices. In 
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Fig. 2. Topology map of xy-planes (a)-{b) anfl j/z-planes (c)-(e) showing the local topology 
of the plane mixing layer for [wl > 0.1|ui|ma«. Black lines denote equally spaced lw| contour 
lines for |aj| > 0.5|u’| maJi ■ 
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Fig 4 Topology map of ly-plancs (a)-(c) and y z-plancs (d)-(f) showing the local topology of the plane wake for |cj| > 0 Black lines denote 

equally spaced |a;| contour lines for |ci;l > 0 5|Lj|ra„ 
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contrast the regions with helical geometry observed here in the Rogers and Moser 
mixing layer are associated with the streamwise focal structures. 

3.2. Focal structures in a time-developing wake 

Regions with focal structures in plane wake flows were identified by considering 
the data base of a direct numerical calculation of a time-developing plane wake 
at a = 500, where Re is based on the velocity deficit and the displacement 
thickness. The initial conditions for this calculation were a Gaussian mean velocity 
profile with the corresponding most unstable two-dimensional mode plus an oblique 
mode at 45° with the same streamwise wavenumber as the two-dimensional mode. 
The numerical calculation was performed by solving the incompressible vorticity 
equations using periodic boundary conditions in the streamwise (t) and span- 
wise (z) spatial directions with period Lj. and respectively. The size of the 
computational box was Lj- in the streamwise direction and in the spanwise 
direction, while in the cross-stream direction the domain was doubly infinite. A 
pseudo-spectral numerical code developed by Rogers and Moser (1990) was adapt¬ 
ed for this three-dimensional time-developing plane wake calculation. Details of 
the pseudo-spectral numerical method are described in Spalart et al. (1991). The 
numerical calculation was performed with 64 x 128 x 64 Fourier/Jacobi modes. 

Figure 4(a)-(c) shows the topology map of the wake in x^-planes at a certain 
time frame in its evolution. Flow is left to right in the positive x-direction. The 
topology of the flow is shown only for regions with vorticity magnitude such that 
|a;| > 0.1 |a;|niax- This threshold value was chosen so that only regions of the flow 
are shown which contain at least 10% of the maximum vorticity magnitude. It is 
important to stress that this threshold value does not affect the local topology of 
the flow directly, the effect of the magnitude of the local vorticity in characterising 
the local topology is via Equations (8)-(9), where the effect of the local strain field 
is also taken into account (see also also the discussion in Soria and Chong (1993)). 
Equally spaced contours of vorticity magnitude for each of the xy-planes are also 
included for |a;| > 0.5|cj|niax in Figure 4. 

A close correspondence is observed between the regions of high |6j| and the 
topological regions which are focal in nature. In general, a direct correspondence 
between the vorticity magnitude and the local topology of a region in the flow cannot 
be drawn. However, if in an incompressible fluid the local strength of the vorticity 
is larger than the local strength of the irrotational strain (i.e. when Q > 0) then, 
the local topology is always focal (hence, vortex-like) in nature because D > 0. 
The converse is not true, i.e. when the strength of the local strain is larger than the 
strength of the local vorticity (i.e. when Q < 0), D may be positive of negative 
and hence, the local topology may be focal or nodal in character respectively. 

Figure 4(c) shows regions of focal topology which can be identified as the 
classical spanwise rollers of a wake (i.e. von Karman vortices) and some focal 
regions which are SF/S which are elongated and tilted in the streamwise direction. 
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Figure 4(b) also shows regions of SF/S which can be identified as part of the span- 
wise rollers. A large focal structure which is elongated and tilted in the streamwise 
direction is also identified in Figure 4(b). Figures 4(d)-(f) show the corresponding 
topology map for ^z-planes, clearly showing the streamwise oriented focal struc¬ 
tures. Figures 4(d) and (f) also show clearly that (i) the spanwise vortex structures 
contain significant regions of UF/C topology and (ii) that regions with the largest 
vorticity magnitude are associated with the streamwise vortex structures which are 
topologically focal in nature. 

Much information can be deduced about the geometry of focal structures in 
this wake flow from planar topology maps. However, all this information and 
more about the vortex structures in this flow is even better summarised and visu¬ 
alised by considering a three-dimensional solid model of the focal structures. This 
was achieved by an iso-surface visualisation of regions of focal topology with 
1^1 — 

On a graphics computer the iso-surface visualisation is easily rotated and hence, 
provides a great deal of geometric insight into the complex three-dimensional nature 
of the focal structures in this flow. Some of the views of this visualisation are shown 
in Figure 5. The spanwise rollers and the streamwise vortices are clearly identified 
in this visualisation. Curiously, the streamwise vortices in this wake have a helical 
geometry in the region close to the spanwise vortices. The streamwise vortices 
consist of topologies SF/S with the core consisting of UF/C. The helical region of 
these vortices is made up of intertwining regions of SF/S and UF/C similar to the 
helical regions of the streamwise vortices identified in the plane mixing layer. The 
spanwise focal structures corresponding to the spanwise wake vortices are clearly 
identified between the pair of streamwise vortical structures. 


4. Concluding Remarks 

An unambiguous and reference frame invariant method for the identification of 
focal (vortex-like) regions has been presented. The method is based on the local 
topology classification determined from the calculation of the velocity gradient ten¬ 
sor invariants. The method has been illustrated in incompressible free shear flows, 
although, its applicability is more general and also encompasses compressible fluid 
flows. 

A novel method of visualisation of the flow geometry has been introduced. A 
rendition of the geometry of focal structures in any flow can be generated by a solid 
model view of regions with a focal topology. These focal regions can be determined 
exactly from the values of the velocity gradient tensor invariants. This method of 
visualising the geometry of focal structures, and hence, the identification of vortex 
structures in a complex three-dimensional flow has been illustrated by considering 
a three-dimensional plane mixing layer flow and plane wake flow. Spanwise focal 
structures and streamwise oriented focal structures have been identified using this 
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methodology. In both flows the streamwise vortex structures are found to have an 
interesting helical geometry towards their extremities. 
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Abstract. A direct numerical simulation of a three-dimensional free evolving vortex ring has been 
performed to understand some features of the dynamics of vortex rings. In previous experiments, 
a persistent wake has been observed and the direct simulation has clarified the causes of this wake 
formation. A kinematic alignment analysis of the vorticity vector with the eigenvectors of the strain- 
rate tensor, together with vorticity visualisations, have been employed to explain the growth of 
the 'Widnair instabilities. The analysis has shown the presence of two different zones, the first 
characterised by intense vorticity and low strain rate and the second with opposite features. In the 
former, there is a ring core which maintains its coherence even in the long term, in the latter there are 
elongated structures contributing to the deformation of the ring. 


1. Introduction 

There are many practical applications in which round jets play an important role. 
For example, in combustion chambers the efficiency of combustion is related to 
the spreading of the jet which increases the mixing of the two reacting fluids. To 
control the jet, it is important to understand the vorticity dynamics of the basic 
structures causing the jet to be initially wavy and finally turbulent. Using detailed 
flow visualisations, Lasheras et al. [1] observed that coaxial jets, at least in their 
first stage of evolution, can be thought of as an array of vortex rings which interact, 
deform their structure and by pairing and tearing reach the turbulent status. Vortex 
rings are then block structures of round jets, therefore an understanding of the 
evolution of a free vortex ring is necessary for the control of a turbulent jet. 

The vortex ring has been experimentally and theoretically investigated in the 
past. Amongst the numerous experimental studies, Glezer [2] produced flow visu¬ 
alisations of laminar and turbulent vortex rings showing the formation of a wake. 
A further aspect of the vortex ring dynamics is the so-called ‘Widnair instability 
associated with the evolution of three-dimensional azimuthal disturbances. The the¬ 
oretical analysis by Widnall et al. [3], limited to thin inviscid rings, has shown that 
the wavenumber of the azimuthal instability depends on the vorticity distribution 
in the ring core. 

In the present study, a direct numerical simulation of the Navier-Stokes equa¬ 
tions, by a finite-difference scheme, has been performed to understand the reasons 
for the wake formation and for the azimuthal deformations. The computed instan¬ 
taneous velocity field allows the calculation of the strain-rate tensor and, as shown 
by Ashurst et al. [4] in isotropic turbulence, of its eigenvalues and eigenvectors. 
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Using these quantities the alignment between vorticity vector and eigenvectors 
of the strain-rate tensor (a,/J, 7 ) is evaluated and this gives an insight into the 
amount of vortex stretching in the field. The knowledge of Qs = SijSji and of the 
determinant Rs of the strain-rate tensor {Rs = ct(i^) reveals some features of the 
flow. For example the sign of Rs indicates whether two eigenvalues are positive or 
negative. In the case of positive Rs two of the strains are compressive and, from the 
incompressibility condition (a -h /3 -h 7 = 0 ), it follows that the most intense strain 
is extensional; the resulting vortex structures are rod-like. For negative Rs one 
strain is compressive and the vortices are ribbon-like. The ribbon-like structures 
tend to be unstable and have a tendency to roll up. In the calculation of the previous 
quantities particular regions of the flow were selected and, within each region, only 
the points where the vorticity exceeded a prescribed threshold value were used for 
the statistics. Results have shown that where vorticity is high, i.e. in the core, there 
is a high probability to have Rs > 0 while the opposite occurs in the region close 
to the axis where the rate of strain is larger than vorticity. This is a condition for a 
growing instability. 

2 The Model 

The Navier-Stokes equations, for an incompressible viscous flow in primitive 
variables and in cylindrical coordinates, have been solved by a finite-difference 
scheme. The scheme is second order accurate in space and time and locates the 
unknowns on a staggered grid with the velocities on the faces of the computations 
cell, the pressure at the centre and the vorticities at the edges. This choice of 
location of quantities gives the most compact form of div, grad and curl discrete 
operators and yields solenoidal vorticity and velocity fields within round-off errors. 
The solution of the equations has been obtained by a fractional step method which 
evaluates the velocity field in two steps: in the first a non-solenoidal field is 
obtained then, in the second a scalar $ is introduced and this allows to project 
the non-solenoidal field onto a solenoidal one. The quantity ^ is calculated by 
a Poisson equation which does not require explicit boundary conditions. A third- 
order Runge-Kutta scheme, with implicit viscous terms and the explicit convective 
terms, has been used for advancement in time. This consists of three substeps with 
the calculation of the scalar $ at each one. 

Details of the numerical scheme are given by Verzicco and Orlandi [5] and 
are not repeated here. It should be noted that the equations have been non- 
dimensionalised by the ring toroidal radius ro and its initial circulation F, which 
lead to the Reynolds number being defined as Rer = F/i/, where u is the kinematic 
viscosity. The results presented here have been obtained at Rep = 5 , 500. 

A Gaussian azimuthal vorticity distribution for the ring has been assumed at 
t = 0 and it has been perturbed by a sinusoidal radial displacement of the toroidal 
axis with n = 5 wavenumber. The maximum amplitude of the displacement is 
6 = 0 . 02 ro. 
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The expression for ujg is 


S o' = (* - «)' + (>■ - f («»' 

r{0) = ro(l-I-£:sin(7i0)). 


This radial displacement does not introduce Uz, and the radial vorticity component 
ujr is evaluated by V ■ u; = 0. 

Preliminary computations in the whole azimuthal span have shown the fulfil¬ 
ment of the symmetries in that direction. Then, a 65 x 97 x 129 grid has been used 
to discretize the domain of dimensions In/5 x 4ro x 6ro, respectively. Periodicity 
has been imposed in z. The field has been replicated in the azimuthal direction for 
a better visualisation of the field. 

Using the velocity components, vorticities and the strain-rate symmetric tensor 
have been evaluated by: 


S\\ 
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S 23 
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r dr T dO ' r dO dz ’ dz dr 

The eigenvalues and eigenvectors of the tensor have been calculated by a 
standard Jacobi method. 

The skew-symmetric rotation-rate tensor is related to the vorticity components 
through: 


R\2 = 


1 

2 





( 1 ) 


3. Results 

At t = 0 the ring starts the self-induced translation and sheds a vorticity wake. 
The formation of the wake, in a companion paper [6], was proved to be related to 
the re-adjustment of the initial Gaussian distribution of tjg towards a distribution 
uigjr = f{ip) which is the solution of the steady Euler equations. This is strictly 
valid in axisymmetric conditions, which are approximately encountered during the 
first eddy-turnover time (f ~ 15) when azimuthal disturbances do not sufficiently 
grow. This wake, with low azimuthal vorticity, is deformed by the strain field in thin 
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a) b) 


Fig. 1. Surface contour plots of axial and azimuthal vorticity: (a) t = 30, (b) t = 57. Light 
gray for ug, dark gray for positive ljz, grid for negative ujz . 


and elongated structures with a weak energy content which is rapidly dissipated. 
As a consequence the wake does not substantially affect the ring during its initial 
translation. 

In Fig. 1 a the surface plots of azimuthal and axial vorticities at a value -1.4 and ± 
-0.5 at ^ = 30 are shown. It is noted that in producing these plots, we have plotted 
only two opposite structures for a better visualisation of the vortex dynamics. 
From this figure it is evident that counter-rotating axial vortices are generated near 
the core and these, in their turn, induce a hierarchy of oppositely-signed vortices 
spanning to the axis, where they become small and eventually dissipate by the 
viscosity. We suppose that these axial vortices could be responsible for the dye 
accumulation in the ring centre, depicted in the photography by Glezer [2J. These 
vortices and in particular those with a thicker structure encircling the core, cause 
the radial deformation of the ring that, at this time, is not appreciable yet. Figure lb 
shows that at t = 57 the structure of axial vorticity are not visible any longer 
at the axis of the ring because these have been convected far from the ring and 
mainly diffused by the viscosity. On the other hand, the positive axial vorticity 
within the ring core, represented as the white region on the right side of Fig. lb, 
is strong enough to substantially deform the ring itself in the radial direction. The 
amount of going from ^ = 30 to t = 57 has increased due to the vortex 
stretching and this intensification causes the birth of oppositely-signed vorticity 
localised in a large region encircling the ring core (note the black structure on the 
right side). Similar plots were obtained by superposition of radial and azimuthal 
vorticity components. If the same levels as those of Fig. 1 are chosen, we observe 
(Fig. 2a) that the radial vorticity is localised in smaller regions despite the fact that 
initially the amount of cUr was larger than At t = 30, being the maximum value 
of the vorticity components in the ratio ujg : Ur : uJz = 2.0 : 0.12 : 0.4, it follows 
that there are weakly appreciable deformations of the ring. Since radial vorticity 
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a) 1 >) 

Fig. 2. Surface contour plots of radial and azimuthal vorticity components: (a) t = 30, 
(b) i = 57. Surfaces arc as in Fig. 1. 


causes deformations in the axial direction, it results that at f = 30 deformations 
in the radial direction are larger than those in the axial direction. On the contrary, 
3i t = 57.5 the ratio becomes 2.2 ; 0.48 : 0.75 with the consequence that the 
deformations are more pronounced and of the same order in both radial and axial 
directions. 

The vortex structures interconnection and their effect on the core was clearly 
seen in contour plots of velocity vectors in horizontal and axial planes, however 
these plots are not shown for sake of brevity. Here, we wish instead to present the 
analysis of the strain field and how it is correlated with the vorticity. This procedure 
has been used previously to analyse turbulent fields [4] and only in one case, to our 
knowledge, it was used to analyse the interaction of well-defined vortical structures 
[7]. In the present case we wish to apply this analysis to the vortex ring, one of the 
simplest coherent structures in three-dimensional flows which has attracted a large 
number of theoretical and experimental studies. The eigenvalues a, f) and 7 of the 
strain-rate tensor and the eigenvectors S^, S /9 and allow the estimation of the 
vorticity-strain alignment and the identification of different zones in the flow. For 
example, in regions where the vorticity is mostly aligned with S /9 the structure is 
two-dimensional or axisymmetric, whereas in contrast in the zones where uj aligns 
with Sa or S-^, high stretching or compression occurs and in these zones large three- 
dimensionalities grow. Since in the present case the basic state is an axisymmetric 
vortex ring, significant probability of lj pointing to the a or 7 directions indicates 
the growth of the azimuthal instabilities. As usual the convention is a > /3 > 7 . 
When /3 > 0 (Rs = afi'y < 0) there exist sheet-like regions (ribbons) that are 
dominant in low Rep isotropic turbulent flows [ 8 ] or in near-wall turbulence [9] 
when turbulence is sustained by growing instabilities. 

At present, this analysis can only be pursued thanks to the large amount of data 
generated by direct numerical simulation, since it is necessary to have vorticity 
and strain-rate tensor in as many points as possible to compute accurate statistics. 
By the available measurement techniques it is not readily possible to produce the 
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a) b) 

Fig. 3. Probability distribution of— ▼ — ScmB, -•- S^r, ■ ■ • A • ■ ■ S^z, with ujm = 

1.5, (a)< = 30, (b)f = 57, 


same amount of data. Furthermore, direct simulation allows one to select and focus 
on the region of interest and hence consider only those points where the vorticity 
magnitude is larger than a threshold value ljm- 

The kinematic analysis of the region around the ring core has been performed 
by choosing two different values for At = 1.5 we focused our attention 
on the core and we expect to find results comparable with those found in [4], 
where regions of very intense vorticity in isotropic turbulence were selected. In 
fact Fig. 3a shows that at t = 30, when the ring is not appreciably deformed, a 
lies in a r-z plane and in this plane it is preferentially oriented at around 45°. We 
observe also that there is a probability that the largest strain is directed towards 
the radial direction and zero probability to be directed along the axial direction. 
It follows that the ring is deformed more along the radial than along the axial 
direction. This behaviour is confirmed by the vorticity visualisations (Fig. 1). At 
t = 57, when the deformation has reached a substantial level, Fig. 3b shows the 
probability that the positive strain a lies in the r-z plane is reduced, and there is 
not a preferred orientation at 45° any more. As previously mentioned, the radial 
vorticity is larger than at t = 30, then the highest positive strain in the radial 
direction has largely increased with the consequence to deform the core more in 
the axial than in the radial direction. 

The analysis of the vorticity field has shown that with the constraint ujm > 1-5, 
UJI 3 is the largest component, and it is aligned as shown in [4]. In coherent compact 
vortices the vorticity is almost completely aligned with the eigenvector of the 
intermediate strain (3 [10], therefore is the largest component of the vorticity 
vector. The probability distribution of the ratio cr = a/uf^ (a is the largest strain) 
gives information on the relative importance between vorticity and strain-rate in 
the field. Figure 4a shows that, at f = 30 this ratio is small (cr ~ 0.15) meaning 
that the vorticity largely overcomes the strain and that the core tends to resist 
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a) b) 


Fig. 4. Probability distribution of — ▼ — <t = |/3|/a and - -- •- <t = with 

WM = 1.5, (a) t = 30, (b) t = 57. 


deformation. At f = 57.5 the probability is distributed on a broader range (Fig. 4b) 
and the ring core is less resistant to the strain deformation. Nevertheless the value 
of (T at which the peak probability occurs is still low as is expected from a structure 
where a preferential orientation of the vorticity is still visible (Fig. lb). In Fig. 4a 
the probability distribution of the ratio between j3 and a has also been plotted 
indicating that the shape of the strain tensor is a ; /3 : 7 = 3 : 1 : -4 or 4 : 1 : —5 
(probability with peaks at 0.25 < a < 0.30). These values are in agreement with 
those found in [4] or by Jimenez |10] for the Burgers vortex at Re w 100. The 
similarity of the strain-rate tensor, despite the different structures and Reynolds 
numbers, confirms that the shape of Sij and its alignment with the vorticity is 
a kinematic mechanism, independent of the dynamical process involved in the 
generation of the structure. 

On the other hand, in the vortex ring low ratios between 0 and a must be expect¬ 
ed also because the core, dit- 30, does not largely differ from an axisymmetric 
configuration in which the ratio between 0 and a is very low. We wish to recall 
that for two-dimensional flows 0/a is 0 , on the contrary in axisymmetric flows 
(0 = S\i = Vr/r) this strain is small (but not 0 ) in the core region and it can be 
very large near the axis of symmetry. This quantity gives information about the 
vortex stretching in the azimuthal direction which is responsible for the increase 
of 0 ) 0 . At f = 57 (Fig. 4b) the probability to have 0 comparable with a increases, 
confirming that large perturbations are growing. The probability to have 0 close to 
a, is a characteristic of flows «fithout regions of intense concentrated vorticity. 

From the comparison between our results and those in isotropic turbulence [4] 
we believe that in isotropic turbulence the intense vortex tubes (i.e. the so-called 
‘worms’), deeply analysed in [ 8 ] could present deformations similar to those in the 
first stage of the ‘Widnall’ instabilities. 
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a) b) 

Fig. 5. Probability distribution of — ▼ — k = oi, — • — k = p, ■ ■ ■ A ■ ■ ■ k = with 
OJM = 0.5, (a) t = 30, (b) t = 57. 


The same computations have been performed by fixing the vorticity threshold 

ijjm = 0.5. If we define as the ratio between the number of points where 
i?s < 0 and that where Rs > 0, the analysis shows that with the high threshold 
{uuM = 1 -5) Pn/p = 1.03 which increases up to = 1.3 with the low threshold 
{(jJm = 0.5). Since Rs < 0 represents unstable sheet-like vortices, this outcome 
shows that, the region encircling the ring core contributes to the growth of the 
azimuthal instabilities. 

From this observation we expect that the vorticity alignment (la;| ~ \^p\) holds 
at the early stages of the evolution (Fig. 5a) when the core of the ring is nearly 
an axisymmetric structure while in the long term (Fig. 5b) the alignment is less 
pronounced due to the generation of large deformations. When the deformations 
are well developed, Fig. 5b shows that there is also a small probability that the 
vorticity is aligned with the maximum strain a. This is a very interesting situation 
because this alignment can lead to the occurrence of a finite time singularity in the 
3-D Euler equations. 

We have also analysed the region near the axis, dominated by as shown 
in Fig. la. Since in this region the vorticity level is low (i.e. = 0.48) we 

have selected a threshold level of um = 0.2. Figure 6a shows that the intermediate 
strain (5 is poorly aligned in the radial and azimuthal directions and it has large 
probability of alignment in the axial direction. This result is confirmed by the 
visualisation of Fig. la where elongated structures of axial vorticity (aligned with 
the local intermediate strain) are visible. Although in this region the vorticity level 
is low, also in this case up is the highest component and uj^ can reach a high level. 
The ratio a/up in Fig. 6b shows that it is almost equally distributed for a > 0.25 
while it is zero for smaller values. The associated vortices are not intense enough to 
resist the strain and they can easily change their shape, as observed in the vorticity 
visualisations. Also in this case the shape of the strain tensor is approximately 



ZONES IN A FREE EVOLVING VORTEX RING 


395 



a) b) 

Fig. 6. Probability distribution in the axis region at / = 30 with u>m = 0.2, (a) of— ▼ — 
Sp 9 , - • - ^pr, ■ ■ ■ A • ■ Spr and (b) of— ? — cr = |/?|/o;,-•- ct = a/ujp. 



Fig. 7. Scatter-plots of strain-rate vs. rotation-rate at i = 30, (a) region of the ring core and 
LJM = 1-5, (b) region around the axis and um = 0.5. 


a : \/3\ = 2.5 : 1 with a zero probability of almost equal intermediate and positive 
strain. This is a configuration related to thick non-circular vortices that easily 
deform. 

The analysis has also shown that in this region there is a large number of points 
with SijSj^ larger than RijRji, a further proof of the instability of the inner region 
of the ring. This is shown in Figs 7a-b, where scatter-plots of SijSji versus RijRji 
indicate that inside the core vorticity is intense and low levels of strain do not 
appreciably influence the structure. This does not hold in the region near the axis 
where the vorticity is low and strain-rates are quite high. In the long tenn, azimuthal 
instabilities increase in amplitude and at f = 57 we observed that the effect of the 
strain-rate is sensible also inside the ring core (see Fig. 8). 
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Fig. 


Sij 


Fig 9 Schematic draft of the regions in the Rji-StjSjt plane stream, eddy, shear and 
convergence 



Different zones within the flow field can be characterised by the rate of deforma- 
ion tensor Aij which can be decomposed in a symmetric S^j and an anti-symmetric 
Rtj tensor. According to the definition given by Chong et al. [11] we are in the pres¬ 
ence of an eddy region when Bij is the dominant part of A^J, {-S^JSJ^/R^JRJ^ < 
1). From Eq. (1) it follows that an eddy region is characterised by intense vorticity 
and low strain. A similar classification was used by Kevlahan et al. [12] which 
divides the field into an eddy region {—SijSji/RijRj^ < \/3/3), a shear region 
[y/3/3 < —S^JSJ^/RijRj^ < V^), a convergence region R^jRj^ > \/3) 

and a stream region where RijRji and S^jSj^ are both small (Fig. 9) (e.g. as Fig. 6 
3f[12]). 

By a procedure similar to that used by Wray and Hunt [13] we have identified 
different zones in the ring. In this case, instead of considering a single plane of 
:he 3-D field we evaluated the average of —S^JS^^/R^JRJ^ in 6 to have a global 
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Fig. 10. Contours of 12(r, z) and velcKity vectors, (a) t — 30, (b) t = 57. For gray tones see 
Fig. 9 (The ring translates downward.) 


picture of the ring. Figure 10 shows f2(r, z) = -S.jSjt /at f = 30 and 
t = 57, together with the averaged vectors in a frame moving with the ring. In 
both cases there is an eddy region in the core of the ring which is characterised 
by an almost solid body rotation. This region represents the inner part of the core, 
where the vorticity is very intense, and maintains its strength in time. The shear 
region is a thin transitional zone between the eddy and the convergence zone and 
it does not play a significant role. On the contrary, growth of the convergence zone 
characteristic of the instabilities, shows that large strains are induced and these, in 
their turn, produce further deformations. Figure 10b shows that the deformations 
in the downstream part of the ring are larger than those upstream. The effects of 
the thick structure, shown in Fig. lb, are represented by the thicker convergence 
zone in the inner part of the ring. 


4. Conclusions 

In this paper the direct numerical simulation has been used to analyse the vorticity 
and strain fields of a free vortex ring. This analysis gives insights impossible to 
obtain by flow visualisation in real experiments. The vortex ring has been chosen 
for its coherence and because it can be considered as the basic structure in several 
flows of practical importance. By visualisation of the vorticity field, the wake 
formation and the growth of azimuthal instabilities is explained. The flow structures 
were also investigated by kinematic considerations on the alignment between the 
eigenvectors of the strain-rate tensor and the vorticity vector. The choice of different 
zones and different values of the threshold vorticity ujm. to condition the alignment 
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analysis, has shown that the field can be divided into two regions. The first is 
constituted by high level coherent vorticity, strongly aligned with the intermediate 
strain where the structure is mainly axisymmetric. In the second region, with a 
smaller vorticity, there is a reduced probability of alignment between vorticity and 
intermediate strain and higher probability of negative Rs. This means that regions 
of low vorticity are more unstable and less resistant to external strain. This result 
is consistent with the findings of Jimenez [10] in homogeneous turbulence. The 
similarity between the core of the ring region and the intense vorticity structures in 
isotropic turbulence, brought us to draw the tentative conclusion that in isotropic 
turbulence intense vortex tubes should have instabilities similar to those in vortex 
rings. Results have also shown that the coherence of regions with high vorticity is 
decreased in time. This indicates the tendency to generate the smaller structures 
present in turbulent rings. 

The limitation of this work, as usual for the direct simulation, is in the Reynolds 
number. Before performing simulations at higher Reynolds numbers where we 
expect to have the ring in a turbulent state, we intend to focus our attention on 
the interaction between two rings, giving insights to vortex pairing in a round jet, 
which is known to be the mechanism largely contributing to the spreading of the 
jet. 
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